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ADTERTIlSEMENT. 



The work of M. Legenbbe, of which the following is a trans- 
lation, is thought to unite the advantages of modem discoveries 
and improvements with the strictness of the ancient method. It 
has now been in use for a considerable number of years, and its 
character is sufGciently established. It is generally considered 
as the most complete and extensive treatise on the elements of 
geometry which has yet appeared. It has been adopted as the 
^3 basis of the article on geometry in the fourth edition of the 

-IT Encyclopsedia Britannica, lately published, and in the Edinbiiifgh 

^ . , "'/^<^ 

/ Encyclopsedia, edited by Dr. Brewster. ' ' 

T In the original, the several parts are called books, and the 
^ propositions of each book are numbered after the manner of 
Euclid. It was thought more convenient for purposes of refer- 
ence to number definitions, propositions, corollaries, &c., in one 
continued series. Moreover, the work is divided into two parts, 
one treating of plane figures, and the other of solids ; and the 
subdivisions of each part are denominated sections. 

As a knowledge of algebraical signs and the theory of propor- 
tions is necessary to the understaliding of this treatise, a brief 
explanation of these, taken chiefly firom Lacroix's geometry, and 
forming properly a supplement to this arithmetic, is prefixed to 
the work, under the title of an Introduction. 

The parts omitted in the first edition of this translation on 
spherical isoperimetrical polygons, and on the regular poly^ 
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edroDS, are inserted in this, at the end of the fourth section of 
the second part. 

Also an improved demonstration of the theorem for the solidi- 
ty of the triangular pyramid, by M. Queret of St Malo, is sub- 
joined at the end. 

But the principal improvement in this edition consists in a 

new demonstration of the theorem relative to the three angles 
of a triangle, concerning which the author remarks, that ''it is 
perhaps the most simple and the most direct that is to be found 
of a purely elementary nature. We hope it will be favourably 
received by the lovers of geometrical exactness, and that it will 
redeem elementary geometry from a reproach to which the the- 
ory of parallel lines has hitherto been liable.'' 

.There is, moreover, appended to this edition a copious collec- 
ilcm'of questions, selected principally from Bland's Geometrical 
Problems, and intended as an exercise for the learner. 

CAmBiDGB, October, 1830. 




PREFACE. 



The method of the andents is very generally regacded as the 
most satisfactoiry and the most proper for representing geometii 
cal truths. It not only accuatoms the student to great strictness 
m reasoning, which is a precious advantage, but it offers, at the 
same time, a discipUne of peculiar kind, distinct from that of 
analysis, and which, in important mrathematical researches, may 
afford great assistance towards discovering the most simple and 
elegant solutions. 

I have thought it proper, therefore, to adopt in this work the 
^ame method which we fiad in the writings of Euclid and Ar- 
chimedes; but, in fiJlowing nearly these illustrious models, I 
have endeaiccMii^d tO' im|Mrove certain points of the elements, 
which they left imperfect, and especially the theory of solids, 
which has hitherto been the most neglected. 

The definiti(m of a straight liifte being the most important of 
the elements, I have wished to be able to give to it all the exact- 
ness and precision of which it is susceptible. Perhaps I might 
have attained this object by calling a straight line that which can 
have only one position between two given points. For, from this 
essential property we can? deduce all the other properties of a 
straight line, and parti'Ciilarly that of its being the shorteal* be- 
tween two given points. But, in order to this, it would have been 
necessary to enlter into subtile discussions, and to distinguish, in 
the course of several propositions, the straight line drawn be- 
tween two points from the shortest Une which measures the 
distance of these same points. I have preferred, in order not to 
render the introduction to geometry too difficult, to sacrifice 
something of the exactness at which I aimed. Accordingly, I 
shall call a straight Hm th»t which ia th^: shortest between two 
points, and I shall suppose that theee ean be only one between 
he same points. It is upon this principle, considered at the 
same time as a definition and an axiom, that I have endeavoured 
to establish the entire edifice of the elements. 
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It is necessary to the understanding of this work, that the 
reader should have a knowledge of the theory of proportions 
which is explained in common treatises, either of arithmetic or 
algebra ; he is supposed also to be acquainted with the first rules 
of algebra ; such as the addition and subtraction of quantities, 
and the most simple operations belonging to equations of the first 
degree. The ancients, who had not a knowledge of algebra, sup- 
plied the want of it by reasoning and by the use of proportions, 
which they managed with great dexterity. As for us, who have 
this instrument in addition to what they possessed, we should do 
wrong not to make use of it, if any new facilities are to be deriv 
ed from. it. I have, accordingly, not hesitated to employ the 
signs and operations of algebra, when I have thought it neces- 
sary ; but I have guarded against involving in difficult operations 
what ought by its nature to be simple ; and all the use I have 
made of algebra, in these elements, con^jifts, as I have already 
said, in a few very simple rules, which may be understood almost 
without suspecting that they belong to algebra. 

Besides, it has appeared to me, that, if the study of geometry 
ought to be preceded by certain lessons in algebra^ it would be 
not less advantageous to carry on the study of these two sciences 
together, and to intermix them as much as possible. According 
as we advance in geometry, we find it necessary to combine 
together a greater number of relations; and algebra may be of 
great service in conducting us to our conclusions by the readiest 
and most easy method. 

This work is divided into eight sections, four of which treat of 
plane geometry, and four of solid geometry. 

The first section, entitled ^r«^jpnncipfe«, &c. contains the prop- 
erties of straight lines which meet those of perpendiculars, the 
theorem upon the sum of the angles of a triangle, the theorv of 
parallel lines, &c. 

The second section, entitled the circle, treats of the most sim- 
ple properties of the circle, and those of chords, of tangents, and 
of the measure of angles by the arcs of a circk. 

These two sections are followed by the resolution of certain 
problems relating to the construction of figures. 

The third section, entitled the proportUms of figures, contains 
the measure of surfaces, their comparison, the properties of a 
rtght-angled triangle, those of equiangular triangles, of similar 
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figures, &c. We shall be found fault with, perhaps, for having 
blended the properties of lines with those of surfaces ; but in 
this we have followed pretty nearly the example of Euclid, and 
this order cannot fail of being good, if the propositions qje well 
connected together* This section also is followed by a series of 
problems relating to the objects of which it treats. 

The fourth section treats of regular polygons and of the meas- 
ure of the circle. Two lemmas are employed as the basis of this 
measure, which is otherwise demonstrated after the manner of 
Archimedes. We have then given two methods of approximation 
for squaring the circle, one of which is that of James Gregory. 
Thi^ectjon is followed by an appendix, in which we have de- 
^ {ponsti^i^d that the circle is greater than any rectilineal figure 
. ^ thfe same perimeter. 

The first section of the second part contains the properties 
of piknes and of seUd angles. This part is very necessary for 
the understanding of soli^, and of figures in which difierent 
planes are considered. We have endeavoured to render it more 
clear and more rigorous than it is in common works. 

The second section of the second part treats ofpolyedrons and 
of their measure. This section will be found to be very difier- 

 

ent from that relating to the same subject in other treatises : we 
have thought we ought to present it in a manner entirely new. 

The third section of this part is an abridged treatise an the 
sphere and spherical triangles. This treatise does not ordina- 
rily make a part of the elements of geometry; still we have 
thought it proper to consider so much of it as may form an intro- 
duction to spherical trigonometry. 

The fourth section of the second part treats of the three round 
bodieSj which are the sphere, the cone, and the cylinder. The 
measure of the sui;^ces and solidities of these bodies is deter- 
mined by a method analogous to that of Archimedes, and found- 
ed, as to surfaces, upon the same principles, which we have 
endeavoured to demonstrate under the name of preliminary 
lemmas. 

At the end of this section is added an appendix to the third 
section of the second part on spherical isoperimetncal polygons ; 
and an appendix to the second and third sections of this part on 
the regular pclyedrons. 



INTRODUCTION. 



In order to abridge the language of geometry, particular signs 
are substituted for the words which most fi^quently occur ; and 
Wiieii we are employed upon any number or magnitude without 
consideiing its particular value, but merely with a view to indi- 
cate its relation to other magnitudes, <Nr the operations to which 
it is to be subjected, we distinguish it by a letter of the alphabet, 
which thus becomes an abridged name for this magnitude. 

T. -|- signifies plus, or added to. 

The expression A + B indicates the sum which results from 
the magnitude represented by the letter A being added to that 
represented by JS, or A plus B. 

— signifies minus. 

A — B denotes what remains after the magnitude represented 
by B has been subtracted firom that represented by A. 

X signifies multiplied by. 

Ax B indicates the product arising firom the magnitude repre- 
sented by A being multiplied by the magnitude re*presented by 
By or A multiplied by B. This product is also sometimes de- 
noted by writing the letters one after the other without any sign ; 
thus AB signifies the same 3sA X B. 

Tne expression A X {B+ C — D) represents the product of 
A by the quantity jB-}- C — D, the magnitudes included within 
the parenthesis being considered as one quantity. 

-g indicates the quotient arising firom the magnitude represent- 
ed by A being divided by that represented by B, or A divided 
hyB. 

A=: B signifies that the magnitude represented by A is equal 
to that represented by B, or A equal to B. 

A^B signifies that the magnitude represented by A exceeds 
that represented by J3, or A greater tfian B. 

A<^B signifies A less than B, 
GcoM, 6 
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2Ay SA^ &c., indicate double, triple, (be, of the magnitudt 

represented by A. 

II. When a number is multiplied by itself, the result is the 
second power, or square, of this number ; 5 X 5, or 25, is the 
second power or square of 6, 

The second power, therefore, is the product of two equal fac- 
tors ; each of these factors is the square root of the product ; 5 
is the square root of 25. 

If the second power be multiplied by its root, the result is 
the third power or cube; 5 x 25 or 125, is the third power of 5. 

The third power is a product formed by the multiplicatiiDn of 
three equal factors ; each of these factors is the cube root of this 
product ; 125 is the product of 5 multiplied twice by itself, or 
5x5x5; and 5 is the cube root of 125. 

In general, •^, being an abbreviation ofAxA^ indicates the 
second power or square of w2. 

^3 indicates the square root o{A, or the number which, being 
multiplied by itself, produces the number represented by A. 

A?, being an abbreviation ofAxAxA, indicates the third 
power or cube of ^. 

3 

^A indicates the cube root of A, or the number which, being 

multiplied twice by itself, produces the number A. 

— a 
The square of a line AB is denoted by AB. 

The square root of a product AxBi^ represented by ^jSxb 

All numbers are not perfect squares or perfect cubes; that is, 

they have not square roots or cube roots which can be exactly 

expressed : 19, for example, as it is between 16, the square of 4, 

and 25, the square of 5, has for its root a number comprehended 

between 4 and 5, but which cannot be exactly assigned. 

In like manner 89, which is between 64, the cube of 4, and 

125, the cube of 5, has for its cube root a number between 4 and 

5, but which cannot be exactly assigned. Algebra furnishes 

methods for approximating, as nearly as we please, the roots of 

numbers which are not perfect powers. 

III. 1. Wh3n two proportions have a common ratio, it is evi- 
dent that the two other ratios may be put into a proportion, 
since they are each equal to that which is common. If, for ex« 

« 

ample, we have 
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E.FiiC.B; 
then we shall have A : B : : E : F. 

2. When two proportions have the same antecedents, the con- 
sequents may be put into a proportion ; for, if we have 

A:B:: C:D, 
A.EiiC'.F, 

by cnanging the place of the means, these proportions will be- 
come 

•5 : C : : J? : D, 

A:C::E:F; 
whence jB : D : : JE : F, 

or B:E::B:F. 

IV. Other changes, besides the transposition of terms, may be 
made among proportionals without destroying the equality of the 
product of the extremes to that of the means. 

1. If to the consequent of a ratio we add the antecedent, and 
compare this sum with the antecedent, this last will be contained 
once more than it was in the first consequent ; the new ratio then 
will be equal to the primitive ratio increased by unity. If the 
same operation be performed upon the two ratios of a proportion, 
there will evidently result from it two new ratios equal to each 
other, and consequently a new proportion. 

Let diere be, for example, the proportion 

4 : 6 : : 12 : 18, 
we shall have 6 -f 4 : 4 : : 18 + 12 : 12, 

or 10 : 4 : : 30 : 12. 

2. If from the consequent of a ratio we subtract the antece-- 
dent, and compare the difference with the antecedent, this last 
will be contained once less than it was in the first consequent ; 
the new ratio will be equal to the primitive ratio diminished by 
unity. If the same operation be performed upon the two ratios 
of a proportion, there will result from it two new ratios equal to 
each other, and consequently a new proportion. 

From the proportion 

4 : 6 : : 12 : 18, 
we thus deduce 6 — 4 : 4 : : 18 — 12 : 12, 
or 2 : 4 : : 6 : 12. 
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There being a proportion among any magnitudei whatever 
designated by the letters 

we have, by the above changes, 

B + A:A::D+ C : C, 
B — Jl lAziD-^ C: C. 

If we chapge the place of the means in these results, they will 
become 

B-\-A:D + CziA: C, 
B — A:D—C::A:C; 

but, by the same change, the proportion 

AiBi: CiD 
gives also A : C :: B z D; 

and, since the ratios A : C^ B : D^vue equal, we obtain 

B +A:D+ C::A: C, or iiBiD, 
B —A :D— C::A: CyOr.iBiD, 

a result which may be thus enunciated ; 

In any proportion whatever , the sum of the two first terms is to 
the sum of the two last, and the difference of the- two first terms is 
to the difference of the two last, as the first is to the third, or as 
the second is to the fourth. 

Moreover, the two ratios A : C, B : D, being conunon to the 
two proportions above obtained, it follows that the other ratios 
of the same proportions are equal, and that, consequently, 

B + A:D+C::B — A:D—C, 

or, by changing the place of the means, 

B + A:B — A::D+ C:D— C; 

that is, the sum of the two first terms of a proportion is to their 
d^erence' as the sum of the two last is to their difference* 
For example, 

6 + 4 : 6 — 4 : : 18 + 12 : 18 — 12, 
or 10:2:: 30: 6. 

When the proportion 

A:B:: CiD 
is changed into A : C :: B : D, 
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A and B are the antecedents, C and D the consequents ; and the 
proportions 

B + A:D + C::A: C, or ::B:D, 
J5 — w2 : D — C : : w3 : C, or : : J? : I>, 

answer to the following enunciation ; 

The sum of the antecedefda qf a proportion is to the sum of the 
consequents, and the deference of the antecedents is to the differ- 
ence of the consequents, as one antecedent is to its consequent; 

Whence it follows, that the sum of the antecedents is to their 
difference as the sum of the consequents is to their difference. 

If we have a series of equal ratios 

A:B::C:D::E:F, 

by considering only the two first, which form the proportion' 

A:B:: C:D, 

we obtain by what precedes 

jl+ CiB + D::A:B'y 

and, since the third ratio, £ : JP, is equal to the first, A : B^ we 
have 

w3+ C:B + D::E:F. 

If we take the sum of the antecedents and that of the consequents 
in this last proportieo, the result will be 

A + C + E : B + D + F : : E : F,or ::A I B. 

By proceeding in the same manner with any number of equal 
ratios, it will be seen, that the sum of any number ijohatever of 
antecedents is to the sum of their consequents as one antecedent 
is to its consequent. 

V. Let there be any two proportions, 

A:B::C:D, 
EiFitOiH, 

if we multiply them in order, that is, term by term, the products 
will form a proportion ; thus 

Ax E:B X F:: C X G : D x H, 

This as ev^lemt, since the new ratios, jtrg' cxQ ^® respec- 
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lively the products of the primitive ratios 

which are equal. 
If we multiply the proportion 

A :B :: C :D 
by A :B :: C :D 

we shall have (II) ^ : jB^ : : C^ : !>», 

whence it follows, that the squares of four proportional quantities 
form a new proportion. 

By multiplying the proportion 

A^.B'it (P:IP 
by A :B :: C :D, 

we shall have A!^ : B^ : (P : D^; 

that is, the cubes offofur proportional quantities form a new pro- 
portion. 

VI. When a proportion is said to exist among certain magni- 
tudes, these magnitudes are supposed to be represented, or to be 
capable of being represented, by numbers ; i£ for example, in 
the proportion 

A:B:: C:D, 

Ay jS, C, X), denote certain lines, we can always suppose one of 
these lines, or a fifth, if we please, to answer as a common 
measure to the whole, and to be taken for unity ; then A, By 0, 
D, will each represent a certain number of units, entire or fi*ac- 
tional, commensurable or incommensurable, and the proportion 
among the lines Ay By C, D, becomes a proportion in numbers. 

Hence the product of two lines, .4 and X>, which is called also 
their rectangUy is nothing else than the number of linear units 
contained in A multiplied by the number of linear units con- 
tained in B; and we can easily conceive this product to be 
equal to that which results from the multiplication of the licies 
B and C. 

The magnitudes A and By in the proportion 

A:B:: C:Dy 
may be of one kind, as lines, and the magnitudes C and D of 
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another kind, as sur&ces ; still these magnitudes are always to 
be regarded as numbers ; A and B will be expressed in linear 
units, C and D in superficial units, and the product A X H will 
be a number, as also the product B X C. 

Indeed, in all the operations, which are made upon propor- 
tional quantities, it is necessary to regard the terms of the pro- 
portion as so many numbers, each of its proper kind ; then we 
shall have no difficulty in conceiving of these operations and of 
the consequences which result firom them. 
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Definitions and Preliminary Remarks. 

1. Geometry is a science which has for its object the measure 
of extension. 

Extension has three dimensions, length, breadth, and thick- 
ness. 

2. A line is length without breadth* 

The extremities of a line are called points. A point, therefore, 
has no extension. 

3. A straight or right Km is the shortest way from one point 
to another. 

4. Every line which is neither a straight line, nor composed 
of straight lines, is a curved line. 

Thus AB {Jig. 1) is a straight line, .4 CDS is a broken line, or Pif. i. 
one composed of straight lines, and AEB is a curved line. 

5. A surface is that which has length and breadth, without * 
thickness. 

6. A plane is a surface in which, any two points being taken, 
the straight line joining those points lies wholly in that surface. 

7. Every surface which is neither a plane, not composed of 
planes, is a curved surface. 

8. A solid is that which unites the three dimensions of ex- 
ension. 

9. When two straight lines AB^AC^ {Jig. 2,) meet, the quan- Fig^.t. 
tity, whether greater or less, by which they depart from each 
other as to their position, is called an angle;, the point of meeting 

or intersection^ Ay is the vertex of the angle ; the lines AB, AC, 
are its sides. 

An angle is sometimes denoted simply by the letter at the ver- 
tex, as A; sometimes by three letters, as BAC or CAB, the 
letter at the vertex always occupying the middle place. 
GsoH. 1 
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Angles, like other quantities, are susceptible of addition, sub- 
traction, multiplication, and division; thus, the angle DCE 

R^. 20. {Jig. 20) is the sum of the two angles DCB, BCE, and the angle 
DCB is the diflference between the two angles DCE, BCE. 

Rg.s. 10. When a straight line AB (Jig. 3) meets another straight 
line CD in such a manner that the adjacent angles BAC^ BAD, 
are equal, each of these angles is called a right angle, and the 
line AB is said to be perpendicular to CD. 

Fig. 4. 11. Every angle BAC (Jig. 4), less than a right angle, is an 
acute angle; and every angle, DEF, greater than a right angle, is 
an obtuse angle. 

Fig. 5. ' 12. Two lines are said to be pafaUd {Jig. 5), when, being 
situated in the same plane, and produced ever so far both ways, 
they do not meet. 

13. A plane Jigure is a plane terminated on all sides by lines. 
If the lines are straight, the space which they contaia»is 

Fig. 6. called a rectilineal Jigure, or polygon {Jig. 6), and the lines taken 
together make the perimeter of the polygon. 

14. The polygon of three sides is the most simple of these 
figures; and is called a triangle; that of four sides is called a 
quadrilateral; that of five sides, ^pentagon; that of six, a hexor- 
gon, &c. 

Fig. 7. 16. A triangle is denominated equilateral {Jig. 7), when the 
Fig. 8. three sides are equal, isosceles {Jig. 8), when two only of its sides 
Fig. 9. are equal, and scalene {Jig. 9), when no two of its sides are equal. 

16. A right-angled triangle is that which has one right angle. 
The side opposite to the right angle is called the hypothenuse. 

Fig. 10. Thus ABC {Jig. 10) is a triangle right-angled at A, and the side 
BC is the hypothenuse. 

17. Among quadrilateral figures we distinguish, 

Fig. 11. The square {Jig. 11), which has its sides equal, and its angles 
right angles, (See art. 80) ; 

Fig. 12. The rectangle {Jig. 12), which has its angles right angles, with- 
out having its sides equal (See art. above referred to) ; 

Fig. 13. The parallelogram {Jig. 13), which has its opposite sides par- 
allel ; 

Fig. 14. The rhombus or lozenge {Jig. 14), which has its sides equal, 
without having its angles right angles ; 

Fig. If. The t'^apezoid {Jig. 1§), which has two only of its sides parallel 
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18. A diagonal is a line which joins the vertices of two angles 

not adjacent, as AC {Jig. 42). Rff. 42. 

19. An equilateral polygon is one which has all its sides equal ; 
an equiangular polygon is one which has all its angles equal. 

20. Two polygons are equilateral with respect to each other^ 
when they have their sides equal, each to each, and placed in the 
same order ; that is, when, by proceeding round in the same 
slirection, the first in the one is equal to the first in the other, the 
second in the one to the second in the other, and so on. In a 
similar sense are to be understood two polygons equiangular unth 
respect to each other. The equal sides in the first case, and the 
equal angles in the second,*are called homologous (A). 

21. An Axiom is a proposition, the truth of which is self-evi- 
dent. 

A Theorem is a truth which becomes evident by a process of 
reponing called a demonstration. 

A Problem is a question proposed which requires a solution. 

A Lemma is a subsidiary truth employed in the demonstration 
of a theorem, or in the solution of a problem. 

The common name of Proposition is given indifferently to 
theorems, problems, and lemmas. 

A Corollary is a consequence which follows firom one or sev- 
eral propositions. 

A Scholium is a remark upon one or more propositions which 
have gone before, tending to show their connexion, their restric- 
tion, their extension, or the manner of their application. 

A Hypothesis is a supposition made either in the enunciation 
of a proposition, or in the course of a demonstration. 

Axioms. 

22. Two quantities, each of which is equal to a third, are 
equal to one another. 

23. The whole is greater than its part. 

24. The whole is equal to the suiyi of all its parts. 

25. Only one straight line can be drawn between two points. 

26. Two magnitudes, whether they be lines, surfaces, or solids, 
are equal, when, being applied the one to the other, they coin- 
cide with each other entirely; tk^ is, when they exactly fill the 
same space. 
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SECTION FIRST. 

Firat Prindpks^ or the Properties of Perpendicular^ Oblique, and 

PardUel Linee. 

THEOREM. 

27. All right ar^gles are equal. 

Demonstration. Let the straight line CD be perpendicular to 
Rgr.16. AB {fig. 16), and GH to EF, the angles ACD, EGH, will be 
e.qual. 

Take the four distances CA, CB, GE, GJF, equal to each othqir, 
the distance AB will be equal to the distance EF, and the line 
EF may be applied to AB,so that the point E will fall upon A, 
and the point F upon B. These two lines, thus placed, will co- 
incide with each other throughout ; otherwise there would be 
two straight lines between A and B, which is impossible (25). 
The point G, therefore, the middle of JSF, will fall upon the point 
C, the middle of AB. The side GE being thus applied to CA^ 
the side GH will fall upon CD ; for, let us suppose, if it be pos- 
sible, that it falls upon a line CK, different from CD; since, by 
hypothesis (10), the angle EGH = HGF, 
it follows that ACK=: KCB. 

But ACKy>ACD, 

and KCB<:^BCD; 

besides, by hypothesis, 

ACD—BCD', 
hence ACK':>KCB; 

and the line GH cannot fall upon a line CJC different from CD; 
consequently it falls upon CD, and the angle JEGfl"upon A CD,. 
and EGH is equal io A CD; therefore all right angles are equal. 

THEOREM. 

Fig. 17. 28. A straight line CD (fig. 17), which meets another straight 
line AB, makes with it iwo a^acent angles ACD, BCD, which, 
taken together, are equal to two right angles. 
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Demonstration. At the point C, let CE be perpendicular to 
AB. The angle A CD is the sum of the angles ACE, ECD; 
therefore ACD + BCD is the sum of the three angles ACE, 
ECD, BCD. The first of these is a right angle, and the two 
others are together equal to a right angle; therefore the sum of 
the two angles ACD, BCD, is equal to two right angles. 

29. Corollary i. If one of the angles ACD, BCD, is a right 
angle, the other is also a right angle. 

30. Corollary n. If the line DE {fig. 18) is perpendicular to Fig. is 
AB ; reciprocally, AB is also perpendicular to DE. 

For, since DE is perpendicular to AB, it follows that the angle 
ACD is equal to its adjacent angle DCB, and that they are both 
right angles. But, since the angle ACD is a right angle, it fol- 
lows that its adjacent angle ACE is also aright angle ; therefore 
the angle ACE = ACD, and AB is perpendicular to DE. 

31. Corollary iii. All the successive angles, BAC, CAD, 
DAE, EAF, [fig. 34), formed on the iame side of the straight Fig. 34. 
line BF, are together equal to two right angles ; for their sum is 
equal to that of the two angles BAM, MAF; .^Jlf being perpen- 
dicular to BF. 

THEOREM. 

32. Two straight lines, which have two points common, coin-- 
dde throughout, Ofndform one and the same straight line. 

Demonstration. Let the two points, which are common to the 
two lines, be A and B {fig. 19). In the first place, it is evident Fig. 19. 
that they must coincide entirely between A and B; otherwise, 
two straight lines could be drawn from A to B, which is impossi- 
ble (25). Now let us suppose, if it be possible, that the lines, 
when produced, separate from each other at a point C, the one 
becoming CD and the other CE. At the point C, let CF be 
drawn, so as to make the angle ACF a right angle ; then, ACD 
being a straight Kne, the angle FCDis aright angle (29) ; and, 
because ACE is a straight line, the angle FCE is a right angle. 
But the part FCE cannot be equal to the whole FCD ; whence 
straight lines, which have two points common A and B, cannot 
separate the one firom the other, wheii produced ; therefore they 
must form one and the same straight line. 
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THEOREM. 



I ig. »: 33. If two adjacent angles ACD, DCB (fig. 20), are together 
equal to two right angles, the two exterior sides AC, CB, are in 
the same straight line. 

Demonstration. For if CB is not the line JlC produced, let 
CE be that line produced; then, ACE being a straight line, the 
angles ACD, DCE, are together equal to two right angles (28) ; 
but,- by hypothesis, the angles ACD, DCB, are together equal 
to two right angles ; therefore ACD + DCB = ACD + DCE. 
Take away the common angle A CD, and there will remain the 
part DCB equal to the whole DCE, which is impossible ; there- 
fore CB is the line AC produced. 



THEOREM. 



Fif:.2i. 34. Whenever two straight lines AB, DE (fig. 21), cut each 
other, the angles opposUe\ to each other at the vertex are equal. 

Demonstration. Since DE is a straight line, the sum of the 
angles ACD, ACE, is equal to two right angles ; and, since AB 
is a straight line, the sum of the angles ACE, BCE, is equal to 
two right angles; therefore ACD + ACE = ACE + BCE; from 
each of these take away the common angle ACE, and there will 
remain the angle ACD equal to its opposite angle BCE. 

It may be demonstrated, in like manner, that the angle ACE 
is equal to its opposite angle BCD. 

35. Scholium. The four angles, formed about a point by two 
straight lines which cut each other, are together equal to four 
right angles; for the angles ACE, BCE, taken together, are 
equal to two right angles; also the other angles ACD, BCD, 
are together equal to two right angles. 
Fi^. 22. In general, if any number of straight lines, as CA, CB {fig. 22), 
&c., meet in the same point C, the sum of all the successive an- 
gles, ACB, BCD, DCE, ECF, FCA, will be equal to four right 
angles. For if, at the point C, four right angles be formed by 
two lines perpendicular to each other, they will comprehend the 
same space as the successive angles, ACB, BCD, &c. 



t These are often called vertical angles. 
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THEOREM. 



36. Two triangles are equals wJwn two sides and the included 
angle of the one are equal to two sides and the included angle of 
the other^ each to each. 

Demonstration. In the two triangles ABC, DEF {fig. 22), Fig. 23 
let the angle A be equal to the angle D, the side AB equal to 
the side DE, and the side AC equal to the side DF; the two 
triangles ABC, DEF, will be equal. 

Indeed, the triangles may be so placed, the one upon the other, 
that they shall coincide throughout. If, in the first place, we 
apply the side DE to its equal AB, the point D will fall upon A, 
and the point E upon B. But, since the angle D is equal to the 
angle A, when the side DE is placed upon AB, the side DF will 
take the direction .4 C; moreover, DJP is equal to .4 C ; therefore 
the point F will fall upon C, and the third side EF will exactly 
coincide with the third side BC ; therefore the triangle DEF is 
equal to the triangle ABC. (26). 

37. Corollary. When, in two triangles, these three things are 
equal, namely, the angle A =z D, the side AB = DE, and the 
side AC = DF, we may thence infer, that the other three are 
also equal, namely, the angle B = E, the angle C = F, and the 
MeBC = EF. 

THEOREM. 

38. Tkoo triangles are equal, when a side and the two adjacent , 
angles of the one are equal tx) a side and the two adjacent angles 
of the other ^ each to each. 

Demonstration. Let the side JSC {fig. 23) be equal to the side Fig. 5S. 
EF, the angle B equal to the angle E, and the angle C equal to 
the angle F; the triangle ABC will be equal to the triangle DEF. 

For, in order to apply the one to the other, let EF be placed 
upon its equal BC, the point E will fall upon B and the point JP 
upon C. Then, because the angle E is equal to the angle B, 
the side ED will take the direction BA, and therefore the point 
D will be somewhere in BA ; also, because the angle F is equal 
to C, the side FD will take the direction CA, and therefore the 
point D will be somewhere in CA; whence the point D, which 
must be at the same time in the lines BA and CA, can only 
be at their intersection A; therefore the two triangles .^JBC, 
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DEFj coincide, the one with the other, and are equal in all re- 
spects. 

39. CoroUary. When, in two triangles, these three things are 
equal, namely, BC =. EF^ B = E, and C = 1^, we may thence 
infer, that the other three are also equal, namely, AB = DE, 
AC = DF,aiidA=zD. 

THEOREM. 

40. One side of a triangle is less than the sum of the other two. 
Fig. 23. Demonstration. The straight line BC {fig. 23), for example, 

is the shortest way from JB to C (3) ; BC therefore is less than 
BA + AC. 

THEOREM. 

Fiff.S4. 41. If, from a point O (fig. 24), within a triangle ABC, there 
be drawn straight lines OB, OC, to the extremities of BC, one of 
its sides, the sum of these lines will be less than that of AB, AC, 
the two other sides. 

Demonstration. Let BO be produced till it meet the side AC 
m D; the. straight line OC is less than OD -{- DC ; to each of 
these add BO, and 50 + OC<J?0 + OD + DC; that is 

BO+OC<:^BD + DC. 
Again, BD <[ BA -f AD ; to each of these add DC, and we 
shall have BD -\- DC-^ BA -\-AC. But it has just been shown, 
that BO + 0C<:^ BD + DC; much more, then, is 

jBO+ 0C<B^ + w3C. 

THEOREM. 

Fig 23. 42. ff two sides AB, AC (fig. 25), of a triangle ABC, are equal 
to two sides DE, DF, of another triangle DEF, each to each ; if, at 
the same time, the, angle BAC, contained by the former, is greater 
than the angle EDF, contained by the latter; the third side BC of 
the first triangle will be greater than the third side EF of the second. 
Demonstration. Make the angle CAG = D, take AG=: DE, 
and join CG; then the triangle G AC is equal to the triangle 
EDF (36), and therefore CG = EF. Now there may be three 
cases, according as the point G falls without the triangle ABC, 
on the side BC, or within the triangle* 

Case I. Because G C < GJ + IC, and wfS < wir+ IB, there- 
fore GC + AB<:i GI+AI+ TC + IB, that is. 
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From one of these take asvay AB, and from the other its equal 
A G, and there remains QC^^BC; therefore W<;^BC. 

Case II. If the point G {fig. 26) fall upon the side J5C, theja Fig. 26 
k is evident that GC, m its equal EF^ is less than BC. 
* Case in. If the point G (fig. 27) fall within the triangle Fig. 27. 
BACj then4G + GC<^AB + BC {41) ; therefore, taking away 
the equal quantities, .^G, ABf we shall have GC<^BCj or 
EF<:iBC. 

THEOREM. 

4S. Two triangles are equal, when the three sides of the one 
are equal to the three sides of the other, each to each. 

Demmstration. Let the side AB = BE {fig. 2S),AC = BF, Fig. 23. 
BC = EF ; then th^ angles will be equal, namely, A=: B, 
B = E, and C = F. 

For, if the angle A were greater than the angle JD, as the 
sides AB, AC, are equal to the sides DE, BF, each to each, the 
side BC would be greater than EF (42) ; and if the angle A 
were less than the angle X),then the side BC would be less than 
EF; but BC is equal to EF; therefore the angle A can neither 
be greater nor less than the angle B; that is, it is equal to it. 
In the same manner it may be proved, that the angle B =zE, and 
that the angle C =^F. 

44. Scholium. It may be remarked, that equal angles are 
opposite to equal sides; thus, the equal angles A and B are op- 
posite to the equal sides BC and EF. 

THEOREM. 

45. In an isosceles triangle, the angles opposite to the equal sides 
are equal. 

Demonstration. Let the side AB = AC {fig. 28), then will Fig 28. 
the angle C be equal to B. 

Draw the straight line AD from the vertex A to the point D, 
the middle of the base BC; the two triangles ABB, ABC, will 
have the three sides of the one equal to tlie three sides of the 
other, each to each, namely, .4fD common to both, AB=: AC, 
by hypothesis, and BD = DC, by construction; therefore (43) 
the angle B is equal to the angle C. " 

46. Corollary. An equilateral triangle is also equiangular ; 
that is, it has its angles equal. 
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47. Scholium. From the equality of Ae triangles ABB^ A CD, 
it follows, that the angle BAD = BAC^bnA that the angl^ 
BDA = ADC ; therefore these two last are right angles. Hence 
a straight line, drawn from the vertex of an isosceles triangle to 
the middle of the base^ is perpendicular to that base^ and divides 
the vertical angle into two equal parts. 

In a triangle that is not isosceles, any one of its sides may be 
taken indifferently for a base ; and then its vertex is that of the 
opposite angle. In an isosceles triangle, the base is that side 
which is not equal to one of the others. 

THEOREM. 

48. Reciprocally^ jftwo angles of a triangle are equals the op- 
posite sides are equals and the triangle is isosceles. 

Pig.». Demonstration. Let the angle ABC = ACB (Jig- 29), the 
side AC will be equal to the side AB. 

For, if these sides are not equal, let AB be the greater. Take 
BD=.ACy and join DC. The angle DBC is, by hypothesis, 
equal to w2CJ?,-and the two sides DjB, SC, are equal to the two 
sides AC^ CB, ^Rch to each; therefore the triangle DBC is 
equal to the triangle ACB (36) ; but a part cannot be equal to 
the whole ; therefore the sides AB,AC, cannot be unequal ; that 
is, they are equal, and the triangle is isosceles. 

THEOREM. 

49. Of the two sides of a triangle, that is the greater, which is 
opposite to the greater angle ; and conversely, of the two angles of a 
triangle, that is the greater, which is opposite to the greater side. 

Fig 30. ' Demonstration. 1. Let the angle C^B {fig. 30), then will 
the side AB, opposite to the angle C, be greater than the side 
AC, opposite to the angle B. 

Draw CD, making the angle BCD = B. In the triangle BDC, 
BD is equal to DC (48) ; but AD + DC^AC, and 

AD + DC = AD + DB=: AB; therefore AB^AC. 

2. Let the side AB'^AC, then will the angle C, opposite to 
the side AB, be greater than the angle B, opposite to the side - 
AC. For, if C were less than B, then, according to what has 
just been demonstrated, we should have AB^^AC, which is con- 
trary to the hypothesis ; and if C were equal to B, then it would 
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follow, that AC = AB (4S), which is also contrary to the hy- 
pothesis ; whence the single C can be neither less than jB, nor 
equal to it ; it is therefore greater. 

THEOREM. 

50. From a given point A (fig. 31), withaut a straight line Fi^.SL 
DE, only one perpendicviar can be drawn to that line 

Demonstration. If it be possible, let there be two AB and 
AC; produce one of them AB^ so that BF=:AB, and join CF. 

The triangle C5F is equal to the triangle ABC. For the 
angle CBF is a right angle (29), as well as CBA, and the side 
BF =: BA ; therefore the triangles are equal (36), and ♦he angle 
BCF=zBCA. But BCA is, by hypothesis, a right angle; 
therefore jBCJF is also a right angle. But, if the adjacent angles 
BCAy BCFy are together equal to two right angles, •^CjFmust 
be a straight line (33) ; and hence it would follow, that two 
straight lines ACF, ABF, might be drawn between the same 
two points A and F, which is impossible (25) ; it is, then, equally 
impossible to draw two perpendiculars from the same point to 
the same straight line. 

51. Scholium. Through the same point C (fig. 17), in the F&. n. 
line AB, it is also impossible to draw two perpendiculars to that 

line ; for, if CD and CE were these two perpendiculars, the an- 
gle DCB would be a right angle as well as BCE ; and a part 
would be equal to the whole. 

THEORfiM. 

52. If from a point A (fig. 31), without a straight line DE, a Piff.si. 
perpendicular AB be drawn to that line, and also dijfferent oblique 
lines AE, AC, AD, &c., to different points of the same line ; 

1. The perpendicular AB is less than any one of the oblique 
lines; 

2. The two oblique Urns AC, AE, which meet the line DE on 
opposite sides of the perpendicular, and at equal distances BC, BE, 
from it, are equal to one another; 

3. Of any two oblique lines AC, AD, or AE, AD, that which 
is more remote from the perpendicular is the greater. ' 

Demonstration. Produce the perpendicular AB^ so that 
BF = BA, and join FC, FD. 
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1. The triangle J5CF is equal to the triangle J9C-1; for the 
right angle CBF=i CBA, the side CB is common, and the side 
BF = BA ; therefore the third side CF is equal to the third side 
^C(36). But^F<^C+ CF (40), and .55 half of .4F is less 
than .^Chalf of ,40 + CF; that is, the perpendicular is less than 
any one of Ae oblique lines. 

2. If BE =nBC, then, as AB is common to the two triangles 
JIBE, ABC, and the right angle ABE =: ABC, the triangle 
ABE is equal to the triangle ABC, and AE =: AC. 

3. In the triangle DFA, the sum of the sides AD, DF, is 
greater than the sum of the sides AC, CF (41); therefore AD 
half of AD + DF is greater than A C half of AC + CF, and the 
oblique line, which is more remote from the perpendicular, is 
greater than that which is nearer. 

53. Corollary i. The perpendicular measures the distance 
of any point from a straight line. 

54. Corollary ii. From the same point, there cannot be 
drawn three equal straight lines terminating in a given straight 
line ; for, if this could be done, there would be on the same side 
of the perpendicular two equal oblique lines, which is impossible. 

THEOREM. 

Figr. 32. 55, If ^ from the point C (fig. 32), tJie middle of the straight line 
AB, a perpendicular EF be drawn; 1. each point in the perpen- 
dicular EF is equally distant from the two extremities of the line 
AB ; 2. any point without the perpendicular is at unequal dis- 
tances from the same extremities A and B. 

Demonstration. 1. Since AC = CB, the two oblique lines 
AD, DB, are drawn to points which are at the same distance 
from the perpendicular. They are therefore equal (52). The 
same reasoning will apply to the two oblique lines AE, EB, also 
to AF, FB, &c. Whence each point in the perpendicular EF 
is equally distant from the extremities of the line AB. 

2. Let /be a point out of the perpendicular; join M, IB, one 
of these lines must cut the perpendicular in D; join DB, then 
DB = DA. But the line ZB<ID + DB and 

rD + DB=ID + DA=zM; 
therefore IB<^IA; that is, any point without the perpendicular 
is at unequal distances from the extremities of AB. 



Of ParaUd Lines. 1 3 

THEOREM. , 

56. Two right-angled triangles are equal, when the hypothe- 
nuse and a side of the one are equal to the hypothenuse and a side 
of the othffFj each to each. 

Demonstration. Let the hypothenuse AC ^^BF {fig. 33), and Fig. 33 
the side AB = DE; the right-angled triangle ABC will be equal 
to the right-angled triangle DEF. 

The proposition wiH evidently be true, if the third side BC 
be equal to the third side EF. If it be possible, let these sides 
be unequal, and let jBC be the. greater. Take BG = EF, and 
join AG; then the triangle ABG is equal to the triangle DEF, 
for the right angle B is equal to the right angle E, the side 
AB = DE, and the side BG = EF; therefore, these two trian- 
gles being equal (36), AG=z DF; and, by hypothesis, DF=z AC; 
whence AG =: AC. But AG cannot be equal to AC {52); 
therefore it is impossible that BC should be unequal to EF, 
that is, it is equal to it, and the triangle ABC is equal to the 
triangle DEF. 

THEOREM. 

57. In any triangle, the sum of the three angles is equal to two 
right angles'. 

Demonstration. Let ABC {fig. 35) be the proposed triangle, Fij^. 86 
in which we suppose* that AB is the greatest side, and BC 
the least, and that, consequently, ACB is the greatest angle, 
and BAC the least (49). 

Through the point A, and the middle point / of the opposite 
side BC, draw the straight lineal, and produce it to C', mak- 
ing AC' = AB ; produee also AB to B'j making AB' double 
ofAL 

If we designate by A, B, C, the three angles of the triangle 
ABC, and by A^, B', C, the three angles of the triangle A B'C', 
we say that C = J3 + C, and A = A' -\-B' ; from which we 
deduce A+B+ C = A' +B' + C ; that is, the sum of the 
three angles is the same in the two triangles. 

To prove this, make AK = AI, and join C' K; we shall have 

* This supposition does not exclude the case in which the mean side 
ilC is equal to one of the extremes AB or BC. 
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the triaoglt OAK=. BAL For, in these two triangles, the angle 
A is common, and the side AC =zAB, and AK=:AL There- 
fore the third side OK is equal to the third BI, and consequent- 
ly the angle AC'K=z ABC, and the angle AKC = AIB. 

We say now that the triangle B' OK is equal to the triangle 
ACI, since the sum of the two adjacent angles AKO + OKB' 
is equal to two right angles (28), as well as the sum of the two 
angles AIC -{- AIB ; subtracting from these, respectively, the 
equal angles AKO, AIB, and there will remain the angle 
OKB' = AIC. These equal angles in the two triangles are com- 
prehended between sides that are equal, each to each, namely, 
C'K=: IB = CI, and KB' = AK= AI, since we have supposed 
AB' =z2AI=2 AK. Therefore the two triangles B' OK, A CI, 
are equal (36), and, consequently, the side OB^ = AC, and the 
angle B'OK^ACB, and the angle KB'O = CAL 

It hence follows, 1. that the angle .^C'jB', designated by O, 
is composed of two angles, equal, respectively, to the two angles 
B and C, of the triangle ABC, and that, accordingly, we have 
C'=B+C; 2. that the angle A of the triangle ABC is 
composed of the angle A', or CA'B', which belongs to the tri- 
angle AB' O, and the angle CAI, equal to B', of the same 
triangle, which gives A=zA'-\'B'; therefore .4 + B -|- C == 
A' -]-B' -{- O. Moreover, since, by hypothesis, we have AC<^ 
AB, and, consequently, C'B' <^AO, it will be seen, that, in 
the triangle A OB', the angle at w4, designated hjA',is less 
than B' ; arid, as the sum of the two is equal to the angle A of 
the proposed triangle, it follows that the angle A' ^t^^ A, 

If we apply the same construction to the triangle AB'O, 
in orde" to form a third, triangle ./2C5'', designating the angles 
by A^\ B^, C", respectively, we shall have, in like manner, the 
two equations C" = C' + B', and A' = A" + B", which gives 
^/ ^ J?/ -^ C = A" + B' + O'. Thus the gum of the three 
angles is the same in these three triangles. We have, at the same 
time, the angle A!' ^\ A', and, consequently. A" '<C^\ A. 

Continuing indefinitely the series of triangles AOB',AC"B'\ 
&c., we shall arrive at a triangle a & c, in which the sum of the 
three angles will always be the same as in the proposed triangle 
ABC, and which will have the angle a less than any given 
term of the decreasing progression ^ A, \ A, \ A, &c. 
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We may therefore suppose this series of triangles continued 
until the angle a is less than any given angle. 

Accordingly, if, by means of the triangle abc, we construct the 
following triangle a'6V, the sum of the angles a' + 1/ of this 
triangle will be equal to the angle a, and will, consequently, be 
less than any given angle ; it will hence be seen that the sum of 
the three angles of the triangle afV& reduces itself to the single 
angle &. 

In order to obtain the exact measure of this sum, let us pro- 
duce the side a^& toward d'^ and designate the exterior angle 
b^&d^ by of ; this angle af^ added to the angle & of the triangle 
a'6'c', will make a sum equal to two right angles (28) ; thus, 
denoting the right angle by D, we shall have c' = 2 D — a?' ; 
therefore the sum of the angles of the triangle a^&b' will be 

But we may imagine the triangle a^&b^ to vary in its angles 
and sides, so as to represent the successive triangles which are 
derived ultimately from the same construction, and which ap- 
proach more and more the limit at which the angles a' and V 
are nothing. At this limit, the straight line a^&d^ is confounded 
with a'6', and the three points a', c', 6', are in the same straight line; 
then th^ angles 6' and x' become nothing at the same time with a', 
and the quantity 2 D -j- a' -|- 6' — x', which is the measure of the 
three angles of the triangle a^&b^, reduces itself to 2 D; there- 
fore, in any triangk, tlie sum of the three angles is equal to two 
right angles. 

.58. Corollary i. Two angles of a triangle being given, or 
only their sum, the third will be known by subtracting the sum 
of these angles from two right angles. 

69. Corollary ii. If two angles of one triangle are equal 
to two angles of another triangle, each to each, the third of the 
one will be equal to the third of the other, and the two triangles 
will be equiangular. 

60. Corollary iii. In a triangle, there can be only one right 
angle ; for if there were two, the third angle must be nothing. 
Still less, then, can a triangle have more than one obtuse angle. 

61. Corollary iv. In a right-angled triangle, the sum of the 
acute angles is equal to a right angle. 

62 CoroUary v An equilateral triangle, as it must be al- 
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so equiangular (45), has each of its angles equal to a third 
of two right angles j sp that, if a right angle be ei^pressed. by 
unity, the angle of an equilateral triangle will be expressed by f . 

63. Corollary vi. In any triangle ABCy if «ye produce the 
side AB toward D, the exterior apgle CBD lyill be equal (o the 
sum of the two opposite interior angles A and C; for, by adding 
to each the angle ABC^ the sums are each equal to two right 
angles. 

THEOREM. 

64. ITie sum cf all the interior angles qf a polygon is equal 
to a^s many times two right angles as there are units in the 
number of sides miniLS two. 

Fig. 42. Demonstration. Let ABODE, &c. (fg. 42), be the proposed 
polygon ; if, from the vertex of the angle A, we draw to the ver- 
tices of the opposite angles the diagonals AC, AD, AE, &c., it 
is evident, that the polygon will be divided into five triangles, if 
it have seven sides, and into six, if it have eight, and, in general, 
into as many triangles, wanting two, as the polygon has sides ; 
for these triangles may be considered as having for their com- 
mon vertex the point A, and for their bases the different sides of 
the polygon, except the two which form the angle BAG. We 
see, at the same time, that the sum of the angles of all these 
triangles does not differ from the sum of the angles of the poly- 
gon ; therefore this last sum is equal to as many times two right 
angles, as there are triangles, that is, as there are units in the 
number of sides of the polygon minus two. 

65. Corollary i. The sum of the angles of a quadrilateral is 
equal to two right angles multiplied by 4 — 2, which makes 
four right angles ; therefore, if all the angles of a quadrilateral 
are equal, each of them will be a right angle, which justifies the 
definition of a square and rectangle (17). 

66. Corollary ii. The sum of the angles of a pentagon is 
equal to two right angles multiplied by 5 — 2, which makes 6 
right angles ; therefore, when a pentagon is equiangular, each 
angle is equal to a fifth of six right angles, or f of one right 
angle. 

67. Corollary in. The sum of the angles of a hexagon is 
equal to 2 X (6 — 2)i or 8, right angles ; therefore, in an equi- 
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angular hexagon^ each angle is the sixth of eight right angles, 
or f of one right angle. The process may be easily extended 
to other polygons. 

68. SchcUum. If we would, apply this proposition to poly- 
gons, which have, any re-entering* angles, each of these angles 
is to be considered as greater than two right angles. But, in 
order to avoid confusion, we shall confine ourselves in future to 
those polygons, which have only saliant angles, and which may 
be called convex polygons. Every convex polygon is such, that 
a straight line, however drawn, cannot meet the perimeter in 
more than two points. 

THEOREM. 

69. ^ two straight lines AB, CD (fig. 36), are perpendicular Fig 36. 
to a third F6, these two lines wUl be parcMel; that is^ they wUl 

not meet if produced ever so far. 

Demonstration, For, if they should meet in any point O, thire 
would be two perpendiculars OF, 06, let &11 fi'om the same 
point O upon the same straight line jPCr, which is impossi- 
ble (50). 

THEOREM. 

70. If two straight Unes AB, CD (fig. 36), make^ with a third Fig. 36: 
£F, two interior angles BEF, DFE, the sum of which is equal 

to two right angles^ the lines AB, CD, wiU be parallel. 

Demonstration. If the angles BEF, DFE, are equal, they 
will each be right angles, and we fall upon the case of the pre- 
ceding proposition. Let us suppose, then, that they are unequal ; 
and that, through the point F, the vertex of the greater, we let 
fall upon AB a perpendicular FG. 

In the triangle EFG, the sum of the two acute angles FEG 4- 
EFG is equal to a right angle (61) ; this sum being subtracted 
{rom the sum BEF -^ DFE, equBl by hypothesis to two right 
angles, there will remaia the angle DFG equal to a right angle. 
Therefore the two lines AB, CD, are perpendicular to the third 
line FG, and are consequently parallel (69). 

* A re-entering angle is one whose vertex is directed inward, as Fig. 43. 
CDE {fig. 43), while a saliant angle has its vertex directed outward, as 
ABC. 

Geom. 3 
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Fi4r. 37 71. jy two Straight lines AB, CD (fig. 37), make with a third 
EF, two interior angles^ on the same side^ the sum of whidi is 
greater or less than two right angles^ the lines AB, CD, produc- 
ed sufficiently far ^ will meet. 

Demonstration. 1. Let the sum BEF + EFD be less than 
two right angles ; draw JPG so as to make the angle EFG 
equal to AEF; we shall have the sum BEF + EFG equal 
to the sum BEF-{-AEFy and consequently equal to two right 
angles ; and, since JBEF-^- EFD is less than two right angles, 
the straight line DF will be comprehended in the angle EFG. 

Through the point F draw an oblique line FM, meeting AB 
in M; the angle AMF will be equal to GFM^ since, by adding 
to each the same quantity EFM -f- FEMj the two sums . are 
each equal to two right angles. Take now MJ\r=FMjBnd 
join FJV; the exterior angle AMFy of the triangle FMJ^^ is 
equal to the sum of the two opposite interior angles MFJSTy MJSTF 
(63), and these last are equal to each other, since they are opoo- 
site to the equal sides JMIAT, FM; consequently the angle AMF, 
or its equal MFG^ is double of MFJV; therefore the straight 
line FJV divides into two equal parts the angle GFM, and 
meets the line AB in a point JV situated at a distance MJST equal 
to FM. 

It follows from the same demonstration, that if we take JSTP = 
jPJV, we determine, upon the line AB, the point P of the 
straight line FP, which makes the angle GFP equal to half the 
angle GFJV, or one fourth of the angle GFM. 

We are able, therefore, in this manner, to take successively 
the half, the fourth, the eighth, &c., of the angle GFM^ and the 
lines which form these divisions meet the line AB in points 
more and more distant, but easily determined, since MJ^=^FMy 
JVP = FJV, PQ = PF, &c. Indeed, it will be remarked, that 
each successive distance of the points of intersection from the 
fixed point J", is not exactly double the distance of the preceding 
point of intersection ; since JPJV, for example, is less than FM + 
MJ>r, or 2 FM; we have, in like manner, J?T<2 PJV, JFQ< 
2FP, &c. 

But, by continuing to subdivide the angle GFM^ in this manner, 
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we shall soon arrive at an angle GFZ less than tt^e given angle 
GFD; and it will nevertheless be true that FZ produced 
will meet AB in a determinate point; therefore, for a still 
stronger reason, the straight line JPD, comprehended in the bh- 
gle £FZ, Will meet w3B. 

2. Let us suppose that the sum of the interior angles AEF'\- 
CFE is greater than two right angles ; if we produce AE to- ' 
ward B, and CF toward D, the sum of the four angles AEF, 
BEF^ CFE, EFD, will be equal to four right angles ; accord- 
ingly, if from this sum we subtract AEF-j- CFE, which is 
greater than two right angles, there will remain the sum BEF-\- 
EFD, less than two right angles. Therefore, according to the 
first case, the lines EB, FD, produced sufiiciently far, must meet. 

72. Corollary » Through any given point F only one parallel 
can be drawn to the given line AB ; for, having drawn FE at 
pleasure, there can be no. other line, except JPG, which shall 
make the sum of the two angles BEF -j- EFG equal to t#o 
right angles; every other straight line FD would make the 
sum of the two angles BEF -{- EFD, either less or greater than 
two right angles ; and would consequently meet the line AB. 

THEOREM. 

73. If two paraUd straight lines AB, CD (fig. 38), meet a Fig. 38 
third line EF, the sum of the interior angles upon the same side 
AGH, GHC, wUl he equal to two right angles. 

Demonstration. If this sum were greater or less than two 
right angles, the two straight lines AB, CD, would meet on one 
side or the other oiEF, and would not be parallel (71). 

74. Corollary i. If GHC be a right angle, AGHvfWX also 
be a right angle ; therefore every line, which is perpendicular 
to one of the parallels, is also perpendicular to the other. 

75. Corollary n. Since the sum AGII-\- GHC is equal to 
two right angles, and the sum GHD -\-, GHC is also equal to 
two right angles, if we take away the common part GHC, we 
shall have the angle AGH = GHD. Besides, AGH =:BGE, 
and GHD = CHF (34) ; therefore the four acute angles AGH, 
BGE, GHD, CHF, are equal to each oth^r ; the same may be 
proved with respect to the four obtuse angles AGE, BGH, GHC, 
DHF. It may be observed, moreover, that, by adding one of 
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the four acute angles to one of the four obtuse angles, the 
sum will always be equal to two right angles. 

76. Scholium. The angles of which we have been speaking, 
compared, two and two, take different names. We have already 
called the angles AGHy GHC, interior upon the same side ; the 
angles BGH, GHD, have the same name ;. the angles AGH^ 
GHD, are called aUemate-intemcLl, or simply alternate; the 
same may be said of the angles BGH^ GHC. Lastly, we de- 
nominate intemal-eosternal the angles EGB, GHD, and EGA, 
GHC, and aUernate-extemal EGB, CHF, and AGE, DHF. 
This being premised, we may regard the-following propositions 
as already demonstrated. 

1. The two interior angles upon the same side, taken togeth- 
er, are equal to two right angles. 

2. The alternate-internal angles are equal, as also the internal- 
external, and the alternate-external. 

Reciprocally, if, in this second case, two angles of the same 
name are equal, we may infer that the lines to which they are 
referred are parallel. Let there be, for example, the angle 
AGH=i GHD; since GHC + GHD is equal to two right angles 
we have bIso AGH -\- GHC equal to two right angles; therefore 
the lines AG, CH, are parallel (70). 

THEOREM. 

Fig' 39. 77. Two lines AB, CD (fig. 39), which are parallel to a third 
EF, are parallel to one another. 

Demonstration. Draw PQR perpendicular to EF. Then, 
since AB is parallel to EF, the line PR will be perpendicular 
to AB (74) ; also, since CD is parallel to EF, the line PR will 
' be perpendicular to CD. Consequently AB and CD are per- 
pendicular to the same straight line PQ; therefore they are par- 
allel (69). 

> THEOREM. 

78. Two parallel tines are throughout at the same distance 
from each other. 
Fig. 40. Demonstration. The two parallels AB, CD {fig. 40), being 
given, if, through two points, taken at pleasure, we erect, upon 
AB, the two perpendiculars EG, FH, the straight lines EG, FH, 
will be, at the same time, perpendicular to CD (73) ; moreover 
these straight lines will be equal to each dth^r. 
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For, by dtawijag HE, the angles HEF, EHQ^ considered with 
reference to the parallels AB, CD^ being alternate-internal an- 
gles (76), are equal ; also, since the straight lines EG^ FH, are 
perpendicular to the samie straight line AB, and consequently 
parallel to each other, the angles EHF^ HEGj considered with 
reference to the parallels GE^ FH^ being alternate-internal an- 
gles ace equal. The two triangles, then, EHF^ HEG^ have a 
side and the two adjajcent angles of the one equal to a side and 
the two adjacent angles of the other, each to each; these two 
triangles are therefore equal (38) ; and the side EGj which 
measures the distance of the parallels ./JJ?, CD, at the point £, 
is equal to the side FH, which measures the distance of the 
same parallels at the point F. 

THEOREM. ^ 

79. ff two angles^ BAG, DEF (fig. 41), have their aides par- Fig. 4i. 
alleJ, each to each, and directed the same way, these two angks 

will be eqtwl. 

Demonstration. Produce DE, if it be necessary, till it meet 
^C in G; the aigle DEF is equal to DGC, because EiF is 
parallel to GC (76) ; the angle DGC is equal to BAC, because 
DG is parallel to AB ; therefore the angle DEF is equal to 
BAC. 

80. Scholium, There is a restriction in this proposition, name- , 
ly, that the side EF be directed the same way as AC, and ED 
the same way as AB : the reason is this ; if we produce FE 
toward H, the angle DjEJEf would have its sides parallel to those 
of the angle BAC, but the two angles would not be equal. In 
this case, the angle DEH und the angle BAC would together 
make two right angles. 

THEOREM. 

81. The opposite sides (tf a parallelogram are eqtwli and the 
opposite angles also are equal. 

Demonstration. Draw the diagonal BD {fig. 44) ; the two Fig. 44 
triangles ADB, DBC, have the side BD conunon ; moreover, 
on account of the parallels AD, BC, the angle ADB =z DBC 
(76), and on account of the parallels AB^ CD, the angle 
ABD = BDC; therefore the two triangles ADB, DBC, are 
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equal (38) ; consequently the side AB opposite to ADB ia 
equal to the side DC opposite to the equal angle DBCy and 
likewise the third side AD is equal to the third side BC; there- 
fore the opposite sides of a parallelogram are equal. 

Again, from the equality of the same triangles, it follows, that 
the angle A=zCj and also that the angle ADCj composed of 
the two angles ADB, BDC, is equal to the angle ABC, com- 
posed of the two angles DSC, ABD ; therefore the opposite 
angles of a parallelogram are equal. 

82. Corollary. Hence two parallels A3, CD, comprehended 
between two other parallels AD, BC, are equal* 

THEOREM. 

Fig 44. 83. If, in a quadriiateral ABCD (fig. 44), the opposite sides 
are equal, namely, AB = CD, and AD = CB, the eqwA sides wiU 
be parallel, and the figure wHl be a parallelogram. 

Demonstration. Draw the diagonal BD ; the two triangles 
ABD, BDC, have the three sides of the one equal to the three 
sideis of the Qtber, each to each ; they are therefore equal, and 
the angle ADB, opposite to the side AB, is equal to the angle 
DBC, opposite to the side CD; consequently the side AD is 
parallel to BC (76). For a similar reason, AB is parallel to 
CD; therefore the quadrilateral ABCD is a parallelogram. 

THEOREM. 

Fig. 44. 84. ff two opposite sides AB, CD (fig. 44), of a quadrilateral 
are equal and parallel, the two other sides wHl also be equal and 
parallel, and the figure ABCD will be a parallelogram. 

Demonstration. Let the diagonal BD be drawn ; since AB 
is parallel to CD, the alternate angles ABD, BDC, are equal 
(76). Besides, the side AB = CD, and the side DB is com- 
mon; therefore the triangle ABD is equal to the triangle DBC 
(36), and the side AD = BC, the angle ADB = DBC, and con- 
sequently AD is parallel to BC ; therefore the figure ABCD is 
a parallelogram. 

THEOREM. 

Pig. 46. 85. The two diagonals AC, DB (fig. 45), of a parallelogram 
mfutually bisect each other. 
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Demonstration. If we compare the triangle ADO with the 
triangle COB^ we find the side AD = CB^ and the angle 

ADO=CBO{l%)y 
also the angle DAO = OCB ; therefore these two triangles are 
equal (38), and consequently ^O, the side opposite to the angle 
ADO, is equal to OC, the side opposite to the angle OBC ; 
DO likewise is equal to OB. 

86. Scholium. In the case of the rhombus, the sides AB, 
BC, being equal, the triangles AOB, OBC, have the three 
sides of the one equal to the three sides of the other, each to 
each, and are consequently equal ; whence it follows, that the 
angle AOB=iBOC, and that thus the two diagonals of a rhom- 
bus cut each other mutually at right angles. 
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SECTION SECOND. 

Of the Circle and the Measure of Angles. 

DEFimnoj^s. 

87. The circun^erence of afircle is a curved line all the points 
of which are equally distant from a point within called the centre. 

The circle is the space terminated by this curved line.* 
Fig 46. 88. Every straight line CA, CE, CD {fig. 46), &c., drawn 
from the centre to the circumference, is called a radius or semir 
diameter, and every straight line, as AB, which passes through 
the centre, and is terminated each way by the circumference, is 
called a diameter . 

By the definition of a circle the radii are all equal, and all the 
diameters also are equal, and double of the radius. 

89. An arc of a circle is any portion of its circumference, as 
FHG. 

90. The chord or subtense of an arc is the straight line JFGf, 
which joins its extremities.f 

91. A segment of a circle is the portion comprehended be- 
tween an arc and its chord. 

92. A sector is the part of a circle comprehended between an 
arc DE and the two radii CD, CE, drawn to the extremities of 
this arc. 

Fig. 47. 93. A. straight line is said to be inscribed in a circle, when its 
extremities are in the circumference of the circle, as AB {fig 47) 

94. An inscribed angle is one whose vertex is in the circum- 
ference, and which is formed by two chords, as BAC. 

95. An inscribed triangle is a triangld»wbose three angles have 
their vertices in the circumference of the circle, as BAC. 

^— — ^— ^■^■^■^^^■^— ^p»^w^— .■■—iM^^i     I   ■-^— ■^■■^B I.I.  mw^^m^^ I    —   n il  I  i^^^—  .^— ^^^^m^^— 

* In common discourse, the circle is sometimes confounded with its 
circumference ; but it will always be easy to preserve the exactness 
of these expressions, by recollecting that the circle is a surface which has 
length and breadth, while the circumference is only a line. 

. t The same chord, as FGy corresponds to two arcs, and consequent- 
ly to two segments ; but, in speaking of these, the smaller is always to 
be understood, when the contrary is not expressed. 
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And, in general, an inscribed figure is one, all whose angles 
have their vertices in the circumference of the circle. In this 
case, the circle ife said to be circumscribed about the figure. 

96. A secant is a line, which meets the circumference in two 
points, as AB (fig, 48). Fig. 48 

97. A tangent is a line, which has only one point in common 
with the circumference, as CD. 

The common point M is called ihe point of contact. 

Also two circumferences aretangents to each other {fig. 69, 60), Fi**^* 
when they have only one point common. 

A polygon is said to be circumscribed about a circle, when all 
its sides are tangents to the circumference ; and in this case the 
circle is said to be inscribed in the polygon. 

THEOREM. 

98. Every diameter AB {fig. 49) bisects the circk and its cir- Fig.>i8, 
cuntference. 

Demonstration. If the figure A'EB be applied to AFB, so 
that the base AB may be common to both, the curved line AEB 
must fall exactly upon the curved line AFB; otherwise, there 
would be points in the one or the other unequally distant fi-om 
the centre, which is contrary to the definition of a circle. 

THEOBEM. 

99. Every chord is less than the diameter. 

Demjonstration. If the radii CA^ CD {fig. 49), be drawn fi-om Pig.40. 
the centre to the extremities of the chord ADy we shall have the 
straight line AD<C^AC+ CD; that is, AD<::iAB (88). 

100. CoroUary. Hence the greatest straight line that can be 
inscribed in a circle is equal to its diameter. 

THEOREM. 

101. .^ straight line cannot rneet the drcurnference of a circle 
in more than two points. 

Denuynstration.- If it could meet it in three, these three points 
being equally distant from the centre, there might be three equal 
straight lines drawn fi-om a given point to the same straight line, 
which is impossible (54). 

Geom. 4 
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THEOREM. 

] 02. In the same circle, or in equal circles, equal arcs are sub 
tended by equal chords, and, conversely, equal chords subtend 
equal arcs. 
■^^fiO Demonstration. The radius AC {fig. 60) being equal to the 
radius EO, and the arc AMD equal to the arc EJV6, the chord 
AD will be equal to the chord EO. 

For, the diameter AB being equal to the diameter EF, the 
semicircle AMDB may be applied exactly to the semicircle 
EJVGF, and then the curved line AMDB will coincide entirely 
with the curved line EJVGF; but the portion AMD being sup- 
posed equal to the portion EJVG, the point D will fall upon G; 
therefore the chord AD is equal to the chord EG. 

Conversely, .4 C being supposed equal to -EO, if the chord 
ADz= EG, the arc AMD will be equal to the arc EJ^TG. 

For, if the radii CD, OG, be drawn, the two triangles A CD, 
EOG, will have the three sides of the one equal to the three 
sides of the other, each to each, namely, AC = EO, CD = OG 
and AD= EG; therefore these triangles are equal (43) ; hence 
the angle A CD =EOG. Now, if the semicircle ADB be placed 
upon EGF, because the angle ACD = EOG, it is evident, tliat 
the radius CD will fall upon the radius OG, and the point D 
upon G ; therefore the arc AMD is equal to the arc EJSTG. 

THEOREM. 

103. In the same circle, or in equal circles, if the arc be less 
than half a drcurnference, the greater arc is subtended by the 
greater chord ; and, conversely, the greater chord is subtended 
by the greater arc. 
Fig w Demonstration. Let the arc AH {fig. 50) be greater than 
AD, and let the chords AD and AH, and the radii CD, CH, be 
drawn. The two sides, AC, CH, of the triangle •/iCH, are equal 
to the two sides AC, CD, of the triangle ACD, and the angle 
ACHia greater than ACD; hence the third side AH is greater 
than the third side AD (42) ; therefore the greater arc is sub- 
tended by the, greater chord. 

Conversely, if the chord AH be greater than AD, it may be 
mferred, from the same triangles, that the angle A CH is greater 
than A CD, and that thus the arc AH is greater thaa AD. 
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104. Scholium. The arcs, of which we have been speaking, 
are supposed to be Iess< than a semicircumference ; if they were 
greater, the contrary would be true ; in this case, as the arc 
increases, the chord would diminish, and the reverse ; thus, the 
arc AKBD being greater than AKBH^ the chord AD of the first 
is less than the chord .i^fTof the second. 

THEOREM. 

105. The radius CG {fig. b\\ perpendicular to a chord A&^ Wig.tSL 
bisects this chord and the arc subtended by it AGB. 

Demonstration. Draw the radii Cwi, CB; these radii are, with 
respect to the perpendicular CD, two equal oblique lines ; there- 
fore they are equally distant from the perpendicular (52), and 
AD = DB. 

Again, since AD = JBD, and CG is a perpendicular erected 
upon the middle of AB, each point in CG is at equal distances 
from A and B (55). The point G is one of these points; there- 
fore AG =1 GB. But, if the chord AGi& equal to the chord GJ5, 
the arc AG will be equal to the arc GB (102) ; therefore the 
radius CG, perpendicular to the chord AB, bisects the arc sub- 
tended by this chord in the point Gf. 

106. Scholium. The centre C, the middle D of the chord 
AB, and the middle G of the arc subtended by this chord, are 
three points situated in the same straight line perpendicular to 
the chord. Now, two points in a straight line are sufficient to 
determine its position ; therefore a straight line, which passes 
through any two of these points, must necessarily pass through 
the third, and must be perpendicular to the chord. 

It follows also, that a perpendicular erected upon the middle of 
a chord passes through the centre and the middle, of the arc sub- 
tended by that chord. 

For this perpendicular is the same as that let fall from the 
centre upon the same chord, since they both pass through the 
middle of the chord (51). 

THEOREM. 

1 07 . The drcuntference of a circle may be made to pass through 

any three pointSf A, B, C {fig. 52), which are not in the same Fif. oi 
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etraight line, but the circun^erence (f only one dtek canhemaie 
to pass through the same points. 

Demonstration. Join wlS, JSC, and bisect these two straight 
lines by the perpendiculars DE^ FG ; these perpendiculars will 
meet in a point O. 

For the lines DJS, FG, will necessarily cut each other, if tiiey 
are not parallel. Let us suppose that they are parallel ; the line 
.AB perpendicular to DE will be perpendicular to FG (74), and 
the angle jE'will be a right angle ; but BK,, which is BD pro- 
duced, is different from BF, since the three points A, By C, are 
not in the same straight line ; there are, then, two perpendiculars 
BFj BK, let fall from the same point upon the same straight line, 
which is impossible (50) ; therefore the perpendiculars DJE, FG, 
'"'ill always cut each other in some point O. 

Now the point O, considered with reference to the perpendicu- 
lar DE, is at equal distances from the two points A and B (55) ; 
also this same point O, considered with reference to the perpen- 
dicular FG, is at equal distances from the two points B and C; 
hence the three distances OA^ OB, OC,. are equal ; therefore the 
circumference, described from the centre O with the radius OJ?, 
will pass through the three points A, B^ C. 

It is thus proved, that the circumference of a circle may be 
made to pass through any three given points,, which are not in 
the same straight line ; it remains to show, that there is only one 
circle, which can be so described. 

If there were another circle, the circumference of which passed 
through the three given points A, B, C, its centre could not be 
without the line DE (55), since, in this case, it would be at 
unequal distances from A and B ; neither can it be without the 
line JPG, for a similar reason ; it will, then, be in both of these 
lines at the same time. But two lines can cut each other in only 
one point (32) ; there is, therefore, only one circle, whose circum- 
ference can pass through three given points. 

108. Corollary. Two circumferences can meet each other 
only in two points ; for, if they had three points common, they 
would have the same centre, and would make one and the same 
Gircumferoace, 
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1Q9% Two eqkuicJUn'ds care oi the sarm 
and, of two unequal chorda, the less is at the greater distance from 
the centre. 

Demonstration 1. Let the chord AB = DE {fig, 53). Bisect F»ff- 53. 
these chords by the perpendiculars CFy CG, and draw the radii 

CA cm 

The right-angled triangles CAF, DCG, have the hypothe- 
nuses CA, CD, equal ; moreover, tlie side AF, the half ofAB, is 
eqiial to the side DG, the half of DE; the triangles, then, are 
equal' (56), and consequently the third side CK is equal to llie 
thiid side CG ; therefore the two equal chords dB, DE, are at 
the same distance from the centre. 

3. Let the ehord.dfi^be greater than DE, the arc AKH YiiW 
be greater than tto arc DME (103). Upon the are AXHtek^ 
the part ANB =^ DME, draw tlie chord AB, and let fall the per- 
pendicular Ci^upon this chord, and the perpendicular CJ uppn 
AH; GFi» Evidently greater than CO, and CO than CJ (52); 
foF a still stronger reason,. €F'^ CL But CjF=? C^, since the 
chords AB, DE, are equal. Therefore CG^ CI, wid of two 
unequal chords, the less is at the greater distance from the centre. 

THEOREM. 

110. The perpendicular BD {fig. 54), at the extremity of the Fig.bi, 
radius AC, is a tangent to the circuntference. 

DemonBtrationi Since every oblique line CE is greater than 
the pef^endiculac CA (52), the point £ is without the circle^ and 
the line JKO has only the point A in common with the circum- 
ference ; therefore BD is a tangent (97). 

111. Scholium. We can draw through a given point A only 
one tangent AD to the circumference ; for, if we could draw 
another, it would not be a perpendicular to the radius C.^, and, 
with respect to thi» new tangent, the radius CA would be an* 
obGque line, and the perpendiculai^ let fall from the centre upon 
ttH9 tsmgetit would be Ibss^ than CA; therefore this suppcmed 
tangent would' pass ihto the circle, and become a secant. 
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THEOREM. 



riff.55. 112. Two parallels AB, D£ (fig. 55), intercqpt upon the cir-^ 
eumference equal arcs MN, VQ,. 

Demonstration. The proposition admits of three cases. 

1. If the two parallels are secants, draw the radius CH per- 
pendicular to the chord MP^ it will also be perpendicolar to its 
parallel JVQ (74), and the point H will be at the same time the 
middle of the arc MHP and of JV!ffQ (1^^) 5 whence the arc 
MH = HP, and the arc JSTH = JffQ; also 

MH—jyH=iHP — H% that is, MJ^=Pq. 
!!"ig.&> 2* If) of the two parallels ABj DE {fig> 56), one be a secant 
and the other a tangent, to the point of contact H draw the ra- 
dius CH; this radius will be perpendicular to the tangent DE 
(110), and also to its parallel MP. But, since CHis perpendic- 
ular to the chord MP, the point H is the middle of the arc 
MHP ; therefore the arcs MH, HP, comprehended between the 
parallels JIB, DE, are equal. 

3. If the two parallels DE, Hj, are tangents, the one at H 
and the other at K, draw the parallel secant AB, and we shall 
have, according to what has just been demonstrated, MH=l HP, 
and MK=KP; therefore the entire arc HMKz=HPK, and it 
is moreover evident, that each of these arcs is a semicircumfer- 
ence. 
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68. 



113. If the circumferences of two circles cul each other in two 
points, the line which parses through their centres will he perpen- 
dicular to the chord, which joins the points of intersection, and 
will bisect it. 
Fig. 67, Demonstration. The line AB (fig. 57, 58), which joins the 
points of intersection, is a chord common to the two circles ; and, 
if a perpendicular be erected upon the middle of this chord, it 
must pass through each of the centres C and D (106). But 
through two given points only one straight line can be drawn ; 
therefore the straight line, which passes through the centres, will 
be perpendicular to the middle of the common chord. 



Of the Circle. 31 

THCOREk. 

114. ythe distance of two centres is less than the sum of the 
radii, and if, at the same time, the greater radius is less than the 
sum of the smaller and the distance of the centres, the two circles 
wiU cui each other. 

i)emonstration. In order that the intersection may take plaqe, 
the triangle A CD {fig. 57, 58) must be possible. It is necessary, Fig. 5 , 
then, not only that CD {fig. 57) should be less thon AC+jlD, Fi^.s?'. 
but also that the greater radius AD {fig. 58) should be less than Fi^. 5n 
AC+ CD. Now, while the triangle CAD can be constructed, 
it is clear that the circumferences described from the centres C 
and D will cut each other in A and B. 

THEOREM. 

115. If the distance CD {fig. 59) of the centres of two circles is Fig. 59. 
equal to the sum of their radii CA, CD, these two circles unU < 
touch each other externally. 

Demonstration. It is evident that they will have the point A 
common, but they can have no other, for, in order that there may 
be two points common, it is necessary that the distance of the * 
centres should be less than the sum of the radii (114). 

THEOREM. 

116. If the distance CD of the centres of two circles is equal to 

the difference of their radii CA, AD {fig. 60), these two circles wiU Fig. 60. 
touch each other internally. 

Demonstration. In the first place, it is evident, that they will 
have the point A common ; and they can have no other, for, in 
order that they may have two points common, it is necessary 
that the greater radius AD should be less than the sum of the 
radius AC and the distance of the centres CD (114), which is 
contrary to the supposition. 

117. Corollary. Hence,rf two circles touch each other, either 
internally or externally, the centres and the point of contact are 
in the same straight line. 

118. Scholium. All the circles, which . have their centres in 
the straight line CD, and whose circumferences pass through the 
point A, touch each other, and have only the point A common. 
And if, through the point A, we draw AE perpendicular to CD, 
the straight line AE will be a tangent common to all these circles. 
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THEOREM. 

119. In the same circle, or in equal circles j equal angles, ACB, 
P^g-61. DCE {fig. 61), the vertices of which are at the centre, intercept 

upon the circmr^erence equal arcs AB, DE. 

Reciprocally, if the arcs AB, DE, are equal, the angles AGB, 
DCE, also, wiU be equal. 

Demonstration. 1. If the angle ACB is equal to the angle 
DCE, these two angles may be placed the one upon the other; 
and, as their sides are equal, it is evident, that the point A will 
fall upon D, and the point B upon E. But, in this case, the arc 
jlB must also fall upon the arc DE; for, if the two arcs were not 
coincident, there would be points in the one or the other at on- 
equal distemces from the centre, which is impossible ; therefore 
the a.rc JlB = DE. 

2. If we suppose AB = DE, the angle ACB will be equal to 
DCE ; for, if these angles are not equal, leiACB be the greater, 
and let A CI be taken equal to DCE; and we have, according 
to what has just been demonstrated, AI=DE. But, by hy- 
pothesis, the arc AB = DE ; we should consequently have 
AI=i AB, or the part equal to the whole,, which is impossible ; 
therefore the angle ^CB = DCE. 

THEOREM. 

120. In the same circle, or in equal circles, if two angles at the 
Fig. 62. centre ACB, DCE {fig. 62), are to each other as two entire num- 
bers, the intercepted arcs AB, DE, will be to each other as the 
same numbers, and we shall have this proportion ; 

angle ACB : angle DCE : : arc AB : arc DE. 
Demonstration. Let us suppose, for example, that the angles 
ACB, DCE, are to each other as 7 to 4 ; or, which amounts to 
the same, that the angle M, which will serve as a common meas- 
ure, is contained seven times in the angle ACB, and four times 
in the angle D CE. The partial angles ACm,m Cn,n Cp, &c., 
DC x,x Cy,&c., being equal to each other, the partial arcs 
Am,mn,np, &c., D x, xy, &c., will also be equal to each 
other (119), and the entire arc AB will be to the entire arc DE 
as 7 to 4. Now it is evident, that the same reasoning might be 
used, whatever numbers were substituted in the place of 7 and 4 ; 
therefore, if the ratio of the angles ACB, DCE, can be expressed 
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by entire numbers, the arcs AB, DE^ will be to each other as 
the angles ACBy DCS. 

121. Scholium: Reciprocally, if the arcs w2J8, DE, are to 
each other as two entire numbers, the angles ACB, DCEy will 
be to each other as the same numbers, and ^e shall have always 
ACB : DCE : : AB : DE; for the partial arcs A m, mn, &c., 
DxjXjfj &c., being equal, the partial angles ACfn^mCn^ &c., 
DCXj X Cy^ &c., are also equal. 

THEOREM. 

122. Whatever may be the ratio of two angles ACB, ACD, 

{fig. 63), these two angles wUl always he to each other as the Fig. 6S. 
arcs AB, AD, intercepted between their sides, and described from 
their vertices, as centres, with equal radii. 

Demonstration. Ilet us suppose the less angle placed in the 
greater; if the proposition enunciated be not true, the angle ^ 

ACB will be to the angle ACD as the arc AB is to an arc 
greater or less than AD. Let this arc be supposed to be greater, 
and let it be represented by AO ; we shall have, 

angle ACB : angle ACD iinxcAB : arc AO. 

Let us now imagine the arc AB to be divided into equal parts, 
of which each shall be less than DO; there will be at least one 
point of division between D and O; let /be this point, and join 
CI; the arcs AB, AI, will be to each other as two entire num- 
bers, and we shall have, by the preceding theorem, 

angle ACB : angle ACT : : arc AB : arc AI. 

Comparing these two proportions together, and observing, that 
the antecedents are the same, we conclude that the consequents 
are proportional (m),* namely, 

angle ACD : angle ACI:: arc AO : arc AI. 

But the arc AO is greater than the arc AI; it is necessary, 
then, in order tliat this proportion may take place, that the angle 
ACD should be greater than the angle ACI; but it is less ; it is 
therefore impossible, that the angle ACB should be to the angle 
A CD, as the arc AB is to an arc greater than AD. 

By a process of reasoning altogether similar, it may be shown^ 
that the fourth term of the proportion cannot be less than AD; 

* The reference by Roman numerals is to the Introduction. 
Geom. ^ 
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therefore it is exactly AD^ and we have the proportion 
angle ACB : angle ACD:: wrcAB : arc AD. 

123. Corollary. Since the angle at the centre of a circle and 
the arc intercepted between its sides have such a connexion, that, 
when one increases or diminishes in any ratio whatever, the 
other increases or diminishes in the same ratio, we are author- 
ized to establish one of these magnitudes as the measure of the 
other ; thus we shall, in future, take the arc AB as the measure 
of the angle A CB. The only thing to be observed in the com- 
parison of angles with each other is, that the arcs, which are 
used to measure them, must be described with equal radii. This 
is to be understood in the preceding propositions. 

124. Scholium, It may seem more natural to measure a quan- 
tity by another quantity of the same kind, and upon this princi- 
ple it would be convenient to refer all angles to the right angle ; 
and thus, the right angle being the unit of measure, the acute 
angle would be expressed by a number comprehended between 
and 1, and an obtuse angle by a number between 1 and 2. 
But this manner of expressing angles would not be the most 
convenient in practice. It has been found much more simple to 
measure them by arcs of a circle, on account of the facility of 
making arcs equal to given arcs, and for mapy other reasons. 
Besides, if the measure of angles .by the arcs of a circle be in 
some degree indirect, it is not the less easy to obtain, by means 
of them, the direct and absolute measure ; for, if we compare 
the arc, which is used as the measure of an angle, with the 
fourth part of the circumference, we have the ratio of the given 
angle to a right angle, which is the absolute measure. 

125. Scholium ii. All that has been demonstrated in the three 
preceding propositions, for the comparison of angles with arcs, 
is equally applicable to the purpose of comparing sectors with 
arcs ; for sectors are equal, when their arcs are equal, and in 
general they are proportional to the angles ; hence two sectors 
ACB, ACD, taken in the same circle, or in equal circles, are to 
each other as the arcs AB, AD, the bases qf these sectors. 

It will be perceived, therefore, that the arcs of a circle, which 
are used as a measure of angles, will also serve as the measure 
of different sectors of the same circle or of equal circles. 
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THEOREM. 

126. The inscribed angle BAD {fig. 64, 65), has for Us F«g 
nuasure the half of the arc BD comprehended between its sides. 

Demonstration. Let us suppose, in the first place, that the 
centre of the circle is situated in the angle BAD {fig. 64) ; we P»ff.6* 
draw the diameter AE, and the radii CB, CD. The angle 
BCEf being the exterior angle of the triangle ABC^ is equal to 
the Sum of the two opposite interior angles^ CAB, ABC. But, 
the triangle BAC being isosceles, the angle CAB=.AjBC ; 
hence the angle BCE is double of BAC. The angle BCE, 
having its vertex at the centre, has for its measure the arc BE ; 
therefore the angle \B«4 C has for its measure the half of Btl. 
For a similar reason, the angle CAD has for its measure the half 
of ED ; therefore BA C + CAD, or BAD, has for its measure 
the half JBE +£A or the half of J?D. 

Let us suppose, in the second place, that the centre C {fig* 65), Fig. te 
is situated without, the angle BAD ; then, the diameter AE being 
drawn, the angle BAE will have for its measure the half of JS£, 
and the angle DAE the half of DE ; hence their difference BAD 
will have for its measure the half of BE minus the half of ED, 
or the half of J5D. 

Therefore every inscribed angle has for its measure the half 
of he arc comprehended between its sides. 

127. Corollary i. All the angles BAC, BDC {fig. 66), &c.. Big. 66. 
inscribed in the same segment, are equal ; for they have each 

for their measure the half of the same arc BOC. 

128. Corollary ii. Every angle BAD {fig. 67), inscribed in Fig. 67. 
a semicircle, is a right angle ; for it has for its measure the half 

of the semicircumference BOD, or the fourth of the circumfer- 
ence. 

To demonstrate the same thing in another way, draw the ra 
dius AC ; the triangle BAC is isosceles, and the angle 

BAC =: ABC; 
the triangle CAD is also isosceles, and the angle CAD = ADC; 
hence BAC+ CAD, or BAD = ABD + ADB. But, if the two 
angles B and D of the triangle ABD are together equal to the 
third BAD, the three angles of the triangle will be equal ta twice 
the angle BAD ; they are also equal to two right angles ; there- 
fore the angle BAD is a right angle. 
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rig, 66. 129. CorcUary III. Every angle jBwSC (>^* 66), inscribed in 
a segment greater than a semicircle, is an acute angle ; for it 
has for its measure the half of the arc BOC less than a semicir- 
cumference. 

And every angle BOCy inscribed in a segment less than a 
semicircle, is an obtuse angle ; for it has for its measure the half 
of the arc BAC greater than a semicircumference. 

Fig. 68 130. Corollary iv. The opposite angles .4 and C {fig. 68) of 
an inscribed quadrilateral ABCD are together equal to two right 
angles ; for the angle BAD has for its measure the half of the 
arc BCD J and the angle J5CX)has for its measure the half of the 
arc BAD; hence the two angles BAD, BCD, taken together, 
have for their measure the half of the circumference ; therefore 
their sum is equal to two right angles. 

THEORfiH. 

He 69 131. The angle BAC {fig. 69), formed by a tangent and a 
chord, has for its measure the half of the arc AMDC, compre- 
hended between its sides. 

Demonstration. At the point of contact A draw the diameter 
AD; the angle BAD is a right angle (110), and has for its 
measure the half of the semicircumference AMD ; the angle 
DA C has for its measure the half of DC; therefore BAD + DA C, 
or BAC, has for its measure the half oiAMD plus the half of 
D C, or the half of the whole arc AMD C. 

It may be demonstrated, in like manner, that CAJE has for its 
measure the half of the AC, comprehended between its sides. 



Problems relating to the two first Sections. 

PROBLEM. 

Rg 7a 132. To divide a given straight line AB {fig. 70) into two 

equal parts. 

Solution. From the points A and B, as centres, and with a 
radius greater than the half of AB, describe two arcs cutting 
each other in D ; the point D will be equally distant from the 
points A and B ; find, in like manner, either above or below the 
line AB, a second point E equally distant from the points A and 
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B; through the two points D and E draw the line BE; thiM 
line will divide the line AB into two equal parts in the point C. 
For, the two points D and E being each equally distant from 
the extremities Ji and B, they must both be in the perpendicular 
which passes through the middle oiAB. But through two given 
points only one straight line can be drawn ; therefore the line 
DE will be this perpendicular, which divides the line AB into 
two equal parts in the point C. 

PROBLEM. 

133. From a given point A {fig. 71), in the line BC, to erect a Fig.7i 
perpendicular to this line. 

Solution. Take the points B and C, at equal distances from 
A ; and from B ctnd C, as centres, with a radius greater than 
BA^ describe two arcs cutting each other in D; draw AD^ which 
will be the perpendicular required. 

For, the point D, being equally distant from B and C, must 
be in a perpendicular to the middle of BC (55) ; therefore AD 
is this perpendicular. 

134. Scholium. The same construction will serve to make a 
right angle BAD at a given point Aiub. given line BC. 

PROBLEM. 

135. From a given point A {fig. 72), toithout the straight Una Fig. is 
BD, to Jet fall a perpendicular upon this line. - 

Solution. From A, as a centre, with a radius sufficiently great, 
describe an arc cutting the line BD in two points B and D ; then 
find a point E equally distant from the points B and D (132), 
and draw wiE, which will be the perpendicular required. 

For the two points A and E are each equally distant from the 
points j5 and J>; therefore the line w^£ is perpendicular to the 
middle of BD. 

PROBLEM. 

136. At a gwen point A {fig. 73), in the line AB, to make on Fig. 79 
angle equal to a given angle K. 

Solution. From the vertex JT, as a centre, with any radius, 
describe an arc XL meeting the sides of the angle, and from the 
point wi, as a centre, with the same radius, describe axi indefinite 
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arc BO, from J7, as a centre, with a radius equal to the chord 
LT^ describe an arc cutting the arc BO in D ; draw wJl}, and the 
angle DAB will be equal to the given angle JT. 

For the arcs BD^ U, have equal radii and equal chords ; they 
are therefore equal (102), and the angle BAD = JXX. 

PROBLEM. 

137. To bisect a given arc or angle. 

rig. 74. Solution 1. If it is proposed to bisect the arc AB {fig. 74), 
from the points A and By as centres, with the same radips, de- 
scribe two arcs intersecting each other in D; through the point 
D and the centre C draw CD, which will divide the arc AB 
into two equal parts in the point E. 

For, since the points C and D are each equally distant from 
the extremities A and B of the chord AB, the line CD is per- 
pendicular to the middle of this chord ; therefore it bisects the 
arc AB (105). 

2. If it is proposed to bisect the angle ACB, from the vertex 
C, as a centre, describe the arc AB, and complete the construc- 
tion, as above described. It is evident that the line CD will 
bisect the angle ACB* 

138. Scholium. By the same construction, we may bisect 
each of the halves AE, EB, and thus, by successive subdivisions, 
we may divide an angle or arc into four, eight, sixteen, &.C., 
equal parts. 

PROBLEM. 

Fig. 76. 139. Through a given point A (fig. 75), to draw a straight 
line parallel to a given straight line BC. 

Solution. From the point A, as a centre, with a radius suffi- 
ciently great, describe the indefinite arc EO ; from the point E, 
as a centre, with the same radius, describe the arc AF; take 

ED = AF, 
and draw AD, which will be the parallel required. 

For, AE being joined, the alternate angles AEF, EAD, are 
equal ; therefore AD, EF, are parallel (76). 

PROBLEM. 

Fig. 76. 140. Two angles A and B (fig. 76) of a triangle being ginen^ 
to find the third. 
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Solution. Draw the indefinite line DEF; at the point E 
make the angle DEC = ^, and the angle CEHzzzB; the re- 
maining angle HEF will be the third angle required ; for these 
three angles are together equal to two right angles. 



PROBLEM. 



141. Two sides of a triangle B and C {fig. 77) being given, Fig.T7 
and the angle A contained by them^ to construct the triangle. 

Solution. Draw the indefinite line DE, and make at the point 
D the angle EDF equal to the given angle A; then take 
DG=iB, DH=z C, and draw GH; DOHmW be the triangle 
required (36). 
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142. One side and two angles of a triangle being givm^ to con^ 
struct the triangle. 

Solution. The two given angles will be either both adjacent 
to the given side, or one adjacent and the other opposite. In this 
last case, find the third angle (140) ; we shall thus have the two 
adjacent angles. Then draw the straight line DE {fig. 78) Fiy.TO. 
equal to the given side, at the point D make the angle jBDJP 
equal to one of the adjacent angles, and at the point E the angle 
DEG equal to the other ; the two lines DP, EG^ will cut each 
other in H, and DJEHwill be the triangle required (38). 

PROBLEM. 

143. The three sides A, B, C {fig. 79), of a triangle being Fig.T9. 
given^ to construct the triangle. 

Solution. Draw DE equal to the side A ; from the point JE, 
as a centre, with a radius equal to the second side J5, describe 
an arc ; from the point D, as a centre, with a radius equal to the 
third side C^ describe another arc cutting the former in JP; draw 
DJP, JEF, and JDEF will be the triangle required (41). 

144. Scholium. If one of the sides be greater than the sum 
of the other two, the arcs will not cut each other ; but the solu- 
tion will always be possible, when each side is less than the sum 
of the other two. 
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PROBLEM. 



145. TYoo sides A and B of a triangle being given toUh the 
angle C opposite to the side B, to construct the triangle. 

Solution. The problem admits of two cases. 1. If the angle 
Fig. 80. C (fig. 80) is a right angle, or an obtuse angle, make the angle 
EDF equal to the angle C; take DE = A, from the point E, as 
a centre, and, with a radius equal to the given side B, describe 
an arc cutting the line DF in F; draw JEP, and DEF will be 
the triangle required. 

It is necessary, in this case, that the side B should be greater 
than •/?, for the angle C being a right or an obtuse angle, it is the 
greatest of the angles of the triangle, and the side opposite must 
consequently be the greatest of the sides. 
Fi^.81 2. If the angle C {fig. 81) is acute, and JB greater than .4, 
the construction is the same, and DEF is the triangle required. 
Fiff.88. But if, while C {fig. 82) is acute, the side B is less than jJ, 
then the arc described from the centre E with the radius EF = B, 
will cut the side DF in two points JP and G situated on the same 
side of D; there are therefore two triangles DEF^ DiJG, which 
equally answer the conditions of the problem. 

146. Scholium. The problem would be in every case impos- 
sible, if the side B were less than the perpendicular let fall from 
E upon the line DF. 
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Fig. 88. 147. The adjacent sides A and B (fig. 83) of a parallelogram 
being given together with the included angle C, to construct the 
parallelogram. 

Solution. Draw the line DE =lA; make the angle FDE = C, 
and take DF = B ; describe two arcs, one from the point jF, as 
a centre, with the radius FG = DE, and the other from the point 
E, as a centre, with the radius EG=.DF ; to the point G, 
where the two arcs cut each other, draw jFCr, EG; and DEGF 
will be the parallelogram required. 

For, by construction, the opposite sides are equal ; therefore 
the figure is a parallelogram (83), and it is formed with the 
given adjacent sides and included angle. ^ 

148. Corollary. If the given angle be a right angle, the 
figure will be a rectangle ; and, if the adjacent sides are also 
equal, the figure #ill be a square. 



ProblerM. 41 



PROBLEM. 



149. To find the centre <f a gwen circle^ or qf a- given arc. 
Solution. Take at pleasure three points A^ JS, C {fig. 84), in Tig. 84 

the circumference of the circle, or in the given arc ; join JiB and 
£C, and bisect them by the perpendiculars Z)£, FG; the point 
O, in which these perpendiculars meet, is the centre sought. 

150. Scholium. By the same construction a circle may be 
found, the circumference of which will pass through three given 
points A, B, Cy or in which a given triangle ABC may be in- 
scribed. 
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151. Through a given points to draw a tangent to a given circle. 
Solution. If the given point A {fig. 85) be in the circumfer- Fig.ss. 

ence, draw the radius CA^ and through A draw AD perpendicu- 
lar to CA, then AD will be the tangent sought (110). If the 
point A {fig. 86) be without the circle, join the point A and the' Kg. 86. 
centre by the straight line^C; bisect ,40 in O, and from O, as a 
centre, with the radius OC, describe an arc cutting the given 
circle in the point B; draw AB, and AB will be the tangent 
required. 

For, if we draw CB, the angle CBA inscribed in a semicircle 
is a right angle (128) ; therefore AB, being a perpendicular at 
the extremity of the radius CB, is a tangent. 

152. Scholium. The point A being without the circle, it is 
evident that there are always two equal tangents «4£, AD, which 
pass through the point A; they are equal (56) because the 
right-angled triangles CBA, CDA, have the hypothenuse CA 
common, and the side CB = CD; therefore AD=iAB, ond at 
the same time the angle CAD = CAB. 



PROBLEM. 



153. To inscribe a circle in a given triangle ABC {fig. 87). Fg.s7. 

Bisect the angles A and J? of the triangle by the straight lines 
AO and BO, which will meet each other in O ; from the point O 
draw the perpendiculars OD, OE, OF, to the three sides of the 
triangle ; these lines will be equal to each other. For, by construc- 
tion, the angle DAO = OAF, and the right angle ADO =zAFO; 
Geom. 6 
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consequently the third angle AOD is equal to the third AOF. 
Besides, the side AO is common to the two triangles AOD, AOF; 
therefore a side and the adjacent angles of the one being re- 
spectively equal to a side and the adjacent angles of the other, 
the two triangles are equal ; hence DO = OF. It may be 
shown, in like manner, that the two triangles BOD^ BOE^ are 
equal ; consequently OD =z OE ; therefore the three perpen- 
diculars ODy OEy OF, are equal to each other. 

Now, if, from the point O, as a centre, and with the radius OD, 
we describe a circle, it is evident that this' circle will be in- 
scribed in the triangle ABC ; for the side AB, perpendicular to 
the radius at its extremity, is a tangent. The same may be said 
ofthe sides 5 C,^C. 

154. SchoUum The three lines, which bisect the three an- 
gles of a triangle, meet in the same point. 

PROBLEM. 

Fig. 88, 155. Upon a given straight line AB {fig. 88, 89) to describe a 
segment capable of containing a given angle C, that is, a segrnefn$ 
such, that each of the angles, which may be inscribed in it, shall 
be equal to a given angle C. 

Solution, Produce AB toward D, make at the point B the 
angle DBE = C, draw BO perpendicular to BE, and GO per- 
pendicular to AB, G being the middle of AB ; from the point 
of meeting, O, as a centre, and with the radius OB, describe a 
circle ; the segment required will be AMB. 

For, since BF is perpendicular to the radius at its extremity, 
BF is a tangent, and the angle ABF has for its measure the half 
of the arc AKB (131) ; besides, the angle AMB, as an inscribed 
angle, has also for its measure the half of the arc AKB ; con- 
sequently the angle AMB = ABF = EBD = C ; therefore 
each of the angles inscribed in the segment AMB is equal to the 
given angle C. 

156. Scholium. If the given angle were a right angle, the 
segment sought would be a semicircle described upon the diam* 
eter AB. 
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PROBLEM. 



157. To find the numerical ratio of two given straight lines 
AB, CD {fig. 90), provided^ however ^ these two lines have a conv- Rg.so. 
inon measure. 

Solution. Apply the smaller CD to the greater AB, as many 
times as it will admit of; for example, twice with a remainder 
BE. 

Apply the remainder BE to the line CD, as many times as it 
will admit of; for example, once with a remainder DJFl 

Apply the second remainder DF to the first BE, as many times 
as it will admit of; once, for example, with a remainder BG. 

Apply the third remainder BG to the second DF, as many 
times as it will admit of. 

Proceed thus, till a remainder arises, which is exactly con- 
tained a certain number of times in the preceding. 

This last remainder will be the common measure of the two 
proposed lines ; and, by regarding it as unity, the values of the 
preceding remainders are easily found, and, at length, those of 
tlie proposed lines from which their ratio in numbers is deduced. 

If, for example, we find that GB is contained exactly twice in 
FD, GB will be the common measure of the two proposed lines. 
Let GB = 1, we have FD = 2 ; but JEB contains FD once plus 
GB ; therefore EB = 3 ; CD contains EB once plus FD; there- 
fore CD =5; AB contains CD twice plus EB; therefore 
AB = 13 ; consequently the ratio of the two lines AB, CD, is as 
] 3 to 5. If the line CD be considered as unity, the line AB 
would be J^ ; and, if the line AB be considered as unity, the 
line CD would be -f^. 

168. Scholium. The method, now explained, is the same as 
that given in arithmetic for finding the common divisor of two 
numbers {Arith. 61), and does not require another demonstration. 

It is possible, that, however far we continue the operation, we 
may never arrive at a remainder, which shall be exactly con- 
tained a certain number of times in the preceding. In this case 
the two lines have no conmion measure, and they are said to be 
incommensurable. We shall see, hereafter, an example of this in 
the ratio of the diagonal to the side of a square. But, although 
the exact ratio cannot be found in numbers, by neglecting the 
last remainder we may find an approximate relic to a greater or 
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less degree of exactness, according as the operation is more or 
less extended. 

PROBLEM. 

Fig n. 159. Two angles A and B (fig. 91) being gwen^ to find their 
common measure^ if they have one^ and from this their ratio in 
numbers. 

Solution. Describe, with equal radii, the arcs CD^ EF, which 
may be regarded as the measure of these angles ; in order, then, 
to compare the arc CD, EF, proceed as in the preceding prob- 
lem ; for an arc may be applied to an arc of the same radius, as 
- a straight line is applied to a straight line. We shall thus obtain 
a common measure of the arcs CD, EF, if they have one, and 
their ratio in numbers. This ratio will be the same as that of 
the given angles (122) ; if DO is the common measure of the 
arcs, DAO will be the common measure of the angles. 

160. Scholium. We may thus find the absolute value of an 
angle, by comparing the arc, which serves as its measure, with 
the whole circumference. If, for example, the arc CD is to the 
circumference as 3 to 25, the angle A will be t^ of four right 
angles, or ^ of one right angle. 

It may happen, as we have seen with respect to straight lines, 
that arcs also, which are compared, have not a common meas* 
ure ; we can then obtain, for the angles, only an approximate 
ratio in numbers, more or less exact, according to the degree to 
which the operation is extended. 



SECTION THIRD. 
Cf'the Proportions of Figwres* 

161. I SHALL call those figures equivalent whose surfaces are 
equal. 

Two figures may be equivalent^ however dissimilar ; thus a 
circle may be equivalent to a square, a triangle to a rectangk, ji^c* 

The denomination of eqital figures will be restricted to those» 
which, being applied the one to the other, coincide entirely ; thcu} 
two circl0$ having the same n^s are eqciml | mad two trtaogks 
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bavmg the ibxm sides af the one equal to jbe thre6 sid^s of the 
other) each to each^ are, also equal. 

162. Two figures are similar, which have the angles of the 
one equal to the angles of the other, each to each, and .the ho- 
mologous sides proporticHial. By homologous sides are to be 
understood those» which have the same position in the two 
figures, or which are adjacent to equal angles. The angles, 
which are equal in the two figures, axe called homologous angles. 

Equal figures are always similar, but similar figures may bo 
very unequal. 

163. In two different circles, simUar arcs, stmilar sectors, 
similar segments, are such as correspond to equal angles at the 
centre. Thus, the angle A {fig. 92) beina equal to the angle Fig, 92. 
O, the arc BC is similar to the arc DE, the sector ABC to the 
sfector ODE, &c. 

164. The altitude of a parallelogram is the perpendicular 
which measures the distance between the opposite sides AB, CD 

[fig. 93), considered as bases. Fig. 93 

The altitude of a triangle is the perpendicular AD {fig. 94), Fig. 94. 

let fall from the vertex of an angle A to the opposite side taken 

for a base. 
The altitude of a trapezoid is the perpendicular EF {fig. 95) Fig. 99. 

drawn between its two parallel sides AB, CD. 

165. The area and the surface of a figure are terms nearly 
synonymous. Area, however, is more particularly used to de- 
note the superficial extent of the figure considered as measured, 
or compared with other surfaces* 

THEOREM. 

166. Parallelograms, which have equal bases and equal dUi" 
tudes, ore equivalent. 

Demonstration. Let AB {fig. 96) be the common base of the fig. 96. 
two parallelograms ABCD, ABEF; since they are supposed to 
have the same altitude, the sides DO, FE, opposite to the bases, 
will be situated in a line parallel to AB (78). Now, by the 
nature of a parallelogram, AD =: BC (81), and AF^ BE; for 
the same reason, DC=z AB, and FE = idB ; therefore DC:=z FE. 
If DC be taken from DE, there will remain CE; and i* FE, 
equal to DC, be taken also from D£, there will Vemain DF; 
otmrnq/mgitij CE :;z DF. 
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Hence the triangles DAF, CBE^ have the three sides of thd 
one equal to the sides of the other, each to each ; they are there^ 
fore equal (43). 

But if, from the quadrilateral ABED, the triangle ADF be 
taken, there will renaiain the parallelogram ABEF; and if, from 
the same quadrilateral ABED, the triangle CBE, equal to the 
former, be taken, there will remain the parallelogram .^jB CD; 
therefore the two parallelograms ABCD, ABEF, which have 
the same base and the same altitude, are equivalent. 
ng.97. 167. Corollary. Every parallelogram ABCD {fig. 97) is 
equivalent to a rectangle of the same base and altitude. 

THEOREM. 

Figr.98. 168. Every triangle ABC {fig, 98) is ha^ qf a parallelogram 
ABCD of the same base and aUitvde. 

Demonstration. The triangles ABC^ACD^zxe equal (81)^ 
therefore each is half of the parallelogram ABCD. 

169. Corollary i. A triangle ABC is half of a rectangle 
BCEF of the same base BC and the same altitude AO ; for the 
rectangle BCEFis equivalent to the parallelogram wj£ CD (167). 

170. Corollary 11. All triangles, which have equal bases and 
equal altitudes, are equivalent. 

thb:orem. 

171. Two rectangles, which have the same altitude, are to each 
other as their bases. 

Fig. 99. Demonstration. Let ABCD, AEFD {fig. 99), be two rect- 
angles, which have a common altitude AD ; they are to each 
other as their bases AB, AE. 

Let us suppose, in the first place, that the bases AB, AE, are 
commensurable, and that they are to each other as the numbers 
7 and 4, for example ; if we divide AB into 7 equal patts, AE 
will contain four of these parts ; erect, at each point of division, 
a perpendicular to the base ; we shall thus form seven partial 
rectangles, which will be equal to each other, since they will 
have the same base and the same altitude (166). The rect- 
angle ABCD will contain seven partial rectangles, while AEFD 
will contain four ; therefore the rectangle ABCD is to the rect- 
angle AEFD as 7 is to 4, or as AB is to AE. The same rea- 
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soning may be applied to any other ratio beside that of 7 to 4 ; 
hence, whatever be the ratio, provided it is conunensutable, we 
have 

ABCD : AEFD ::AB: AE. 
Let us suppose, in the second place, that the bases AB, AE 
{fig. 100), are incommensurable ; we shall have, notwithstanding, Fig. loo. 

ABCB : AEFD izAB.AE. 
For, if this proportion be not true, the three first terms remain- 
ing the same, the fourth will be greater or less than AE. Let 
us suppose that it is greater, and that we have 

ABCD : AEFD iiAB: AO. 
Divide the line AB into equal parts smaller than EO, and 
there will be at least one point of division I between E and O : 
at this point erect the perpendicular IK; the bases AB, AI, will 
be commensurable, and we shall have, according to what has 
just been demonstrated, 

ABCD.AIKDiiABiAI. 
But we have, by hypothesis, 

ABCD : AEFD i.ABiAO. 
In these two proportions the antecedents are equal; therefore the 
consequents are proportional (iii) ; that is 

AIKD : AEFD : : AI : AO. 
Now, AO is greater than AI; it is necessary, then, in order that 
this proportion may take place, that the rectangle AEFD should 
be greater than AIKD; but it is less; therefore the proportion 
is impossible, and ABCD cannot be to AEFD, as AB is to aline 
greater than AE. 

By a process entirely similar, it may be shown, that the fourth 
term of the proportion cannot be smaller than AE ; consequently 
it is equal to AE. 

Whatever, therefore, be the ratio of the bases, two rectangles 
ABCD, AEFD, of the same altitude, are to each other as their 
bases AB, AE. 

THEOREM. 

172. Any two rectangles ABCD, AEGP {fig. 101), are to each pig. im 
ciher, as the products of their bases by their attitudes; that is, 
ABCD : AEGF : : AB X AD : AE X AF- 
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Demonatratiofi. Having disposed the two rectangles in such 
a manner, that the angles at A shall be opposite to each other, 
produce the sides GEy CD, till they meet in H; the two rectan* 
gles ABCD, AEHD, have the same altitude AD; they are, con- 
sequently, to each other as their bases AB, AE. Likewise the 
two rectangles AEKD, AEGF, have the same altitude AE; 
these are therefore to each other as their bases AD^ AF. We 
have thus the two proportions 

ABCD : AEHD ::AB: AE, 
AEHD : AEGF ::AD:AF. 

Multiplying these proportions in order, and observing, that the 
connecting term AEHD may be omitted, being a multiplier com- 
mon to the antecedent and consequent, we have 

ABCD : AEGF ::ABxAD:AEx AF. 

173. Scholium, We may take for the measure of a rectangle 
the product of its base by its altitude, provided that, by this 
product, we understand that of two numbers which are the num- 
ber of linear units contained in the base, and the number of 
linear units contained in the altitude. 

This measure, however, is not absolute, but relative ; it sup- 
poses that we estimate, in a similar manner, another rectangle 
by measuring its sides by the same linear unit ; we obtain thus 
a second product, and the ratio of these two products is equal to 
that of the rectangles, conformably to the proposition, which has 
just been demonstrated. 
Fig. 102. If, for example, the base of a rectangle A {fig. 102) be three 
units and its altitude ten, the rectangle would be represented by 
the number 3 X 10, or 30, a number which, thus disconnected, 
has no meaning ; but, if we have a second rectangle JS, whose 
base is twelve and altitude seven units, this rectangle will be rep- 
resented by the number 7 X 12, or 84. Whence the two rect- 
angles A and B are to each other as 30 to 84. If, therefore, it is 
agreed to take the rectangle A, as the unit of measure for sur- 
faces, the rectangle B will have for its absolute measure M ; that 
is, it will be equal to fj superficial units. 

The more common and simple method is^ to take the square as 
the unit of surfece ; and that square has been preferred, whose 
side is the unit of length ; the measure, therefore, which we have 
regarded as simply relative, becomes absolute. The number 30, 
for example, by which we have measured the rectangle A^ 
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represents 30 guperficial units, or 30 of those squares, the side 
of each of which is equal to unity. This is illustrated by figure 
102. 

In geometry, the product of two lines often signifies the same 
thing as their rectangle, aad this expression is introduced into 
arithmetic to denote the product of two unequal numbers, as that 
of square is used to express the product of a number by itself. 

The squares of the numbers 1, 2, 3, &c., are 1, 4, 9, &c. 
Thus a double line gives a quadruple square {fig. 103), a triple Fig. joa 
line a square nine times as great, and so on. 

THEOREM. 

174. The area of any parallelogram is equal to the product of 
its base by its altitude. 

Demonstration. The parallelogram ABCD [fig. 97) is equiva- Fig. 97. 
lent to the rectangle ABEF, which has the same base AB and 
the same altitude BE (167) ; but this last has for its measure 
AB X BE (173) ; therefore JIB X BE is equal to the area of 
the parallelogram v3i5CJD. ' 

175. CoreUary., Parallelograms of the same base are to each 
other as their altitudes, and parallelograms of the same altitude 
are to each other as their bases ; for, A, J5, C, being any three 
magnitudes whatever, we have generally A X C:B X C t:A:B. 

THEOREM. 

176. The area of a triangle is. equal to the product of its base 
by half of its altitude. 

Demonstration. The triangle ABC {fig. 104) is half of the Pig. KM* 
parallelogram ABCEiwYiich has the same base BC and the 
same altitude AD (168) ; now the area of the parallelo- 
gram = BC X AD (174) ; therefore the area of the trian- 
gle =ziBCx AD, or BC x iAD. 

177. Corollary. Two triangles of the same altitude are to 
each other as their bases, and two triangles of the same base 
are to each other as their altitudes. 

THEOKEM. 

178. The mea of a trapezoid ABCD {fig. 105) is equal to the Pig 106 
product of Us altitude EF by half of the sum of itsparaUd sides 
AB,CIX * 

Geom^ 7 
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Demonstration, Through the point J, the middle of the side 
CB^ draw KL parallel to the opposite side ADy and produce DC 
till it meet KL'mK. 

In the triangles IBL^ ICK, the side IB =: /C, by construction ; 
the angle LIB = CIK, and the angle IBL = ICK^ since CjfiTand 
BL are parallel (76) ; therefore these triangles are equal (38), 
and the trapezoid ABCD is equivalent to the parallelogram 
ADKL^ and has for its measure EF X AL. 

But AL = DK; and, since the triangle IBL is equal to the 
triangle JTC/, the side BL = CK; therefore 

AB+CD = J1L + DK=2AL; 
thus AL is half the sum of the sides AB^ CD ; and consequently 
the area of the trapezoid ABCD is equal to the product of the 
altitude EF by half the sum of the sides AB, CD, which may be 

expressed in this manner ; ABCD = EF X ( — ^ — ) • 

179. Scholium. If, through the point /, the middle of BC, IBL 
be drawn parallel to the base AB, the point H will also be the 
 middle of AD ; for the figure AHIL is a parallelogram, as well as 
DjEHK", since the opposite sides are parallel ; we have,\herefore, 
AH= IL, and DH= IK; but IL = IK, because the triangles 
BIL, CIK, are equal ; therefore AII= DH. 

It may be remarked, that the line fl/= AL =. — 5^ — ; 

therefore the area of the trapezoid may be expressed also by 
EF X HI; that is, it is equal to the product of the altitude of 
the trapezoid by the line joining the middle points of the sides 
which are not parallel. 

THEOREM. 

Fig. 106. 180. J[fa line AC (fig. 106) is divided into two parts AB, BC, 
the square described upon the whole line AC wUl contain the square 
described upon the part AB, plus the square described upon the 
other part 'EC, plus twice the rectangle contained by the two parts 
AB, BC ; which may be thus expressed, 

AC or (AB + BC)^= AB + BcV 2 AB x BC. 
Demonstration. Construct the square A CDE, take AF = AB^ 
draw FG parallel to AC, and BH parallel to AE. 



Of the Proportions qf Figured. 61 

The square ACDE is divided into four parts ; the first ABIF 
is the square described upon AB^ since AF was taken equal to 
AB ; the second IGDHis the square described upon B C; for, since 
AC=zjlE,andAB=zAF,ihed\«eienceAC—AB=iAE—JlF, 
which gives J5C =£F; but, on account of the parallels, /G=BC, 
and DG = EF, therefore HIGD is equal to the square described 
upon BC. These two parts being taken from the whole square, 
there remain the two rectangles BCGI^ EFIHy which have each 
for their measure AB X BC ; therefore the square described 
upon AC, &c. 

181. Scholium. This proposition corresponds to that given in 
algebra for the formation of the square of a binomial, which is 

thus expressed, 

{a + hf = a^ + 2ab + V^. 

THEOREM. 

182. If the line AC {fig. 107) w the difference of two lines AB, Fig.i07 
BC, the square described upon AC unll contain the square of AB, 
plus the square of BC, minus twice the rectangle contained by AB 

and BC ; that is, AC or (AB — BC) = AB + BC— 2 AB x BC. 

Demonstration. Construct the square ABIF, take AE =iAC, 
draw CG parallel to BI, UK parallel to AB, and finish the 
square EFLK. 

The two rectangles CBIG, GLKD, have each for their meas- 
ure AB X BC; if we subtract them from the whole figure 

Q ^3 

ABLLKEA, which has for its value AB -{-BC, it is evident, that 
there will remain the square ACDE; therefore, if the line AC, 
&c. 

183. Scholium. This proposition answers to the algebraic 
formula {a—bf = a^ + lP—2ab. 

THEOREM. 

184. The rectangle contained by the sum and difference of two 
lines is equal to the difference of their squares ; that is, 

« 

( AB + BC) X ( AB — BC) = AB'~-BC(^g. 108). f* m 

Demonstration, Construct upon AB and AC the squtrea 
ABIF, ACDE; produce AB making BK^BC^ and complete 
the rectangle AKLE. 
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The base .^jrof the rectangle i^ the sum of the two lines JiBf 
BC, its altitude AE is the difference of these lines ; therefore the 
rectangle JlKLE = {AB + BC) x {AB—BC). But this same 
rectangle is composed of two parts ABHE + BHLK, and the 
part BHLK is equal to the rectangle EDGF, for BH = DJE, and 
BK = EF ; consequently AKLE = ABHE + EDOF. Now 
these two parts form the square ABlFj minus the square DHIG, 
which is the square described upon BC; therefore 

{AB + BC) X (AB—BC) = AB—BC. 

185. Scholium. This proposition agrees with the algebraic 
formula (a+ 6) x (a—b) = (cP—b^) (Alg. 34). 

THEOREM. 

186. The square described upon the hypothenuse of a right- 
angled triangle is equal to the sum of the squares described upon 
the two other sides. 

i^ff 109. Demonstration. Let ABC {Jig. 109) be a triangle right-angled 
at A. Having constructed squares upon the three sides, let fall, 
from the right angle upon the hypothenuse, the perpendicular 
AD, which produce to JB, and draw the diagonals AF, CH. 

The angle ABF is composed of the angle ABC plus the right 
angle CBF ; and the angle HBC is composed of the same angle 
ABC plus the right angle ABH; hence the angle ABF= HBC. 
But AB = BH, being sides of the same square ; and BF= BC, 
for the same reason ; consequently the triangles ABF, HBC, 
have two sides and the included angle of the one respectively 
equal to two sides and the included angle of the other ; they are 
therefore equal (36). 

The triangle ABF is half of the rectangle BE,^ which has the 
same base BF and the same altitude BD (169). Also the trian-^ 
gle HBC is half of the square AH; for, the angle BAC being a 
right angle as well as BAL,AC and AL are in the same straight 
line parallel to HB ; hence the triangle iZ80 and the square 
AH have the same base BH, and the same altitude AB ; there- 
fore the triangle is half of the square. 

* An abridged aspiession for BD£F» 
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It has already been proved, that the triangle ABF is equal to 
the triangle HBCf CbHsequently the rectangle BDEF^ double 
of the triaAgle ABFi is equivalent to the square AHy double of 
the triangle HBC. It may be demonstrated, in the same man- 
ner, that the rectangle CDEG is equivalent to the square AI; 
but the two rectangles BDEF, CJDEG, taken together, make 
the square BCGjP; therefore the square jBCGJP, described upon 
the hypothenuse^ is equal to the sum of the squares ABIIL, 

A CIKy described upon the two other sides ; or, BC = AB -{- AC 

187. Corollary i. The square of one of the sides of a right- 
angled triangle is equal to the square of the hypothenuse minus 

^2 — % 8 

the square of the other side ; or ABz=: BC — AC. 

188. CotoTtary ii. Let ABCD {fig. 118) be a square, AC its Fif?. iia 
diagonal ; the triangle ABC being right-angled and isosceles, we 

have AC = AB -\-BC =. 2AB ; therefore the square described 
upon the diagonal AC is double of the square described upon the 
side AB. 

This property may be rendered sensible by drawing, through 
the points A and C, parallels to BD, and through the points B 
and D, parallels to AC ; a new square EFGH is thus formed, 
which is the squd^ of AC. It is manifest, that EFGH contains 
eight triangles, each of which is equal to ABE, and that ABCD 
contains four of them ; therefore the square EFGH is double of 
ABCD. 

— -2 S 

Since AC : AB : : 2 : 1, we have, by extractmg the square 
root, AC : AB : : ^ : 1 ; therefore the diagonal of a square is 
incommensurable with its side (Alg. 99). 

This will be more fully developed hereafter. 

189. Cof(Mary iii. It has been demonstrated, that the square 

AH {fig. 109) is equivalent to the rectangle BDEF ; now, on Fig. io9 
account of the c6mm0i^ altitude £F,the square BCGF is to the 
rectangle BDEF as the base BC is to the base BD ; therefore 

BC:AB::BC:BD, 
or, the square of the hypothenuse is to the square of one of the sides 
of the right angle, as the hypothenuse is to the segment adjacent 
to this side. We give the name of segment to that part of the 
hypothenuse cut off by the perpendicular let fall from the right 
angle ; thus Bl) is the segment adjacent to the side .^^and DC 
the segment adjacent to the side AC. We have likewise 
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BC.AC.iBC.CB. 
190* Corollary iv. The rectangles BDEF, DCGE, having 
also the same altitude DE, are to each other as their bases BD, 
CD. Now these rectangles are equivalent to the squares AH, 
AI; therefore, 

ABiJCiiBBiDC, 

or, the squares of the two sides of a right angle are to each other 
as the segments of the hypothenuse adjacent to these sides. 
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Fig, 110. 191. In a triangle ABC {fig. no), if the angle C be acute, the 
square of the side opposUe to U wUl be less than the sum of th6 
squares of the sides containing it ; and, AD being draumperpen^ 
dicular to BC, the difference will be equal to double the rectangle 
BCxCD,or * 

AB = AC + BC — 2BCxCD. 
Demonstration. The proposition admits of two cases. 1. If 
the perpendicular fall within the triangle ABC, we shall have 
BD = BC — CD ; and, consequently, (182) 

BD = BC+ CD — 2BCX CD; 

— ^ * 

adding AD to each member, we have 

AD + BD=BC+CD + AD — 2BCx CD; 
but the right-angled triangles ABD,ADC, give aS + SD=w4^ 
CD+AD = AC; therefore 

AB=:B~C + TC — 2BCx CD. 
2. • If the perpendicular AD fall without the triangle ABC, we 
shall have BD = CD — BC; and, consequently, (182) 

BDz=:CD^BC—2BCxCD; 

^3 

add to each AD, and we shall obtain, as before, 

AB = BC -{^TC—^BC X CD. 



THEOREM. 

Rff ni 192. In a triangle ABC {fig. \U),ifthe angle C be obtuse, the 
square qfthe side opposite to it unU be greater than the sum qf the 
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squares of (he sides containing t^, and^ AD hdng dravm perpen- 
dicular to BC produced^ the difference wUl be equal to double the 
rectangle BC x CD, or, 

AB = AC + BC + 2BCxCD. 
Demonstration. The perpendicular cannot fall within the tri- 
angle ; for, if it should fall, for example, upon E, the triangle 
ACE would have at the same time a right angle E and an obtuse 
angle C, which is impossible (60) ; consequently it falls without, 
and we have BD = BC+ CD, and from this (180) 

SD = BC+CD + 2BCx CD. 

Adding to each term AD, and making the reductions as in the 
preceding theorem, we obtain 

AB = BC + AC + 2BCx CD. 

193. Scholium. The right-angled triangle is the only one in 
which the sum of the squares of two of the sides is equal to the 
square of the third ; for, if the angle contained by their sides be 
acute, the sum of their squares will be greater than the square • 
of the side opposite; if it be obtuse, the reverse will be true 

THEOREM. 

194. In any triangle ABC {fig. 112), if we draw from the ver- ligAVt. 
tex to the middle of the base the line AE, we shdU have 

AB + AC = 2AE + 2EB. 
Demonstration. Let fall the perpendicular AD upon the base 
BC, the triangle AEC will give (191) 

TC = AE + EC — 2ECxED; 

the triangle ABE will give (192) 

AB = AE+EB + 2EBxED; 

therefore, by adding the corresponding members, and observing 
that EB =:EC,vfe shall have 

AB + AC = 2AE + 2EB. 

195. CoroUary. In every parallelogram the sum of the squares 
of the sides is equal to the sum of the squares of the diagonals. 

For the diagonals AC, BD {fig. 113), mutually bisect each Fig. lis 
other in the point E (88), and the triangle ABC gives 
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AB+BC=i2AE+2BE; 

the triangle ADC gives likewise 

AD + DC = 2AE + 2DE; 
adding the corresponding members, and observing that BE = DEy 
we have 



JlB + jiD + DC + BC = 4AE + 4DE. 

But 4AE is the square o(2AE or of AC; and 4JD£is the square 
' o(BD; therefore the sum of the squares of the sides of a paral- 
lelogram is equal to the sum of the squares of the diagonals. 

THEOREM* 

Fig 114. 196. The line DE [fig. 114), drawn parallel to the base of a 
triangle ABC, divides the sides AB, AC, proportioncdly ; so that 
AD : DB : : AE : EC. 

Demonstration. Join BE and DC; the two triangles BDE, 
DEC, have the same base DE; they have also the same altitude, 
«ince the vertices B and C are situated in a parallel to the base ; 
therefore the triangles are equivalent (170). 

The triangles ADE, BDE, of which the common vertex is E, 
have the same altitude, and are to each other as their bases AD^ 
DB (177) ; thus, 

ADE : BDE ::AD: DB. 
- The triangles ADE, DEC, of which the common vertex is JD, 
have also the same altitude, and are to each other as their bases 
AE^EC; that is, ADE : DEC ::AE: EC. 

But it has been shown, that the triangle BDE = DEC ; there- 
fore, on account of the common ratio in the two proportions (iii), 

ADiDBi.AE.EC. 
197. Corollary i. We obtain from the above theorem, by comn 
position (iv), 

AD + DB:AD::AE + EC:AE, 
or AB:AD::AC:AE; 

also AB:BD::ACiCE. 

' 19@. CoroUary ii. Jf, between two straight lines AB, CD, 
Fir 116. {fig. 115), parallels AC, EF, GH, BD, &fc., be drawn, these tiioo 
straight linfis unU be cut proporiionaUy, and we shall have, 

AE ; CF : : EG : FH : : GB : HD. 
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For, let O be the point of meeting of the straight lines, AB^ 
CD ; in the triangle OJEF, the line A C being drawn parallel to 
the base EF, OEiAEi.OF: CF, or OE: OF:: AE: CF. 
In the triangle OGHwe have likewise 

OE .EG:: OF: FH, or OE : OF ::EG : FH; 
therefore, on account of the common ratio OE : OF, these two 
proportions give 

AE:CF::EG: FH. 
It may be demonstrated, in the same manner, that 

EG:FH::GB:HD, 
and so on ; therefore the lines AB,, CD, are cut proportionally 
by the parallels EF, GH, &c. 

THEOREM. 

199. Reciprocally, if the sides AB, AC {fig. 116), are cut pro- Fig. lie 
portianally by the line DE, so that AD : DB : : AE • EC, the line 

DE wUl be parallel to the base BC. 

Demonstration. If DE is not parallel to BC, let us suppose 
that DO is parallel to it ; then, according to the preceding theo- 
rem, AD:DB::AO: OC. 
But, by hypothesis, AD : DB :: AE : EC ; 
consequently AO : OC :: AE : EC, 
which is impossible, since of the antecedents AE is greater than 
AO, and of the consequents EC is less than OC; hence the line, 
drawn through the point D parallel to BC, does not differ from 
DE ; therefore DE is this line. 

200. Scholium. The same conclusion might be deduced from 
the proportion AB : AD ::AC: AE. 

For this proportion would give (iv) 
AB—AD :AD:: AC—AE : AE, or BD : AD:: EC : AE 

THEOREM. 

201 . The line AD {fig. U7), which bisects the angle BAC of a Fig. n. 
triangle, divides the base BC into two segments BD, DC, propor- 
tional to the adjacent sides AB, AC ; so that, BD : DC : : AB : AC. 

Demonstration. Through the point C draw CE parallel to 
AD to meet BA produced. 

In the triangle BCE, the line AD being parallel to the base 
(196), GjB, BD:DC :AB:AE. 

Geom. S 
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But the triangle ACE is isosceles ; for, on account of the paral- 
lels AD, CE, the angle ACE=zDA C, and the angle AEC = BAD 
(76); and, by hypothesis, DAC = BAD; therefore the angle 
ACE= AEC, and, consequently, AE =iAC (48) ; substituting, 
then, AC for AE in the preceding proportion, we have 

BD.DCi.AB: AC. 

THEOREM. 

202. Two equiangular triangles tuwe their homologous sides 
proportional, and are similar. 

Fig 119. Demonstration. Let ABC, CDE {fig. 119), be two triangles, 
which have their angles equal, each to each, namely, BA C=: CDE, 
ABC = DCE, and A CB=zDEC ; the homologous sides, or those 
adjacent to the equal angles, will be pro[>ortional ; that is, 

BC : CE :: BA : CD :: AC : DE. 

Let the homologous sides BC, CE, be in the same straight 
line, and produce the sides BA, ED, till they meet in F. 

Since BCE is a straight line, and the angle BCAzzz CED, it 
follows that AC is parallel to DE (76). Also, since the angle 
ABC = DCE, the line AB is parallel to DC; therefore the 
figure ACDF is a parallelograni. 

In the triangle BFE, the line AC being parallel to the base 
FE, BC: CE::BA:AF (196); substituting in the place of 
AF its equal CD, we have 

BC: CE::BA: CD. 

In the same triangle BFE, BF being considered as the base, 
since CD is parallel to BF, BC: CE:;FD: DE. Substituting 
for FD its equal AC, we have 

BC: CE::AC:DE. 

From these two proportions, which contain the same ratio 
BC : CE, we have 

AC:DE::BA: CD. 

Hence the equiangular triangles BAC, CDJB, have the homolo- 
gous sides proportional. But two figures are similar, when they 
have, at the same time, their angles equal, each to each, and the 
homologous sides proportional (162); therefore the equiangular 
triangles BAC, CDE, are two similar figures. 

203. Corollary. In order to be similar, it is sufficient that 
two triangles have two angles of the one respectively equal to 
two angles of the other ; for then the third angles will be equal, 
and the two triangles will be equiangular. 
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204. Scholium. It may be remarked, that in similar triangles 
the homologous sides are opposite to equal angles ; thus, the 
angle ACB being equal to DEC, the side AB is homologous to 
DC ; likewise AC, DE, are homologous, being opposite to the 
equal angles ABC, DCE. Knowing the homologous sides, we 
readily form the proportions; 

AB :DC ::AC :DE ::BC : CE. 

THEOREM. 

205. Two triangles, which have their homologous sides propor- 
tional, are equiangular and similar. 

Demonstration. Let us suppose that 

BC : EF : : ABiDEiiAC :DF {fig. 120) ; Fig. m 

the triangles ABC, DEF, will have their angles equal, namely, 
A = D,B = E,C = F. 

Make, at the point E, the angle FEG = B, and at the point J^, 
the angle EFG = C ; the third angle G will be equal to the third 
angle A, and the two triangles ABC, EFG, will be equiangular ; 
whence, by the preceding theorem, BC : EF : : AB : EG; but, 
by hypothesis, BC : EF ::AB: DE ; consequently EG = DE. 
We have, moreover, by the same theorem, BC : EF :: AC : FG; 
but, by hypothesis, BC:EF::AC: DF; consequently ^"6? =iDF; 
hence the triangles EGF, DEF, have the three sides of the one 
equal to the three sides of the other, each to each '; they are 
therefore equal (43). But, by construction, the triangle EGF 
is equiangular with the triangle ABC; therefore the triangles 
DEF, ABC, are, in like manner, equiangular and similar. 

206. Scholium. It will be perceived, by the two last proposi- 
tions, that, when the angles of one triangle are respectively equal 
to those of another, the sides of the former are proportional to 
those of the latter, and the reverse ; so that one of these conditions 
is sufficient to establish the similitude of triangles. This is not 
true of jfigures having more than three sides ; for, with respect to 
those of only four sides, or quadrilaterals, we may alter the pro- 
portion of the sides without changing the angles, or change the 
angles without altering the sides ; thus, from the angles being 
equal, it does not follow that the sides are proportional, or the 
reverse. We see, for example, that, by drawing EF {fig. 121) Pig. ti. 
parallel to BC, the angles of the quadrilateral AEFD are equal 
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to those of the quadrilateral ABCD ; but the propoition of the 
sides is different. Also, without changing the four sides AB^ B C 
CD) AD, we can bring the points B and D nearer together, or 
remove them farther apart, which would alter the angles. 

207. Scholium. The two preceding theorems (202, 205), 
which, properly speaking, make only one, added to that of the 
square of the hypothenuse (186), are, of all the propositions of 
geometry, the most remarkable for their importance, and the 
number of results that are derived from them ; they are almost 
sufficient, of themselves, for all applications, and for the resolution 
of all problems ; the reason is, that all figures may be resolved 
into triangles, and any triangle whatever into two right-angled 
triangles. Thus the general properties of triangles involve those 
of all figures. 

THEOREM. 

208. Two triangles^ which have an angle of the one equal to an 
angle of the other, and the aides about these angles proportional, 
are similar. 

Fig. 122. Demonstration. Let the angle A = D {Jig. 122), and let 
AB : DE ::AC: DF, the triangle ABC is similar to the trian- 
gle DEF. 

Take AG = DE, and draw GH parallel to BC, the angle 
AGH= ABC (76) ; and the triangle AGH will be equiangular 
with the triangle ABC ; 
whence AB .AG :: AC :AH; 

but, by hypothesis, ABiDEiiAC : DF, 
and, by construction, AG = DE; therefore AH=DF. The 
two triangles AGH, DEF, have the two sides and the included 
angle of the one respectively equal to two sides and the included 
angle of the other ; they are consequently equal. But the trian- 
gle AGH is similar to ABC ; therefore DEF is also similar to 
ABC. 

THEOREM. 

209. Two triangles, which hm^ the sides of the one parallel, or 
which hcBve them perpendicular, to those of the other, each to each^ 
are similar. 

Fig. 123 Demonstration. I. If the side AB{fig. 123) is parallel to DE, 
and jBC to EF, the angle ABC will be equal to DEF (79) ; if, 
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moreover, ^C is parallel to DF,the angle ACB will be equal to 
DFE, and also BAC to EDF; therefore the triangles ABC, 
DEF, are equiangular, and consequently similar. 

2. Let the sideJDE {fig. 124) be perpendicular to .^B, and the Fiff.i24 
side DF to AC. In the quadrilateral AIDH the two angles /, H, 
will be right angles, and the four angles will be together equal to 
four right angles (65) ; therefore the two remaining angles lAH, 
IDH, are together equal to two right angles. But the two angles 
EDF, IDH, are together equal to two right angles ; consequently 
the angle EDF is equal to MH or BAC. In like manner, if the 
third side EFis perpendicular to the third side BC, it may be 
shown that the angle DFE = C, and DEF=i B ; therefore the 
two triangles ABC, DEF, which have the sides of the one per- 
pendicular to those of the other, each to each, are equiangular 
and similar. 

210. Scholium. In the first of the above cases the homologous 
sides are the parallel sides, and in the second the homologous 
sides are thosfe which are perpendicular to each other. Thus 
in the second case, DE is homologous to AS, DF to AC, and 
EF to BC. 

The case of the perpendicular sides admits of the two trian- 
gles being differently situated from those represented in figure 
124 ; but the equality of the respective angles may always be 
proved, either by means of quadrilaterals, such as AIDH, which 
have two right angles, or by comparing two triangles, which, 
beside the vertical angles, have each a right angle ; or we can 
always suppose, within the triangle ABC, a triangle DEF, the 
sides of which shall be parallel to those of the triangle to be 
compared with ABC, and then the demonstration will be the 
same as that given for the case of figure 124. 

THEOREM. 

211. Lines AF, AG, &c. {fig. 125), drawn at pleasure through Fig. 125 
the vertex of a triangle, divide proportionally the hose BC and Us 
parallel DE, so that 

DI : BF : : IK : FG : : KL : GH, fyc. 
Demonstration. Since DJ is parallel to BF, the triangles ADI, 
ABF, are equiangular, and DI : BF ::AI: AF; also, IK being 
parallel to FG, AI : AF :: IK: FG; hence, on account of 
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the common ratio, AI : AF^ DI : BF ::IK: FO. It may be 
shown, in like manner, that IK : FG : : KL : GH^ &c. ; there- 
fore the line DE is divided at the points /, JT, L, as the base BC 
is at the points Fj G, H. 

212. Corollary. If BC should be divided into equal parts at 
the points F, G, H, the parallel DE would be divided likewise 
into equal parts at the points /, JT, L. 

THEOREM. 

Fig:. 126. 213. If ^ from the right angle A {fig, 126) q^ aright-angled 
triangle^ the perpendicular AD be ktfaU upon the hypothenuse; 

1. The two partial triangles ABD, ADC, wiU be similar to 
each other and to the whole triangle ABC ; 

2. Eax:h side AB or AC wiU be a mean proportional between 
the hypothenuse BC and the adjacent segment BD or DC ; 

3. The perpendicular AD wiU be a mean proportional between 
the two segments BD, DC. 

Demonstration. 1 . The triangles BADy BA C, have the angle 
B common; moreover the right angle BDA=zBAC; conse- 
quently the third angle BAD of the one is equal to the third 
angle C of the other, and the two triangles are equiangular and 
similar. It may be demonstrated, in the same manner, that the 
triangle DAC is similar to the triangle BAC; therefore the 
three triangle3 are equiangular and similar. 

2. Since the triangle BAD is similar to the triangle BACy 
their homologous sides are proportional. Now, the side BD in 
the smaller triangle is homologous to the side BA in the larger, 
because they are opposite to the equal Bngles,BADyBCA ; the 
hypothenuse BA of the smaller is homologous to the hypothe- 
nuse BC of the larger ; 

hence BD:BA::BA: BC. 

In the same manner it may be shown that 

DC:AC::AC:BC; 
therefore each of the sides ABj AC, ia n, mean proportional be- 
tween the hypothenuse and the segment adjacent to this side. 

3. By comparing the homologous sides of the similar triangles 
ABD, ADC, we have 

BD:AD::AD:DC; 
therefore the perpendicular AD is a mean proportional between 
the segments BD, DC, of the hypothenuse 
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214. Scholium. The proportion BD lAB ::AB : BC, by 
putting the product of the extremes equal to that of the means, 
gives 

AB = BDxBC. 
We have, in like manner, 

IC = DCxBC, 

hence AB + JC = BDx BC + DC X BC; 

the second member, otherwise expressed, is (JBJO + I>C) X BC^ 

or BC; 

consequently AB + AC=:BC; 

therefore the square of the hypothenuse BC ib equal to the sum 
of the squares of the two other sides AB^ AC. We thus fall 
again upon the proposition of the square of the hypothenuse by 
a process very different from that before pursued ; from which 
it appears, that, properly speaking, the proposition of the square 
of the hypothenuse is a consequence of the proportionality of the 
sides of equiangular triangles. Thus the fundamental proposi- 
tions of geometry reduce themselves, as it were, to this single 
one, that equiangular triangles have their homologous sides pro- 
portional. 

It often happens, as in the present instance, that, by pursuing 
the consequences of one or several propositions, we return to the 
propositions before demonstrated. Generally speaking, that 
which particularly characterizes the theorems of geometry, and 
which is an irresistible proof of their certainty, is, that, by com- 
bining them together, in any manner whatever, provided the 
reasoning be just, we always fall upon accurate results. This 
would not be the case, if any proposition were false, or only true 
to a certain degree ; it would often happen, that, by combining 
the propositions together, the error would augment, and become 
sensible. We have examples of this in all those demonstrations, 
in which we make use of the reductio ad abaurdum. These dem- 
onstrations, in which the object is to prove that two quantities 
are equal, consist.in making it evident, that, if there were between 
them the least inequality, we should be led, by a course of rea- 
soning, to a manifest and palpable absurdity ; whence we are 
obliged to conclude that the two quantities are equal. 
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Fig. 127. 215. Corollary, If, from the point A {Jig. 127) of ihe circum- 
ference of a circle, two chords AB,ACy be drawn to the extrem- 
ities of the diameter BC, the triangle ABC will be right-angled 
at A (128) ; whence, 1. the perpendicular AD is a mean propor- 
tional between the segments BD, DC, of ihe diameter^ or, which 
amounts to the same thing, 

AD^BDxBC. 
2. The chord AB is a mean proportional between the diameter 
^ BC and the adjacent segment BD ; 

or, AB = BDxBC. 

Also AC = DCxBC; therefore AB:AC::BD: DC. If we 

compare AB with BC, we shall fcave 

AB:BC::BD:BC; 

we have, in like manner, 



AC:BC::DC:BC. 

These ratios of the squares of the sides to each other and to the 
square of the hypothenuse have already been given in articles 
189, 190. 

THEOREM. . 

216. Two triangles, which have an angle in the one equal to an 
angle in the other, are to each other as the rectangles of the sides 

Fig. 128. which contain the equal angles; thus the triangle ABC (fig. 128) 
is to the triangle ADE, as the rectangle AB x AC is to the rectan- 
gle AD X AE. 

Demonstration. Draw BE; the two triangles ^jB£, .4DJE, 
whose common vertex is E, have the same altitude, and are to 
each other as their bases AB, AD (177) ; hence 

ABE : ADE ::AB: AD. 
In like manner, 

ABC:ABE::AC:AE; 
multiplying the two proportions in order, and omitting the com- 
mon term ABE, we have, 

ABC : ADE iiABxAC.ADx AE. 

217. Corollary. The two triangles would be equivalent, if the 
rectangle AB X AC were equal to the rectangle AD X AE, or if 
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AB : AD : : AE : AC^ which is the case when the line DC is 
parallel to BE. 

THEOREM. 

I 

218. Two similar trian§^ are to each other as the squares qf 
their hony^gom sid». 

Demonstration. Let the angle A = D {fig. 122), and the an- Fig. vat 
gle Bz=.E; then, by the preceding proposition, 

ABC I DEF iiABxACiDEx DF; 
and, because the triangles are similar, 

ABiDEiiACiDF. 
This proportion being multiplied in order by the identical pro- 

portion, 

AC:DF::AC:DF, 

we shall have 

AB X AC : DE X DF '.:AC I DF. 

Hence 

ABC : DEF ::AC:DF. 
Therefore two similar triangles ABC^ DEF, are to each other 
as the squares of the homologous sides AC, DF, or as the squares 
of any other two homologous sides. 

THEOREM. 

219. Two similar polygons are composed of the same number 
of triangles, which are similar to each other, and similarly dis- 
posed. 

Demonstration. In the polygcw ABCDE {fig. 129) draw from Fig. 12a 
an angle A the diagonals AC, AD, to the other angles. In the 
other polygon FGHIK draw, in like manner, from the angle F, 
homologous to A, the diagonals FH, FI, to the other angles. 

Since the polygons are similar, the angle ABC is equal to the 
homologous angle FGH (162) ; moreover the sides AB,BC, are 
proportional to the sides FG, GH, so that 

ABiFG.iBCiGH. 
It follows from this, that the triangles ABC, FGH, having an 
angle of the one equal to an angle of the other, and the sides 
about the equal angles proportional, are similar (208) ; conse- 
quently the angle BCA = GHF. These equal angles being 
subtracted from the equal angles BCD, GHI, the remaining 

Geom. 9 
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angles JiCDj FHIy will be equal. Now, since the triangles 
ABC, FGH, are similar, 

AC:FH::BC:QH; 

besides, on account of the polygons being similar (162), 

BC:GH::CD:HI; 
consequently AC : FII :: CD: HI; 

but we have seen, that the angle A CD = FHI; consequently the 
triangles ACD, FHI,ha,ye an angle of the one equal to an angle 
of the other, and the sides about the equal angles proportional ; 
they are therefore similar (208). We might proceed in the 
same manner to demonstrate, that the remaining triangles are 
similar, whatever be the number of the sides of the proposed 
polygons ; therefore two similar polygons are composed of the 
same number of triangles, which are similar to each other, and 
similarly disposed. 

220. Scholium, The converse of this proposition is equally 
true ; if two polygons are composed of the same number of trian- 
gles, which are similar to each other, and similarly disposed, these 
two polygons unll be similar. 

For, the triangles being similar, the angles ABC = FGII, 
BCA = GHF, ACD = FHI; consequently BCD = GHI, also 
CDE = HIK, &c. Moreover, 

ABiFGiiBC: GHiiACiFH:: CD:HI,&c.; 
consequently the two polygons have their angles respectively 
equal, and their sides proportional ; therefore they are similar. 

THEOREM. 

22 J . The perimeters of similar polygons are as their homolo^ 
gous sides, and their surfaces are as the squares of these sides. 

Demonstration. 1. By the nature of similar figures, we have 
F\g. 129. AB : FG : : BC : GH : : CD : HI, &c. {fig. 129), 

and from this series of equal ratios we may infer, that the sum 
of the antecedents AB + BC -{- CD, &c., the perimeter of the 
first figure is to the sum of the consequents FG+ GH+ HI, &c., 
the perimeter of the second figure, as one antecedent, is to its 
consequent (it), or as the side AB is to its homologous side 
FG. 

2. The triangles ABC, FGH, being similar, 

ABC : FGH ;;AC:FH (218) ; 
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in like manner, ACD, FHl^ being similar, 

ACD:FHI::IC:FH; 

-i-a — 9 
hence, on account of the common ratio AC : jFjET, 

AB C : FGH iiACD: FHI. 

By a similar process of reasoning it may be shown that 

ACD :FHI:: ADE : FIK; 
and so on, if theje should be a greater number of triangles. 
Hence, from this series of equal ratios, the sum of the antece- 
dents ABC -^^ ACD + ADE, or the polygon ABCDE, is to the 
sum of consequents FGH+ FHI + FIK, or the polygon FGHIK, 

as one antecedent ABC is to its consequent FGH, or as AB is to 

FG (219). Therefore the surfaces of similar polygons are to 
each other as the squares of their. homologous sides. 

222. CoroUary, If three similar figures be constructed, whose 
homologous sides are equal to the three sides of a right-angled 
triangle, the figure described upon the greatest side will be equal 
to the sum of the two others; for the thre^ figures will be pro- 
portional to the squares of their homologous sides ; now the 
square of the hypothenuse is equal to the sum of the squares of 
the two other sides ; therefore, (fee. 

THEOREM. 

223. The parts of two chords which cut each other in a circle are 
redprocaUy proportional; that is, AO : DO : : CO : OB {fig. 130). Rf. 130 

Demonstration, Join AC and BD. In the triangles ACO, 
BOD, the angles at O are equal, being vertical angles ; and the 
angle A is equal to the angle D, because they are inscribed in 
the same segment (127) ; for the same reason the angle C=zB; 
therefore these triangles are similar ; and the homologous sides 
give the proportion 

AO.DO:: CO : OB. 

224. CoroUary. Hence AO x OBz=z DO x CO; therefore 
the rectangle of the two parts of one of the chords is equal to the 
rectangle of the two parts of the other. 

' THEOREM. 

225. If from apoint O {fig. 131), takenwithaut a circle, secants Hg. UL 
OB, OC, be drawn terminating in the concave arc BC the entire 
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secants wiU be reciprocally proportional to the parts without the 
circle; that is, OB : OC : : OD : OA. 

Demonstration. Join AC ondBD. The iiianglesO A C,OBD, 
have the angle O common ; moFeorer the angle B:=z C (126) ; 
therefore the triangles are similar ; and the homologous sides 
give the proportion 

OB:OC::OD: OA. 

226. Corollary. The rectangle OAx OB=:OCx OD. 

227. Schcliwm. It may be remarked, that this proposition has 
great analogy with the preceding ; the only difference is, that 
the two chords AB, CD, instead of intersecting each other in 
the circle, meet without it. The following proposition may also 
be regarded as a particular case of this. 

THEOREM. 

Fig. 132. 228. If from the same point O {fig. 132), taken ivUhout the 
circle, a tangent OA be drawn, and a secant OC, the tangent wHl 
be a mean proportional between the secant and the part tvithout 

the circle; that w, OC : OA : ; OA : OD, or, OA = OC X OD. 

Demonstration. By joining AD and AC, the triangles OAD, 
OAC, have the angle O common; moreover, the angle OAD 
formed by a tangent and a chord (131) has for its measure the 
half of the arc AD, and the angle C has the same measure ; con- 
sequently the angle OAD = C ; therefore the two triangles are 

similar, BiidOCiOA :: OA: OD, which gives OA = OCx OD. 

THEOREM. 

Fig. 133. 229. In any triangle ABC (fig. 133), ^ the angle A be bisected 
by the line AD, the rectangle of the sides AB, AC, wiU be equal 
to the rectangle of the segments BD, DC, phjLS the square of the 
bisecting line AD. 

Demonstration. Describe a circle, the circumference of which 
shall pass through the points A, B, C; produce .^JDtill it meet 
the circumference, and join CE. 

The triangle BAD is similar to the triangle EAC; for, by 
hypothesis, the angle BAD = EA C ; moreover the angle B=^E, 
since they have each for their measure the haJf of the are AC; 
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consequently the triangles are similar ; and the homologous sides 
give the proportion 

BA'.AE.iADiJlC; 
whence BAx JiC^AEx AD; h\xiAE=:AD + BE, and, by 

multiplying each by AB, we have AE x AD - AB +ABx BE; • 
besides, ABxBE=zBBx BC (224) ; therefore 

BAxAC=2AB + BBxBC. 

THEOREM. 

230. In every triangle ABC (fig. 134) tJie rectangle of two qf Fig. 134. 
th£ sides AB, AC, is equal to the rectangle contained by the diame- 
ter CE of the circumscribed circle and the perpendicular AD, let 

fall upon the third side BC. 

BemonstratUm. Join AEy and the triangles ABBy AEC, are 
right-angled, the one at B, and the other at A; moreover the 
angle B =z E ; consequently the triangles are similar ; and they 
give the proportion, AB : CE : : AB : AC; whence 

ABxAC=CExAB. 

231. CoroUary. If these equal quantities be multiplied by 
BC, we shall have AB x AC X BC — CE X AB X BC. Now 
AB X BC is double the surface of the triangle (176) ; therefore 
the product of the three sides of a triangle is equal to the surfcux 
multiplied by double the diameter of the circumscribed circle. 

The product of three lines is sometimes called a solid, for a 
reason that will be given hereafter. The value of this product 
is easily conceived by supposing the three lines reduced to num- 
bers, and these numbers multiplied together. 

* 

232. Scholium. It may be demonstrated, also, that the surface 
of a triangle is equal to its perimeter multiplied by half of the 
radius qf the inscribed circle. 

For the triangles AOB, BOC, AOC (fig. 87), which have Fig. 87. 
their common vertex in O, have for their conunon altitude the 
radius of the inscribed circle ; consequently the sum of these 
triangles will be equal to the sum of the bases AB, BC,AC, 
multiplied by half of the radius OB; therefore the surface of the 
triangle ABC is equal to the product of its perimeter by half of 
the radius of the inscribed circle. 
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TH£OB£M. 

Fig 135. 233. In every inscribed quadrilateral figure ABCD {fig. 135), 
the rectangle of the two diagonals AC, BD, is equal to the sum 
of the rectangles of the opposite sides; that is, 

AC X BD = AB X CD + AD X BC. 
Demonstration. Take the arc CO = ADj and draw BO 
meeting the diagonal AC in I. 

The angle ABD = CBIj since one has for its measure half of 
the arc AD^ and the other half of CO equal to AD. The angle 
ADB =: BCIy because they are inscribed in the same segment 
AOB ; consequently the triangle ABD is similar to the triangle 
IBC, and AD : CI::BD: BC; whence 

ADxBC=CIxBD. 
Again, the triangle ABI is similar to the triangle BDC; for, 
the arc AD being equal to CO^ if we add to each of these OD^ 
we shall have the arc AO=zDC; consequently the angle ABI 
is equal to DBC ; moreover the angle BAIz= BDC, because 
they are inscribed in the same segment ; therefore the triangles 
ABIy BDC, are similar, and the homologous sides give the pro^ 
portion AB : BD : : AI : CD; whence, 

ABx CD = AIxBD. 
Adding the two results above found, and observing that 
AIx BD+ CIx BD = {AI+ CI) x BD = ACx BD, 
we have 

ADxBC + ABx CD = ACxBD. 
234. Scholium. We may demonstrate, in a similar manner, 
another theorem with respect to an inscribed quadrilateral figure. 
The triangle ABD being similar to BIC, BD : BC :: AB : BI, 
whence 

BIxBD = BCxAB. 
If we join CO, the triangle ICO, similar to.^/,is similar to BDC, 
and gives the proportion BD : CO :: DC : O/, whence we have 
OIx BD=COxDC, or, CO being equal to AD, 

OIxBD = ADxDC. 

Adding these twore8ults,and observing that-BIx BD+OIx BD 
reduces itself to BO X BD, we obtain 

BOxBD = ABx BC + AD X DC. 



r 
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If we had token BP = •4D, and had drawn CjKP, we should 
have found by similar reasoning 

CPx CA = ABxJlD + BCx CD. 

But the arc BP being equal to CO, if we add to each J5C, we 
shall have the arc CBP =:BCO ; consequently the chord CP 
is equal to the chord BO, and the rectangles BO X BD and 
CP X CAy are to each other as BD is to CA; therefore 
BD: CjI : : AB X BC + AD X DC :AB X AD + BC X CD; 
that is, the two diagonals of an inscribed quadrilateral figure are 
to each other as the sums of the rectangles of the sides ac^CLcent to 
their extremities. 

By means of these two theorems the diagonals may be found, 
when the sides are known. 

THEOREM. 

235. Let P {fig. 136) be a given point vnthin a circle in the Fig. 296 
radius AC, and let there be taken a point Q without the circle in 
the same radius produced such that CP : C A : : CA : CQ ; if, 
from any point M of the circumference, straight lines MP, M Q, 
be drawn to the points P and Q, these straight lines vnll always 
be in the same ratio, and we shall have MP : MQ : : AP : AQ,. 

Demonstration. By hypothesis CP x CA : : CA : CQ; putting 
CM in the place of CA, we shall have CP : CM :: CM: Cq ; 
consequently the triangles CPM, CQM, having an angle of the 
one equal to an angle of the other, and the sides about the equal 
angles proportional, are similar (208) ; therefore 

MP:Mq::CP: CM or CA. 
But the proportion 

CP:CA::CA CQ 
gives, by division, 

CPiCA:: CA— CP : CQ— CA, 
or CP: CA::AP:Aq; 

therefore MP : JHQ ::AP'Aq. 
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Problems relating to the Third Section. 

PROBLEM. 

236. To divide a given straight line into Q/ny number of equal 
parts J or into parts proportional to any given lines. 

Fig. 137. Solution. 1. Let it be proposed to divide the line ^J?(JJg. 137) 
into five equal parts ; through the extremity A draw the indefi- 
nite straight line AG^ and take AC of any magnitude whatever, 
and apply it five times upon AG; through the last point of the 
division G draw GB, and through C draw CI parallel to GB ; 
.^will be a fifth part of the line AB^ and, by applying Al&we 
times upon AB^ the line AB will be divided into five equal parts. 
For, since CI is parallel to GB^ the sides AG^ AB, are cut 
proportionally in C and / (196). But .^C is a fifth part of 
AGy therefore Alis a fifth part ofAB. 

Fig. 138. 2. Let it be proposed to divide the line AB {fig. 138) into 
parts proportional to the given lines P, Q, R. Through the 
extremity A draw the indefinite straight line AG, and take 
AC = P, CD=%DE = R; join EB, and through the points 
C, D, draw CI, DK, parallel to EB; the line AB will be divided 
at / and K into parts proportional to the given lines P, Q, R. 

For, on account of the parallels CI, DK, EB, the parts Al, 
IK, KB, are proportional to the parts AC, CD, BE (196) ^ and, 
by construction, these are equal to the given lines P, Q, R. 

PROBLEM. 

* 

237. To find a fourth proportional to three given Urns A, B, C 

Fig. 139. {fig- 139). 

Solution. Draw the two indefinite lines DE, DF, making 
any angle with each other. On DE take JX2 = A, DB = P; 
and upon DF take DC = C; join AC, and through the point B 
draw PX parallel to *4C; DXwill be the fourth proportional 
required. 

For, since BX is parallel to AC, DA : DB :: DC : DX; but 
the three first terms of this proportion are equal to the three 
given lines ; therefore DX is the fourth proportional required. 

238. Corollary. We might find, in the same manner, a third 
proportional to two given lines A, B; for it would be the same 
as the fourth proportional to the three lines A, B, C. 
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PROBLEM. 



239. To find a mean proportional between two given lines A 
and B {fig. 140). Fig. i4o. 

Solution. On the indefinite line DF take DE = ./J, and 
EF=^B; on the whole line DF, as a diameter, describe the 
semicircumference DGF; at the point E erect upon the diame- 
ter the perpendicular EG meeting the circumference in Cr ; EQ 
will be the mean proportional sought. 

For the perpendicular GE^ let fall from the point in the cir- 
cumference upon the diameter, is a mean proportional between 
the two segments of the diameter DJE, EF (216), and these two 
segments are equal to the two given lines A and B. 



PROBLEM. 



240. To divide a given line AB {fig. 141) into two parts in Figr. ui, 
suth a manner^ that the greater shaU be a mean proportional be- 
tween the whole line and the other part. » 

Solution. At the extremity B of the line AB erect the per 
pendicular BC equal to half of .d^; from the point C as a cen- 
tre, and with the radius CJ5, describe a circle ; draw^C cutting 
the circumference in D, and take AF = AD ; the line AB will 
be divided at the point JP in the manner required ; that is, 

ABiAFiiAF: FB. 

For AB^ being a perpendicular to the radius CB at its ex- 
tremity CjB, is a tangent; and, li AC be produced till it meet 
the circumference in JE, we shall have 

AE.ABi'.ABiAD (228), 
and hence AE—AB:AB:iAB—AD:AD (iv). 
But, since the radius BC is half of ^jB, the diameter DE is equal 
to AB, and consequently AE — AB = AJD^AF; also, since 
AF = AD, AB—AD^FB; therefore, 

AF : AB II FB: AD or AF, 
and, by inversion, AB.AF.iAFi FB. 

241 . Scholium. When a line is divided in this manner, it is 
said to be divided in extreme and mean ratio. Its application 
will be seen hereafter. 

It may be remarked, that the secant AE is divided in extreme 
and mean ratio at the point D ; for, since AB =r DE, 

AE :DE::DE: AD. 

Geom. 10 
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PROBLEM. 



Fii^.i42. 242. Through a given point A {fig. 142), in a given angle 
BCD, to draw a line BD in such a manner that the parte AB, 
AD, comprehended between the point A a/id the two sides of the 
anglcj shall he equal. 

Solution. Through the point A draw AE parallel to CD ; take 
BE = C£, and through the points B and A draw BAD, which 
will be the line required. 

For AE being parallel to CD, BE:EC::BA:AD; but 
BE — EC; therefore BA = AD. 

PROBLEM. 

243. To make a square equivalent to a given paraUdogram, 
or to a given triangle. 
Fig. 143. Solution. 1. Lei AB CD {fig. 143) be the given parallelo- 
gram, AB its base, and DE its altitude ; between AB and. DE 
find a mean proportional XY (239) ; the square described upon 
XFwill be equivalent to the parallelogram ABCD. 

For, by construction, AB : XY : : XY : DE;' hence 

XY=ABxDE; 

but AB X DE is the measure of the parallelogram, and XY is 
that of the square ; therefore they are equivalent. 
Fig 144. 2. Let ABC {fig. 144) be the given triangle, BC its base, and 
AD its altitude ; find a mean proportional between BC and half 
of w2D, and let XYbe this mean proportional; the square de- 
scribed upon XFwill be equivalent to the triangle ABC. 

For, since BC iXYiiXY: ^AD, xf= BC X | w2D; there- 
fore the square described upon XY is equivalent to the triangle 
ABC. 

PROBLEM. 

Fig 145. 244. Upon a given line AD {fig. 145) to construct a rectangle 
ADEX equivalent to a given rectangle ABFC. 

Solution. Find a fourth proportional to the three lines AD, 
AB, AC (137), and let AX be this fourth proportional; the 
rectangle contained by AD and AX will be equivalent to the 
rectangle ABFC. 

For, since ADiAB: : AC : AX, AD X AX = ABx AC 
therefore the rectangle ADEX is equivalent to the rectangle 
ABFC. 
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PROBLEM. 

246. To find in lines the ratio of the rectangle of' two given 
lines A and B {fig. 148) to the rectangle of two given lines C and D. f«- 148. 

Solvtion. Let X be a fourth proportional to the three given 
lines jB, C, D; the ratio of the two lines A and X will be equal 
to that of the two rectangles A x B, C x D* 

For, since B : C :: D : X^ C X D=:B X X; therefore 
AxB'.Cx D::AxB:BxX::A:X. 

246. Corollary. In order to obtain the ratio of the squares 
described upon two lines A and C, find a third proportional X 
to the lines A and C, so that we may have the proportion 

A:C::C:X; 
then we shall have A!^ : C^ ::A : X. 

PROBLEM. 

247. To find in lines the ratio of the product of three gioen lines 

A, B, C {fig. 149), to the product of three given lines P, Q, R. Kg. 149. 

Solution. Find a fourth proportional X to the three given 
lines P, A, B; and a fourth proportional F to the three given 
lines C, Q, JB. The two lines X and Y will be to each other as 
the products AxBx C,P X QxiJ. 

For, since P : A : : B : X, A X B = P x X; and, by multi- 
plying each of these by C, we shall have 

AxBxC=CxPxX. 
In like manner, since 

C:q::R:Y,qxR=Cx T; 

and, by multiplying each of these by P, we shall have 

PX qxR = PxCxT; 
therefore the product 
AxBx C:theproductPxQX/i::Cxi'XX:PxCxF::ir:F. 

PROBLEM. 

248. To make a triangle equivalent to u given polygon. 

Solution. Let ABODE (fig. 146) be the given polygon. Fig.iiS, 
Draw the diagonal CJB, which cuts off the triangle CDE ; 
through the point D draw DF parallel to CE to meet AE pro- 
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diiced ; join CF, and the polygon JlBCDE will h^ equivalent to 
the polygon ABCF, which has one side less. 

For the triangles CDE, CFE, have the common base CE; 
they are also of the same altitude, for their vertices JD, J^, are in 
a line DF parallel to the base ; therefore the triangles are equiv- 
alent. Adding to each of these the figure ABCE^ and we shall 
have the polygon ABCDE equivalent to the polygon ABCF. 

We can in like manner cut off the angle B by substituting for 
the triangle ABC the equivalent triangle AOC^ and then the 
pentagon ABODE will be transformed into an equivalent trian- 
gle GCF. 

The same process may be applied to any other figure ; for, by 
making the number of sides one less at each step, we shall at 
length arrive at an equivalent triangle. 

249. Scholium. As we have already seen, that a triangle may 
be transformed into an equivalent square (243), we may accord- 
ingly find a square equivalent to any given rectilineal figure ; 
this is called squaring the rectilineal figure, or finding the qtwd" 
rature of it. 

The problem of the quadrature of the circle consists in finding 
a square equivalent to a circle whose diameter is given. 

PROBLEM. 

250. To mxike a square which shall be equal to the sum or the 
difference of two given squares. 

rig. 147. Solution. Let A and B (fig. 147) be the sides of the given 
squares. 

1. If it is proposed to find a square equal to the sum of these 
squares, draw the two indefinite lines EDj EFj at right angles to 
each other ; take ED = A and EG =B; join DC?, and DG mV 
be the side of the square sought. 

For the triangle DEG being right-angled, the square described 
upon DG will be equal to the sum of the squares described upon 
ED and EG. 

2. If it is proposed to find a square equal to the difference of 
the given squares, form in like manner a right angle FEH^ take 
GE equal to the smaller of the sides A and B ; from the point 
G, as a centre, and with a radius GH equal to the other side, de- 
scribe an arc cutting EH in H; the square described upon EH. 
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will be equal to the difference of the squares described upon the 
lines A and B. 

For in the right-angled triangle GEH the hypothenuse 
GH=i A, and the side OE = jB; therefore the square described 
upon EH is equal to the difference of the squares described upon 
the given sides A and B, 

251. Scholium. We can thus find a square equal to the sum 
of any number of squares ; for the construction by which two 
are reduced to one, may be used to reduce three to two, and 
these two to one, and so of a larger number. Also a similar 
method may be employed when certain given squares are to be 
subtracted from others. 

PROBLEM. 

252. To conetruct a square which 9haU be to a gwen square 
ABCD {fig. 150) as the line Mis to the lineN. Fig. ifia 

Solution. On the indefinite line EG take EF = M^ and 
FG zzz JSt; on EG, as a diameter, describe a semicircle, and at 
the point F erect upon the diameter the perpendicular FH. 
From the point JTdraw the chords HG, HE, which produce in- 
definitely ; on the first take HK equal to the side AB of the 
given square, and through the point Jfdraw £1 parallel to EG, 
TZTwill be the side of the square sought. 

For, on account of the parallels KI, GE, 

HI:HK::HE:HG; 

hence HI:HK::HE:HG (v). 

But, in the right-angled triangle EHG, 



HE : HG : : segment EF : the segment FG (215), 
or, as Mis to JV; 

therefore Wf : HK :.MiK. 

Hut HK=AB; therefore 

the square upon HI : the square upon AB ::M : J^. 

PROBLEM. 

25S. Dpon a side FG (fig. 129), homologous to AB, to describe Tig. m. 
a polygon similar to a given polygon ABCDE. 
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Solution. In the given polygon draw the diagonals AC, AD^ 
At the point F make the angle GFH=:BAC, and at the point 
G the angle FGH=zABC; the lines JFjET, GH, will cut each 
other in If, and the triangle FGH will be similar to ABC. Like-* 
wise upon FH, homologous to AC, construct the triangle FIH 
similar to ADC, and upon JP/, homologous to AD, construct the 
triangle FIK similar to ADE. The polygon FGHIK will be 
similar to ABCBE. 

For these two polygons are composed of the same number of 
triangles, which are similar to each other and similarly disposed 
(219). 

PROBLEM. 

254. Two similar figures being given, to construct a similar 
figure which shall be equal to their sum or their difference. 

Solution. Let A and B be two homologous sides of the given 
figures ; find a square equal to the sum or the difference of the 
squares described upon A and B ; let X be the side of this 
square, X will be, in the figure sought, the side homologous to 
A and B in the given figures. The figure may then be con- 
structed by the preceding problem. 

For similar figures are as the square of their homologous sides y^ 
but the square of the side X is equal to the sum or the difference 
of the squares described upon the homologous sides A and B ; 
therefore the figure described upon the side X is equal to the 
sum or the difference of the similar figures described upon the 
sides A and B. 

PROBLEM. 

255. To construct a figure similar to a given figure, and which 
shall be to this figure in the given ratio ofMtoTSl. 

Solution. Let Ahe s. side of the given figure, and X the ho- 
mologous side of the figure sought ; the square of X must be to 
the square of A as M is to JV (221) ; Xthen may be found by 
art. 252 ; and, knowing X, we may finish the problem by art. 
253. 

PROBLEM. 

ng.i5i 256. To construct a figure similar to the figure 1? {fig. 151), 
and equioaient to the figure Q. 
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Solution. Find the side JIf of a square equivalent to the 
figure 2^ and the side JV of a squaie equivalent to the figure Q. 
Then let Xbe a fourth proportional to the three given lines My 
JV, AB ; upon the side X, homologous to AB, describe a figure 
similar to the figure P; it will be equivalent to the figure Q. 

For, by calling Y the figure described upon the side X, we 
shall have 

P:Y::AB:X. 

But, by construction, 

AB:X::MiJVy 

or 1B:X::M:J^; 

9 S 

therefore P : Y::M:J^. 

3 S 

We have also, by construction, M=Py and JV= Q; 
consequently P : Y :: P : Q; 

hence Y= Q; therefore the figure Y is similar to the figure P, 
and equivalent to the figure Q. 



PROBLEM. 

257. T^o construct a rectangle equivalent to a given square C 

{fig. 152), and whose adjacent sides shall make a given sum AB. Fig. i&. 

Solution. On AB, as a diameter, describe a semicircle, and 
draw DE parallel to the diameter, and at a distance AD, equal 
to a side of the given square C. From the point E, in which 
the parallel cuts the circumference, let fall upon the diameter the 
perpendicular EF; AF and FB will be the sides of the rectan- 
gle sought. 

For their sum is equal to AB, and their rectangle AF X FB 
is equal to the square of EF (215), or of AD; therefore the 
rectangle is equivalent to the given square C. 

258. Seholium. It is necessary, in order that the problem 
may be possible, that the distance AD should not exceed the 
radius ; that is, that the side of the square should not exceed half 
of the line .4jB. 

PROBLEM. 

259. To construct a rectangle equivalent to a square C {fig. 153), Fig.iss. 
and whose adjacent sides shall differ bjf a given quantity AB. 



• 
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Sohition. On the given line .^9 as a diameter, describe a 
circle ; from the extremity of the diameter draw the tangent AD 
equal to the side of the square C Through the point D and the 
centre O draw the secant DF; DUand DF will be the adja- 
cent sides of the rectangle required. 

For, 1. the difference of the sides is equal to the diameter EF 

or AB; 2. the rectangle DE x DF is equal to AD (228) ; there- 
fore this rectangle will be equivalent to the given square C 

• PROBLEM. 

260. To find the common measure, if there be one, between the 
diagonal and side of a square. 
Fig. I64w Solution. Let ABCG {fig. 154) be any square, and AC its 
diagonal. 

We are, in the first place, to apply CB to CA, as often as it 
can be done (157) ; and, in order to this, let there be described, 
from the centre C, and with a radius CB, the semicircle DBE^ 
It will be seen, that CB is contained once in .^ C with a remain- 
der AD; the result of the first operation, therefore, is the quotient 
1 with the remainder AD, which is io be compared with BC, or 
its equal AB. 

We may take AF = AD, and apply AF actually to AB; and 
we should find that it is contained twice with a remainder. But, 
as this remainder and the following ones go on diminishing, and 
would soon become too small to be perceived, on account of the 
imperfection of the mechanical operation, we can conclude 
nothing with regard to the question, whether the lines AC, CB, 
have a common measure or not. Now, there is a very simple 
method, by which we may avoid these decreasing lines, and 
which only requires an operation to be performed upon lines of 
the same magnitude. 

The angle ABC being a right angle, AB is a tangept, sndAE 
is a secant, drawn from the same point, so that 

AD'.ABiiABiAE (228). 
Thus, in the second operation, which hcis for its object to com- 
pare AD with AB, we may, instead of the ratio of AD to AB, 
take that o{AB to AE. Now AB, or its equal CD, is contained 
twice in AE with a remainder AD ; therefore the result of the 
second operation is the quotient 2 with the remainder AD, which 
is to be compared with AB 
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The third operation, which consists in campaTing •^IDvfithAB^ 
reduces itself, likewise, to comparing AB^ or its equal CJD, with 
w2E, and we have still the quotient 2 with the remainder. ./IJD. 

Whence it is evident, that the operation will never tenninatQ, 
and that, accordingly, there is no common measure between the 
diagonal and the side of a squar^ a truth already made known 
by a numerical operation, since these two lines are to each other 
• • ^ • 1 (188), but which is rendered clearer by the geometric 
cal solution. 

261. It is not, then, possible to find in numbers the exact ratkt 
of the diagonal to the side of a square ; but we may approximate 
it to any degree we please by means of the continued fraction 
which is equal to this ratio. The first operation gave for a quo- 
tient 1 ; the second and each of the others continued without end 
gives 2 ; thus the fraction under consideration becomes 

If, for example, we take the four first terms of this fraction, 
we find that its value added to the first quotient 1 is l^f, or 
Ji ;* so that the approximate ratio of the diagonal to the side of 
a square is : : 41 : 29. The ratio might be found more exactly 
by takmg a greater number of terms. 



SECTION FOURTH. 
Of regular Polygons and the Measure of the Cirde. 

262. A POLYGON, which is at the same time equiangular and 
equilateral, id called a regular polygon. 

Regular polygons admit of any number of "sides. The equi- 
lateral triangle is one of three sides ; and the square one of four. 

THEOBEM. 

263. Two regular polygons of the same number of sides are 
similar figures. 

Demonstration. Let there be, for example, the two regular 
hexagons ABCDEF^ dbcdef{fig. 165); the sum of the angles is Fig la. 

< 

* See note on continued fractions at the end of Lacroix's Arithmetic. 
GcoM. 1 1 
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the same in both, and is equal to eight right angles (67). The 
angle A is the sixth part of this sum as well as the angle a, 
therefore the two angles A and a are equal ; the same may be 
said of the angles B and &, C and e, &c. 

Moreover, since, by the nature of these polygons, the sides 
AB^ EC, CDj &G., are equal, as also ab^bcj ed, &c., 

AB : ab :: BC :bc t: CD : cd, &c.; 
consequently the two figures under consideration have their to- 
gles equal, and their homologous sides proportional j therefore 
they are similar (162). 

264. CoroUary. The perimeters of two regular polygons of 
the same number of sides are to each other as their homologous 
sides, and their surfaces are as the squares of these sides (221). 

265. SchoUum. The angle of a regular polygon is deter- 
mined by the number of its sides, like the angle of an eqi|iangu-i 
lar polygon (64). 



THEOREM. 



266. Every regular polygon may be inacribed in a cirde and 
may be circumscribed about a circle. 
Fig. 156. Demonstration. Let ABCDE^ &c. (fig. 156), be any regu?- 
lar polygon, and let there be described a circle, whose circum- 
ference shall pass through the three points A^ jB, C; let O be its 
centre, and OP a perpendicular let fall upon the middle of the 
side BC ; join AO and OD. 

The quadrilateral OP CD may be placed upon the quadrilat- 
eral OPBA; in fact the side OP is common, and the angle 
OPC=z OPBy each being 2^ right angle, consequently the side 
PC will fall upon its equal PB^ and the point C upon J?. More- 
over, by the nature of the polygon, the angle PCD;=:PBA; 
therefore CD will take the direction j5.^, and CD being equal to 
BA, the point D will fall upon A^ and the two quadrilaterals will 
coincide throughout. Hence the distance OD is equal to the 
distance QAf and the cirqumference, which passes through the 
three points A, B, C, will pass also through the point D. By 
similar reasoning it may be shown, that the circumference, 
which passes through the three vertices S, C, D, will pass 
through the next vertex JE, and so on ; therefore the same cir- 
cumference, which passes through the three points Aj B^ C 
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trasses through all the vertices of the angles of the polygon, and 
the polygon is inscribed in thi^ circumference. 

Furthermore, with respect to this circumference, all the sides 
AB^ BCy CJ), &c. are equal chords; they are accordingly 
equally distatit from the centre (109) ; if therefore, from the point 
O, as a centre, and with the radius OP, a circle be described, 
the circumference will touch the side BC and all the other sides 
of fhe polygon, each at its middle point, and the circle will be 
inscribed in the polygon, or the polygon will be circumscribed 
about the circle 

"^267. Scholiumi, The point O, the common centre of the 
inscribed and circumscribed circle, may be regarded also as the 
centre of the polygon ; and for this reason we call the angle of 
the centre the angle AOB formed by the two radii drawn to the 
extremities of the same side AB. 

Since all the chords dB, BC, &c., are equal, it is evident that 
all the angles at the centre are equal, and that the value of each 
is found by dividing four right angles by the number of the sides 
of the polygon. 

268. Scholium ii. In order to inscribe a regular polygon of 
a certain number of sides in a given circle, it is only necessary to 
divide the circumference into as many equal parts as the poly- 
gon has sides; for, the arcs being equal, the chords v2J?, BC, 
CDi &o. {fig. 158)^ will be equal ; the triangles ASO, BOC, Fig. 158. 
COD, &c., will also be equal, for the sides of the on6 will be 
respectively equal to those of the other ; consequently all the 
angles ABC, BCD, CDJS, &c., will be equal; therefore the 
figure ABODE, &c. will be a regular polygon. 

P&OBIJEIlt. 

26&. To inscribe a Square in a given circle. 

Solution. Draw the diatmeters AC, BD (fig. 157)f cutting Kg. 167. 
each other at right angles ; join the extremities A, B, C, D, and 
the figure ABCD will be the inscribed square. 

For, the angles AOB, BOO, &c., being equal, the chords.^, 
BC, &c. are equal. 

2!70. Seholium. The tri^gle BOC being right-angled and 
isosceles, BC : BO : : ^ : 1 (.188) ; therefore^ the side of an in- 
scribed square is to radius, as the square root of% is to unity* , 
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PBOBLEM. 

271. To inscribe a regtdar hexagon and an equUateral trian' 
gle in a given cirde. 

Solution. Let us suppose the problem resolved, and that ^B 
Fij;. 158. (fig. 158) is a side of the inscribed hexagon; if we draw the 
radii AO, OB, the triangle AOB will be equilateral. 

For the angle AOB is the sixth part of four right angles ; thuB, 
if we consider the right angle as unity, we shall have 

AOB = i = ^. 

The two other angles ABO, BAO, of the same triangle, taken 
together, =2 — | = t ; and, as they are equal to each other, 
each of them = I; hence the triangle .^O is equilateral ; there-* 
fore the side of the inscribed hexagon is equal to radius. 

It follows from this, that, in order to inscribe a regular hexa- 
gon in a given circle, the radius is to be applied six times round 
on the circumference, which will bring it to the point, from 
which the operation commenced. 

The hexagon ABCDEF being inscribed, if the vertices of the 
alternate angles A, C, JEJ, be joined, an equilateral triangle .4 CJEJ 
will be formed. 

. 272. Scholium. The figure ABCO is a parallelogram, and 
a rhombus, since AB=:BC=z CO=zAO; therefore, the sum 
of the squares of the diagonals being equal to the sum of the 
squares of the sides (195), 

AC + b6=: 4AB = 4BO 

subtracting BO from each, we shall have 

-3 



ACz=2B0; 



hence AC : BO :: 3:1, 

or ACiBO ::J^:1; 

therefore the side of an inscribed equUateral triangle is to radma 

as the square root of 3 is to umty. 

r 

PROBLEM. 

273. To inscribe in a given circle a regular decagon^ aiso a 
pentagon and a regular polygon of fifteen sides. 
ilg.M9. Solution. Divide the radius AO (fig. 159) in extreme and 
mean ratio at the point M (240), take the chord AB equal lo the 
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greater segment OMj and AB will be the £iide of a regular deca^ 
gon, which is to be applied ten times round on the circumference. 

For, by joining MB, we have, by construction, 

AO:OM::OM:AM, 
or, because AB = OM, 

AO :AB::AB:AM; 
therefore the triangles ABO, AMB, having an angle A commoni 
and the sides about this angle proportional, are similar (208). 
The triangle OAB is isosceles ; consequently the triangle AMB 
is also isosceles, and AB=zBM. Besides, AB= OM; hence, 
also, BM=i OM; therefore the triangle BMO is isosceles. 

The angle AMB, the exterior angle of the isosceles triangle 
BMO, is double of the interior angle O (63). Now the angle 

AMB = MAB; 
consequently the triangle OAB is such that each of the angles at 
the base OAB, OB A, is double of the angle at the vertex O, and 
the three angles of the triangle are equal to five times the angle 
O, and thus the angle O is a fifth part of two right angles, or the 
tenth part of four right angles ; therefore the arc AB is the 
tenth part of the circumference, and the chord AB is the side of 
a regular decagon. 

274. Corollary i. If the alternate vertices A, C, E, &c. of the 
decagon be joined, a regular pentagon •^CjBG/willbe formed. 

« 

276. CoroUary ii. AB being always the side of a decagon, let 
AL be the side of a hexagon ; then the arc BL will be, with re- 
spect to the circumference, } — j\, or y'y ; therefore the chord 
BL will "be the side of a regular polygon of 15 sides. It is man- 
ifest, at the same time, that the arc CL is a third of CB. 

276. Scholium. A regular polygon being formed, if the arcs 
subtended by the sides be bisected, and chords to these half arcs 
be drawn, a regular polygon will be formed of double the num- 
ber of sides. Thus, by ttieans of the square, we may inscribe 
successively regular polygons of 8, 16, 32, &c., sides. Likewise, 
by means of the hexagon, we may inscribe regular polygons of 
12,24, 48, &c., sides; with the decagon, polygons of 20, 40,80, 
&c., sides ; with the regular polygon of fifteen sides, polygons of 
30, 60, 120, &c., sides.* 



* It was supposed, for a long time, fhat these were the only poly- 
gons which could be inscribed by the processes of elementaxy geom- 
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Fiff. 160. 277. A regular inscribed polygon ABCD, fyc. {fig. 160) heing 
given^ to drcumacribe about the same circle a similar polygon. 

Solution. At the point T, the middle of the arc AB, draw the 
tangent GH^ which will be parallel to AB (112) ; do the same 
with each of the other arcs BC, CD, &c. ; these tangents will 
form, by their intersections, the regular circumscribed polygon 
GHIKy &c., similar to the inscribed polygon. 

It will be readily perceived, in the first place, that the three 
points O, £, Hy are in a right line, for the right-angled triangles 
OT^lf, OHJVy have the common hypothenuse OJET, and the side 
OT=z OJV; they are consequently equal (126), and the angle 
TOH= HOJVy and the line OJ7 passes through the point J9, the 
middle of the arc TJV. For the same reason, the point J is in 
OC produced, &c. But, since OH is parallel to AB, and JEET to 
jBC, the angle GHI^ABC{76); in like manner flflf=i:JBCA 
&C4 ; hence the angles of the circumscribed polygon are equal 
to those of the inscribed polygon. Moreover, on account of these 
same parallels 

GH:AB::OH:OB, 
and HIiBCi'.OHiOB; 

hence GH:AB::HI : BC. 

But AB =:BC; consequently GH=l HI. For the same reason 
HI^rilKy &c. ; consequently the sides of the circumscribed 
polygon are equal to each other ; therefore this pcJygon is regu- 
lar, and similar to the inscribed polygon. 

278. Corollary i. Reciprocally, if the circumscribed polygon 
GHIK, &c., be given, and it is proposed to construct, by means 
of it, the inscribed polygon ABCDj &c.,it is evidently ^pujOScieAt 
to draw to the vertices G, H^ J, &c., of the given polygon the 
lines OG, OH, 01, &c., which will meet the circumference at 

the points A, B, C, &c., and then to join these points by the 

 I • I ' I I I .  I ,. I.I. I III I  . 

etryy cr^ which amounts to the same thing, by the resolution of 
equations of the first and second degree. But M. Gaus has shown^ in 
a work, entitled Disquisitiones Arithmetical Lipsis, 1801, that we 
I may, by similar methods, inscribe a regular polygon of seventeen 

sides, and in general one of 2* -^ 1 sides, provided that 2* 4~ ^ ^ ^ 
prime number. 
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chords ABj Bd CD^ &c., which will fonn the inscribed polygon. 
We might also, in this case, simply join the points of contact, 
r, JV, P, &c., by the chords TJV, JVP, PQ, &c., which would 
equally form an inscribed polygon similar to the circmnscribed 
cme. 

279. CproUary ii. There may be circumscribed, about a 
given circle, all the regular polygons which can be inscribed 
within it ; and, reciprocally, there may be inscribed, within a 
circle, all the polygons that can be circumscribed about it. ' 

THEOREM. 

280. The area of a regular polygon is equal to the product of 
its perimeter by hdf of the radios of the inscribed circle. 

Demonstration. Let there be, for example, the regular poly- 
gon GHIKy &c. {fig. 160); the triangle GOH, for ejcample, has Fig. I60. 
for its measure GHx ^OT, the triangle OHThas for its measure 
HTX iOJV. But OJV= OT; consequently the two triangles 
united have for their measure ( GH + HI) x \0T. By proceed- 
ing thus with the other triangles, it is evident that the sum of all 
the triangles, or the entire polygon, has for its measure the sum 
of the bases GH, HI, IK, &c., or the perimeter of the polygon, 
multiplied by \0T, half of the radius of the inscribed circle. 

381. Scholium. The radius of the inscribed circle is the same 
as the perpendicular let fall from the centre upon one of the sides. 

THEOREM. 

283. 7^ perimeters of regular polygons of the same number 
of sides are as the radii of the circumecribed circles, and also as 
the radii of the inscribed circles; and their surfaces areas the 
squares of these same radii. 

Demonstration. hetAB (fig. 161) be a side of one of the Fjg.iei. 
polygons in question, O its centre, and OA the radius of the cir- 
cumscribed circle, and OD, perpendicular to AB, the radius of 
the inscribed circle ; and let a & be the side of another polygon, 
similar to the former, q its centre, o a and o (2 the radii of the ^ 
circun^scribed and inscribed circles. 

The perimeters of the two polygons are to each other as the 
sides AB, ab (221). Now the angles A and a are equal, being 
each half of the angle of the polygon ; the same may be said of 
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the angles B and b ; therefore the triangles ABO^ o 6 o, are simi 
lar, as also the right-angled triangles ADO, ado; 
hence AB : ab :: AO : ao :: DO : do; 

consequently the perimeters of the polygons are to each other 
the radii AO, ao, oi the circumscribed circles, and also as the 
radii DO, do, of the inscribed circles. 

The surfaces of these same polygons are to each other as the 
squares of the homologous sides AB, ab (221) ; they are there- 
fore also as the squares of the radii of the circumscribed circles 
AO, ao, and as the squares of the radii of the inscribed circles 
DO, d o. 



LEMMA. 

283. Every curved line, or polygon, which encloses, from one 
Fig^iSfL extremity to the other, a convex line AMB {Jig. 162), is greatet 

than the enclosed line AMB. 

Dem^mstration. We have already said, that, by a convex line, 
we understand a curved line or polygon, or a line consisting in 
part of a curve and in part of a polygon, such that a straight line 
cannot cut it in more than two points (68). If the line AMB 
had re-entering parts or sinuosities, it would cease to be convex, 
because, as will be readily perceived, it might be cut byastrai^t 
line in more than two points. The arcs of a circle are essen- 
tially convex ; but the proposition under consideration extends 
to every line, which fulfils the condition stated. 

This being premised, if the line AMB be not smaller than any 
of those lines which enclose it, there is among these last a line 
smaller than any of the others, which is less than AMB, or at 
least equal to AMB. Let ACDEB be this enclosing line ; be- ' 
tween these two lines draw at pleasure the straight line PQ, 
which does not meet the line AMB, or, at most, only touches it ; 
the straight line PQ is less than PCDE^ (3) ; consequently, if, 
instead of PCDJEQ, we substitute the straight line PQ, we shall 
have the enclosing line AP^B, less than APDQB. But, by hy- 
-pothesis, this must be the shortest of all; this hypothesis, then, 
cannot be maintained ; therefore each of the enclosing lines is 
greater than AMB. 

284. Scholium. After the same manner, it may be demon- 
strated, without any restriction, that a line which is convex, and 
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returns into itself, AMD {fig. 163), is less than any line whieh Fig 168. 
encloses it on all sides, whether the enclosing line FGH touches 
JIMB in one or more points, oJr whether it surrounds it without 
touching it. 

LEMMA. 

285» Two concentric drdee being given^ there may always be 
macribedy in the greater ^ a regular polygon, the sides qf which 
shaU rM n%eet the drcuntference of the stnaUer ; and there may 
dsQ be ckcwmscribed^ about the smaller, a regular polygon^ the 
sides (^ which shall not meet the circurnference of the greater; so 
that, on the whole, the sides qf the polygon described shaU be con- 
tained between the two circun^erences. 

Demonstration. Let CA, CB {fig. 164), be the radii of the F«. 164 
two given circles. At the point A draw the tangent DE termi- 
nating, at the greater circumference, in D and E. Inscribe, in 
the greater circumference, one of the regular polygons, which 
can be inscribed by the preceding problems, and bisect the arcs 
subtended by the sides, and draw the chords of these half arcs ; 
and a regular polygon will be described of double the number 
of sides. Continue to bisect the arcs until ona is obtained which 
is smaller than DBE. Let MBJV be this arc, the middle of 
which is supposed to be in J?; it is evident that the chord MJV. 
will be further from the centre than DE, and that thus the regu- 
lar polygon, of which MJV is a side, cannot meet the circum- 
ference, of which CA is the radius. 

The same thing's being supposed, join CM and CJV, which 
meet the tangent DE in P and Q; PQ will be the side of a 

» 

polygon circumscribed about the smaller circumference similar 
to the polygon inscribed in the greater, the side of which is 
JMJV. Now it is evident that the circumscribed polygon, which 
has for its side PQ^, cannot meet the greater circumference, 
since CP is less than CM* 

There may, therefore, by the same construction, be a regular 
polygon inscribed in the greater circumference, and a similar 
polygon circumscribed about the smaller, which shall have their 
sides comprehended between the two circumferences. 

386. Scholium. If we have two concentric sectors PCG,/CJH^ 
we can likewise inscribe, in the greater, a portion of a regular 
polygon, or circumscribe, about the smaller, a portion of a similar 

GfiOM. 12 
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polygon, so that the perimeters of the two polygons woald be 
comprehended between the two circles. It is only necessary to 
divide the arc FBG successively into 2, 4, 8, 16, &c., equal 
parts, until one is obtained smaller than DBE. 

By a portion of a regvlar polygon^ as the phrase is here used, 
is to be understood the jSgure terminated by a series of equal 
chords, inscribed in the arc FG, from one extremity to the other. 
This portion has the principal properties of a regular polygon ; it 
has its angles equal, and its sides equal ; it is, at the same time, 
capable of being inscribed in, and circumscribed about a circle ; 
it does not, however, make a part of a regular polygon, properly 
so called, except when the arc, subtended by one of these sidesy 
is an aliquot part of the circumference. 

THEOREir. 

287< The drcwntferencea of circles are as their radi% and theia 
surfaces are as the squares of their radiu 
Fig. 165. Demonstration. Denoting, by circ. CA and circ. OB {fig. 165}^ 
the circumferences of the circles whose radii are CA and OB 
we say that circ. CA • circ. OB : : CA : OB. 

For, if this proportion be not true, CA will be to OB as ctrc 
CA is to a fourth term either greater or less than drc. OB. Let 
us suppose that it is less, and that, if possible, 

CAiOBi: circ. CA : circ. OD. 

Inscribe, in the circumference of which OB is the radius, a 
regular polygon EFOKLE, whose sides shall not meet the cir- 
cumference of the circle, whose radius is OD (285) ; inscribe a 
similar polygon MJVPSTM in the circle whose radius is CA. 

This being done, since the polygons are similar, their perime- 
ters JUTVPSjW, EFGKE, are to each other as the radii CA, OB, 
of the circumscribed circles (282), and we have 

MJVPSM : EFGKE : : CAiOB; 
but, by hypothesis, 

CAzOB :: circ. CA : circ. OD; 
therefore MJVPSM : EFGKE : : circ. CA : circ. OD. Now this 
proportion is impossible, because the perimeter MJVPSMis less 
than drc. CA (283), while EFGKE is greater than the drc. 
OD; therefore it is impossible that CA should be to OB Bsdrc. 
CA is to a circumference less than drc. OB ; or, in other wordsj 
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it is impossible that the radius of one .circle should be to that of 
another as the circumference of the first is to a circumference 
less than that of the second. 

It follows, moreover, from what has been said, that C5 cannot 
be to OB as drc. CA is to a circumference greater than drc 
OB ; for, if this were the case, we should have, by inverHony 

OB : CA : : a circumference greater than drd. OB : drc. CA, 
or, which is the same thing, 

OB : CA : : drc. OB : a circumference less than drc. CA ; 
therefore the radius of one circle may be to the radius of anpther, 
as the circumference described upon the former is to a circum- 
ference less than the one described upon the latter, which has 
been shown to be impossible. 

Since the fourth term of the proportion CA : OB : : d/rc. CA : X 
can be neither less nor greater than drc. OB, it must be equal 
to drc. OB; therefore the circumferences of circles are as their 
radii. 

By a construction and course of reasoning entirely similar, it 
may be demonstrated that the surfaces of circles are as the 
squares of their radii. 

We shall not enter into further details upon this proposition, 
which is indeed a corollary from the next. 

288. Corollary. Similar arcs AB, DE {fig. 166), are as Fig 166. 
their radii AC, DO; and similar sectors ACB, DOE, are as the 
squares of their radii. 

For, since the arcs are similar, the angle C is equal to the 
angle O (163) ; now, the angle C is to four right angles as the 
arc AB is to the entire circumference described upon the radius 
AC (122), and the angle O is to four right angles as the arc DE 
is to the circumference described upon the radius OD; there- 
fore the arcs AB, DE, are to each other as the circumferences 
of which they are respectively a part ; and these circumferences 
are as the radii AC, DO ; therefore 

arc ABiarcDEiiAC: DO. 

For the same reason the sectors ACB, DOE, are as the entire 
circles ; but the entire circles are as the squares of theix radii ; 
therefore 

9e€t. ACB : «ccf. DOE ::AC: DO. ^ 
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THEOREM. 

289. The area of a oirde is equal to theproduct (^its cbrcum' 
ference by half (^ the radius. 

Demonstration, Denotlhg by surf. CA the surface or area 
of a circle whose radius is CA, we say that 

suff. CA = iiCA X circ. CA. 
V\g.iei U ^CAx circ. CA {fig. 167) be not the area of the circle of 
which CA 4s the radius, this quantity will be the measure of a 
circle either greater or less. Let us suppose, in the first place, 
that it is the measure of a greater circle, and that, if it be possi- 
ble, \CA X circ. CA = surf. CB. 

About the circle, of which CA is the radius, circumscribe a 
regular polygon DEFG^ &c., the sides of which shall not meet 
the circumference of the circle whose radius is CB (S85) ; the 
surface of this polygon will be equal to its perimeter 

DE + £jP + FG + &c., 
multiplied by ^AC (280). But the perimeter of the polygon is 
greater than that of the inscribed circle, since it encloses it on 
all sides ; consequently the surface of the polygon DEFGy &c. 
is greater than \AC X circ. AC, which, by hypothesis, is the 
measure of the circle, of which CB is the radius ; hence the 
polygon would be greater than the circle ; but it is less, sin^e it 
is contained within it ; therefore it is impossible that 

iCAx circ. CA 
should t)e greater than surf. CA^ or, in other words, it is impos- 
sible that the circumference of a circle multiplied by half of the 
radius should be the measure of a greater circle. 

Again, this same product cannot be the measure of a less cir- 
cle ; and, not to change the' figure, I will suppose that the circle 
I iflL question is that whose radius is CB; it is to be proved, then, 
that \CB X circ. CB cannot be the measure of a less circle, of 
the circle, for example, whose radius is CA.. Let us suppose, if 
it be possible, that \CB x circ. CB = swrf. CA. 

The same construction being supposed as above, the sur&ce 
of the polygon DEFG^ &c. will have for its measure 

{DE + EF+FG + &c.)xiCA; 
but the peruneter DE + EF+FG + &c., is less thaii drc. CB, 
which encloses it on all sides ; heipce the area of the polygon is 
less than \CA X circ. CB, and, for a still stronger reason, less 
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than ^CB X circ. CB. This last quantity is, by hypothesis, the 
measure of the circle of which CA is the radius ; consequently 
the polygon would be less thsm the inscribed circle which is 
absurd; it is impossible, then, that the circumference of a circle 
multiplied by half of the radius should^e the measure of a less 
circle. 

Therefore the circumference of a circle multiplied by half of 
the radius, is the measure of this circle. 

290. Corollary i. The surface of a sector is equal to the arc 
of this sector multiplied by half of the radius. 

For the sector ACB (fig. 168) is to the entire circle, as the Fig. 168 
arc wjJUS is to the entire circumference ABD (125), or as 
AMB xiACia to ABB X iAC. But the entire circle is equal 
to ABD X ^C; therefore the sector ACB has for its measure 
AMB X iAC. 

29 1 . Corollary ii. Since the circumferences of circles are as 
their radii, or as their diameters, calling ir the circumference of 
a circle whose diameter is one, we have this proportion ; the 
diameter of a circle 1 is to its circumference tr, as the diameter 
2CA is to the circumference of a circle whose radius is CA, 

or !:«•:: 2CA : circ. CA; 

hence circ. CAz^2'gx CA. 

Multiplying each member by ^CA^ we have 

\CA X circ. CA = iexCA, 

or surf. CA = ieX CA; 

therefore, the surface of a circle is equal to the product of the 
square of the radius by the constant number «, which represefi^^; 
the circumference of a circle whose diameter is \^ or the ratio <f 
the circumference to the diameter. 
In like manner, the surface of a circle, whose radiua is Oj8, is 

2 

equal to * X OB. But 

^XCA:ntxOB::CA:OB; 
therefore, the surfaces of circles are to each other as the squares 
of their radii, which agrees with the preceding theorem. 

292. Scholium. We have already said, that the problem of 
the quadrature of the circle consists in finding a square equal in 
surface to a circle whose radius is known ; now we have just 
shown that a circle is equivalent to a rectangle contained by the 



94 Elemenis of Geometry. 

circumference and half of the raditis, and this rectangle is 
changed into a square by finding a mean proportional between 
its two dimensions (243). Thus the problem of the quadrature 
of the circle reduces itself to finding the circumference, when the 
radius is known ; and, for this purpose, it is sufficient to know 
the ratio of the circumference to the radius or to the diameter. 

Hitherto we have not been able to obtain this ratio except by 
approximation ; but the process has been carried so far, that a 
knowledge of the exact ratio would have no real advantage over 
the approximate ratio. Indeed, this question, which occupied 
much of the attention of geometers, when the methods of approx- 
imation were less known, is new ranked among those idle ques- 
tions which engage the attention of such only as have scarcely 
attained to the first principles of geometry. 

Archimedes proved that the ratio of the circumference to the 
diameter is comprehended between 3|^ and 3|f ;'thus 3^ or ^ 
is a value already approaching very near to the number, which 
we have represented by * ; and this first approximation is much 
in use on account of its simplicity. Metius gave a much nearer 
value of this ratio in the expression f f f . Other calculators have 
found the value of ir, developed to a certain number of decimals, 
to be 3,141592653589793?, &c.,and some have had the patience 
to extend these decimals to the hundred and twenty-seventh, and 
even to the hundred and fortieth. Such an approximation may 
evidently be taken as equivalent to the truth, and the roots of 
imperfect powers are not better known. 

We shall explain, in the following problems, two elementary 
methods, the most simple, for obtaining these approximations. 

PROBLEM. 

293. The surface of a regular inscribed polygon and that of a 
similar circumscribed polygon being given^ to find the surfaces 
of regular inscribed and circumscribed polygons of double the 
number of sides. 
ng. 169. Solution. Let AB (fig. 169) be the side of a given inscribed 
polygon, EF parallel to AB that of a similar circumscribed 
polygon, C the centre of the circle ; if we draw the chord AM^ 
and the tangents AP^ jBQ, the chord AM will be the side of an 
inscribed polygon of double the number of sides, and PQ double 
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of PM will be that of a similar circumscribed polygon (277) ; 
and, as the different angles of the polygon equal to .^CJIf will 
admit of the same construction, it is sufficient to consider the 
angle .t^CJIf only, and the triangles here contained will be to 
each other as the entire polygons. Let A be the surface of the 
inscribed polygon whose side is AB, B the surface of a similar 
circumscribed polygon. A* the surface of a polygon whose side 
is AMj B' the surface of a similar circumscribed polygon. A 
and B are known, and it is proposed to find A^ and B\ 

1. The triangles ACDy ACM, the common vertex of wl^ch is 
Ay are to each other as their bases CD, CM; moreover, these 
triangles are as the polygons A and A', of which they are re- 
spectively a part ; hence 

A:A' :.CD: CM. 
The triangles CAM, CME, the common vertex of which is M, 
are to each other as their bases CA, CE; these same triangles 
are also as the polygons A^ and B, of which they are respect- 
ively a part ; hence 

A':B::CA: CE. 
But, on account of the parallels AD, ME, 

CD: CM:: CA.CE; 
therefore A:A! x:A' :B; 

that is, the polygon A', one of those which is sought, is a mean 
proportional between the two known polygons A and B ; conse- 
quently A' =-^ji'xB. 

2. On account of the conunon altitude CM, the triangle CPM 
is to the triangle CPE as PM is to PE; but, as the line CP 
bisects the angle MCE (201), 

PM:PE:: CM:CE::CD: CA or CM:: At A'; 
hence CPM : CPE ::A:A', 

and CPM: CPM+CPEot CME::A:A + A'; 
also 2CPMor CMPA : CME ::2A:A + A\ 

But CMPA and CME are to each other as the polygons B* and 
B, of which they are respectively a part ; we have, then, 

B' :B::2A:A + A\ 
Now A^ has already been determined ; and this new proportion 
will give the determination of J3^ namely, 

therefore, by means of the polygons A and ^, it is easy to find 
the polygons A' and £% which have double the number of sides. 



96 Elemeni9 of GwrnAry* 

PROBLEM. 

294. To find the approximate ratio of the drcuniferenoe of a 
circle to its diameter. 

Solution. Let the radius of the circle be = 1, the side of the 
inscribed square will be ^ (^70), that of the circumscribed 
square will be equal to the diameter 2 ^ hence the surface of the 
inscribed square = 2, and that of the circumscribed square = 4. 
Now, if we make w3 = 2, and B = 4, we shall iBnd, by the pre- 
ceding problem, the ifiscrilied bctagon A' = ^= 298284271, and 

the circumscribed octagon B' = ^=: 3,3137085. Knowing 

2+^8 

thus the inscribed and circumscribed octagons, we can find, by 
means of them, the polygons of double the number of sides ; we 
now suppose A = 2,8284271, B = 3,3137085, and we shall have 

A' = ^^B = 3,0614674, and B' = ^^ = 3,1825979. These 

polygons of 16 sides will serve to jfind those of 32 sides; and we 
may proceed in this manner, till there is no difference between 
the inscribed and circumscribed polygons, at least for the num- 
ber of decimals to which the calculation is carried, which, in this 
example, is seven. Having arrived at this point, we conclude 
that the circle is equal to the last result, for the circle must 
always be comprehended between the inscribed and circum- 
scribed polygons ; therefore, if these do not differ from each 
other for a certain number of decimals, the circle will not differ 
from them for the same number. 

See the calculation of these polygons continued till they give 
the same result for the seven first decimals. 

Number of sides. Inscribed polygon. Circomseribed polygon. 

4 2,0000000 4,0000000 

8 2,8284271 . 3,3137085 

16 3,0614674 3,1825979 

32 3,1214451 3,1517249 

64 3,1366485 3,1441148 

128 3,1403311 3,1422236 

256 3,1412772 3,1417504 

51% 3,1415138 3,1416321 

1024 3,1415729 3,1416025 

2048 3,1415877 3,1415951 

4096 3,1415914 3,1415933 

8192 3,1415923 3,1415928 

16384 3,1415925 3,1415927 

32768 3,1415926 3,1415926 
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Hence we conclude that the surface of the circle =t: 3,1415926« 
There might be some doubt with respect to the last decknal, 
on account of the error arising from the parts neglected ; .but we: 
have extended the calculation to one decimal more, in order 
to be assured of the correctness of the above result to the last 
figoBe. 

Since the surface of a circle is equal to the product of the 
semieircumference by the radius, the radius being 1, the semi- 
circumference witt be 3,1415926; or, the diameter being 1, the 
circumference will be 3,1415926 ; therefore the ratio of the 
circumference to the diameter, above denoted by «*, is equal to 
3,1415926. 

LEMMA. 

295. The triangk CAB {fig. 170) is equwatent to the isosceka Vig no 
tricmgk DCE, which has the same angle C, and of which the sUe- 
CE equal to CD is a mean proportional between CA and CB. 
Moreover J if the an^ CAB is a right angle, the perpendicular CF, 
letfaU upon the base of the isosceles triangle, wiU be a mean pr4h 
portional between the side C A and the ha^ sum of the sides C A, CB. 

DemaMtration* 1. On account of the common angle C, the 

triangle ABC is to the isosceles triangle DCE qaACx CM vs. 

— ^ 
to DC X CE or DC (216) ; consequently these triangles are 

.1. ..g 
equivalent, when DC==:AC X CB, or when I>C is a mean pro- 
portional between AC arid CB. 
2. As the perpendicular CGP bisects the angle ACB, 

AG I GB II AC .CB (201), 
whence, by composition, 

AG : AG+ GB or AB :: AC : AC +CB; 
but AG :ABi: triangle ACG : triangle ACB or2CDF; 
moreover, if the angle Ais o. right angle, the right-angled,triati- 
gles ACG, CDF, are similar; whence 

ACG I CDF:: AC: CF; 

or ACG:2eDF::AJC:2CF; 

therefore AC:2CF-AC:AC+CB. 

tf we multiply the two terms of the second ratio by AC, the an- 
tecedents will becoine equal, and we shall consequently have 

2CF:r:A0 X (AC + CB), or CF^AC x (^— )^ 

GfiOM. 13 
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therefore, if the angle AisB, right angle, the perpendicular CF 
is a mean proportional between the side AC and half the sum of 
the sides ACy CB. 

PROBLEM. 

396. To find a circk which shall differ as littk aswepkaee 
from a given regular polygon. 

SohUion. Let there be given, for example, the square BMNP 
»i8.17i. {fig. 171); let fall from the centre C the perpendicular CA 
upon the side JMB, and join CB. 

The circle described upon the radius CA is inscribed in the 
square, and the circle described upon the radius CB is circum* 
scribed about this square ; the first will be less than the square, 
and the second will be greater ; it is proposed to reduce these 
limits. 

Take CD and C£, each equal to a mean proportional between 
CA and CB, and join ED; the isosceles triangle CDE will be 
equivalent to the triangle CAB (295) ; let the same be done with 
respect to each of the eight triangles which compose the square, 
and there will be formed a regular octagon equivalent to the 
square BMKP. The circle described upon CF^ a mean pro 

CA A- CB 

portional between CA and — ~ — , will be inscribed in the octa- 
gon ; and the circle described upon CD, as a radius, will be cir- 
cumscribed about it. Thus the first will be less, and the second 
greater, than the given square. 

If we change, in the same manner, the right-angled triangle 
CDF into an equivalent isosceles triangle, we shall form in this 
way a regular polygon of sixteen sides equivalent to the proposed 
square. The circle inscribed in this polygon will be less than 
the square, and the circle circumscribed about it will be greater. 

We can proceed in this manner till the ratio between the ra- 
dius of the inscribed circle and that of the circumscribed circle 
shall differ as little as we please fi'om equality. Then either of 
these circles may be regarded as equivalent to the proposed 
square. 

397. Scholium. To exhibit the result of this investigation of 
the successive radii, let a be the radius of the circle inscribed in 
one of the polygons, and b the radius of the circle circumscribed 
about the same polygon ; and let a'y Vy be similar radii to the 
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next polygon of double the number of sides. According to what tias 
been demonstrated, 2/ is a mean proportional between a and 6, and 

o' is a mean proportional between a and ^^^ 5 so that we have 

i" = yo<l, and a' = Ux ^Y" ' 

hence, the radii a and h of one polygon being known, the radii 
cfy b', of the following polygon are easily deduced ; and we may 
proceed in this manner till the difference between the two radii 
fshall become insensible ; then either of these radii may be taken 
for the radius of a circle equivalent to the proposed square dr 
polygon. 

This method may be readily applied to lines, since it consists 
in finding successive mean proportionals between known lines ; 
but it succeeds still better by means of numbers, and it is one of 
the most convenient, that elementary geometry can furnish, for 
finding expeditiously the approximate ratio of the circumference 
of a circle to its diameter. Let the side of the square be equal 
to 2, the first inscribed radius CA will be 1, and the first circum- 
scribed radius CB will be ^or 1,4142136. Putting, then, a = 1, 
and b = 1,4142136, we shall have 

ft' = yo<l = ^1 X 1,4142136 — 1,1892071 ; 



I a + b I 1 + M142136 

«' = J « X -V" =>| * "^ 2 l'^996841. 

These numbers may be used in calculating the succeeding ones 
according to the law of continuation. 

See the result of this calculation extended to seven or eight 
^ures by means of a table of common logarithms. 

.Radii of the circumscribed circles. Radii of the inscribed circlet 

1,4142136 1,0000000. 

1,1892071 1,0986841. 

1,1430500 1,1210863. 

1,1320149 1,1265639. 

1,1292862 1,1279257. 

1,1286063 1,1282657. 

The first half of the figures being now the same in both, we 
can take the arithmetical instead of the geometrical means, since 
they do not differ from each other except in the remoter deci 
mals {Mg. 102). The operation is thus greatly abridged, and 
the results are. 
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1,1284360 1,1383508. 

1,1283934 1,1283721. 

1,1283827 1,1283774. 

1,1283801 1,1283787. 

1,1283794 1,1283791. 

1,1283792 1,1283792. 

Hence, 1,1283792 is very nearly the radius of a circle equal 
in surface to a square whose side is 2. From this it is easy to 
find the ratio of the circumference of a circle to its diameter ; 
for it has been demonstrated that the surface of a circle is equal 
to the square of the radius multiplied by the number * ; there- 
fore, if we divide the surface 4 by the square of 1,1283792, we 
shall have the value of v equal to 3,}4i5926, &c„ as determlhed 
by the other method. 



Appendix to the Fourth Section. 
DEFimxiom. 

298* Among quantities of the same kind, that which is greatest 
is called a maximum; and that which is smallest, a minimum. 

Thus the. diameter of a circle is a m>0iximum among all the 
straight lines drawn from one point of the circumference to 
another, and a perpendicular is a minimum among all the straight 
lines drawn from a given point to a given straight line. 

299. Those figures which have equal perimeters are called 
iaoperimetricdl figures. 

THEOREM, 

300. Among triangles of the same base and the same perimeter y 
that is a maximum in which the two undetermined sides are equal. 

Fiff- !•»• Demonstration. LetAC=z CB (fig. 172), and 

AM+MB = AC+CB; 
the isosceles triangle ACB will be greater than the triangle 
AMB of the same base and the same perimeter. 

From the point C, as a centre, and with the radius CA = CB, 
describe a circle meeting CA produced in D ; joinDJB; and the 
angle DBA, inscribed in a semicircle, is a right angle (128). Pro- 
duce the perpendicular DB towards JV, and make MN^^MB^ 
and join AJV. From the points M and C let fall upon DJST the 
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perpendiculars MP and CG. Since CB = CA a^d MN^MB, 
AC +CB=zAD, Bad AM+ MB = AM +MJSr. But 

consequently wSD = AM+ MJV; therefore AD > AJV. 

Now, if the oblique line AD is greater than the oblique line 
AJSr, it must be at a greater distance from the perpendicular AB 
(52) 5 hence DB^BJ^, and BG the half I>JS is greater than 
BP the half BJV. But the triangles ABC, ABM, which have 
the same base AB, are to each other as their altitudes BG,BP ; 
therefore, since BG^ BP, the isosceles triangle ABC is greater 
than the triangle ABMoi the same base and same perimeter 
which is not isosceles. 

THEOREM. 

301. Among polygons of the same perimeter, and of the same 
number of sides, that is a maximum which has its sides equal. 

Demonstration. Let ABCDEF (fig. 173) be the maanmmn Fig.ns. 
polygon; if the side BC ia not equal to CD, make^ upon the 
base BD, an isosceles triangle BOD, having the same perimeter 
as BCD, the triangle BOD will be greater than BCD (300), 
and, consequently, the polygon ABODEF will be greater than 
ABCDEF; this last, then, will not be a maximum among all 
those of the same perimeter and the same number of sides, which 
is contrary to the supposition. Hence JBC must be equal to CD; 
and, for the same reason, we shall have CD = DE, DE = EF, 
&c. ; therefore all the sides of the maximum polygon are equal 
to each other. 

PROBLEM. 

302. Of all triangles formed with two given sides making any 
angle at pleasure with each other, the maximum is that in whidh 
the two given sides make a right angle. 

Demonstration. Let there be the two triangles BAC, BAD 
{fig. 174), which have the side AB common, and the side Fig.174.- 
AC = AD ; if the angle BA C is a right angle, the triangle BA C 
will be greater than the triangle BAD, in which the angle A is 
acute or obtuse. 

For, the base AB being the same, the two triangles BAC, 
BAD, are as their altitudes AC, DE. But the perpendicular 
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DE is less than the oblique line AD or its equal AC ; therefore 
the triangle BAD is less than BAC. 

THEOREM. 

303. Of all polygons formed of given sideSj and one side to be 
taken of any m>agnitude at pleasure^ the maximum must he such 
that all the angles may be inscribed in a semicircle of which the 
unknown side shall be the diameter. 

Fiff. 175. Demxmstration. - Let ABCDEF {jig. 175), be the greatest of 
the polygons formed of the given sides ABy BC^ CDj DE, JEJF, 
and the side AF taken at pleasure ; draw the diagonals AD, DF. 
If the angle ADF is not a right angle, we can, by preserving the 
parts ABCD,DEFy as they are, augment the triangle ADF, and 
consequently the entire polygon, by making the angle ADF a 
right angle, according to the preceding proposition ; but this 
polygon can no longer be augmented, since it is supposed to have 
attained its maximum; therefore the angle ADF is already a 
right angle. The same may be said of the angles ABF, ACF, 
AEF; hence all the angles A, B, C, D, E, F, of the maximum 
polygon are inscribed in a semicircle of which the undetermined 
side AF is the diameter. 

304. Scholium. This proposition gives rise to st question, 
namely, whether there are several ways of forming a polygon 
with given sides and one unknown side, the unknown side being 
the diameter of the semicircle in which the other sides are in- 
scribed. Before deciding this question, it is proper to observe 
that, if the same chord AB subtends arcs described upon differ- 

Fig. 176. ent radii AC, AD (fig. 176), the angle at the centre subtended 
by this chord will be least in the circle of the greatest radius ; 
thus ^ CJ5 < ADB. For ADO =:ACD+ CAD (63) ; therefore 
^CJD<,4D0,and, each being doubled, we haYeACB<CADB. 

THEOREM. 

305. There is but one way of forming a polygon ABCDEF, 
Fig. 175. {fig. 175) with given sides and one side unknown, the unknown side 

being the diameter of the semicircle in which the others are inscribed. 

Demonstration: Let us suppose that we have found a circle 

which satisfies the question ; if we take a greater circle, the 

chords AB, BC, CD, &c., answer to angles at the centre that are 
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smaller. The sum of the angles at the centre will accordingly 
be less than two right angles ; thus the extremities of the given 
sides will not terminate in the extremities of a diameter. The 
contrary will occur if we take a smaller circle ; therefore the 
polygon under consideration can be inscribed in only one circle. 

306. SchoUum, We cap change at pleasure the order of the 
sides ^B, BC, CD, &c., and the diameter of the circumscribed 
circle will always be the same, as well as the surface of ihe pol- 
ygon ; for, whatever be the order of the arcs AB^ BC^ CDy &c., 
it is sufficient that their sum makes a semicircumference, and the 
polygon will always have the same surface, since it will be equal 
to the semicircle, minus the segments AB^ BC^ CD^ &c., the 
sum of which is always the same. 

THEOREM. 

307. Of aU polygons formed of given sides^ the maximum is 
thai which can be inscribed in a circle. 

Demonstration. Let ABCDEFG {fig. 177) be an inscribed Fig.iT?. 
polygon, and abcdefg one that does not admit of being in- 
scribed, having its corresponding sides equal to those of the 
former, namely, a 6 = AB^ bcz^BC^ cd=: CD, &c. ; the in- 
scribed polygon will be greater than the other. 

Draw the diameter EM, and join AM, MB ; upon a 6 = AB 
construct the triangle abm equal to ABM, and join e m. 

According to what has just been demonstrated (303), the poly- 
gon EFGAM is greater than efgam, unless this last can also 
be inscribed in a semicircle having em for its diameter, in which 
case the two polygons would be equal (305). For. the same 
reason the polygon EDCBM is greater than edcbm, with the 
exception of the case in which they are equal. Hence the entire 
polygon EFGAMBCDE is greater than efgambcde, unless 
they should be in all respects equal ; but they are not so (161)j 
since one is inscribed in a circle, and the other does not admit - 
of being inscribed ; therefore the inscribed polygon is greater 
than the other. Taking from them respectively the equal trian- 
gles ABM, abm, we have the inscribed polygon ABCDEFG 
greater than the polygon not inscribed abed efg. 

308. Scholium. It may be shown, as in art. 305, that there 
is onlv one circle, and consequently only one maximium polygon 
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which satisfies the question ; and this polygon will still have the 
same surfiice, whatever change be made in the order of the sides. 



THEOftEM. 

309. Among polygons of the same perimeter and the same 
number of sides j the regular polygon is a maximum. 

Demonstration. According to art. 301, the maximum poly- 
gon has all its sides equal ; and, according to the preceding the- 
orem, it is such that it may be inscribed in a circle ; therefore it 
is a regular polygon. 

LEMMA. 

310. Two angles at the centre, measured in two d^erent cir- 
cles, are to each other as the contained arcs divided by their radii ; 

Fig. 178. that is, the angle C : angle 0:z the ratio ^ : ^ {Jig. 178). 

Demonstraticn. With the radius OjP equal to .4 C, describe 
the arc FG comprehended between the sides OD, OE, produced ; 
on account of the equal radii AC, OF, 

C : O :: AB : FG {l22),OT ::^ :^. 

But, on account of the similar arcs FG, DE, 

FGiDEiiFOiDO (288) ; 

hence the ratio jq- is equal to the ratio -^g; therefore 

pi p. AB DE 



THEOREM. 

311. O/* two regular isoperimetricdl polygons, that is the 
greater which has the greater nurhber of sides. 
Fig. 179. Demonstration. Let DE (fig. 170), be half of a side of one 
of these polygons, O its centre, OE a perpendicular let fall from 
the centre upon one of the sides ;* let AB be half of a side of the 
other polygon, C its centre, CB a perpendicular to the side let 
fall from the centre. We suppose the centres O and C to be 

* This perpendicular is called in the original apothSme. No Eng- 
lish word has been adopted answering to it 
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situated at any distance OC, and the perpendiculars OJS, CJS,in 
the direction OC; thus DOE and ACB will be the semiangles 
af the centre of the polygons respectirely } tod, as these angles 
are not equal, the lines C^, 0X>, being produced, will meet in 
some point F; from this point let fall iipon OC the perpendicu- 
lar JPG; from the points O and C, as centres, describe the arcs 
G/, GH, terminating in the sides OF, CF. 
This being done, we have, by the preceding lemma, 

^ ' ^ " OQ ' CO ^ 

but DE : perimeter of the first polygon : : O : four right angles, 
and AB : perimeter of the second polygon : : C : four right an- 
gles ; bence^ the perimeters of the polygon being equal, 

DE'.ABiiO: Cy , 

ot DE:AS:.^:^. 

Multiplying tde antecedents by 06^ and the consequents by CG, 
we have DE X OG :AB X CG :: GIz GH. 

But the similar triangles ODEj OFG, give 

OE'.OGi'.DE : FG, 
whence DExOGzuOE x FG; 

in like manner ABxCG:=i CB x FG; 
consequently OExFG: CB xFGnGIi GH, 
or OE'.CB'.'.GIiGH. 

If, therefore, it is made evident that the arc GI is greater, than the 
arc GjBT, it will follow that the perpendicular, OE is greater than 
CB. 

On the other side of CF let there be constructed the figure 
CKsH eqtial to CGXy so that we may have CK= CG^ the angle 
HCJSr= UCG, and the afc Kai=ixG; the curve Kx G en- 
closing the arc KHG will be greater than this arc (283). Hence 
GsH half of the ctrve is gi'edter thsCn GJffhalf of the arc; there- 
fore, fot a still stronger resison, GI is greater than GH, 

It follows fronti this, that the perpendictilaf OE is greater than 
CB; but the two polygons, having the saime perimeter are to 
each other as these perpendiculars (280) ; therefore the polygon, 
which has for its half side DF, is greater than that which has 
foi" its half side AB. The first hacf the greater number of sides, 
since its angle at the centre is less ; therefore, of two regular 
isoperimetrical polygons, that is the greater which has the greater 
number of sides. 

Geom. 14 
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THEOREM. 

312. The drck is greater than any polygon (^ the same pe- 
rimeter. 

Demonstration. It has already been proved that, amoBg poly- 
gons of the same perimeter and the same number of sides, the 
regular polygon is the greatest ; the inquiry is thus reduced ta 
comparing the circle with regular polygons of the same perime- 
Fig. 180. ter. Let AI{fig. 180) be the half side of any regular polygon, 
and C its centre. Let theie be, in the circle of the same perim- 
eter, the angle DOE=:JlCIy and consequently the arc J9C 
equal to the half side AI; 

the polygon P : circle C : : triangle A CI : sector ODE^^ 
hence P: C:: ^AIx CI: ^DE xOE:: CI: OE. 
Let there be drawn to the point E the tangent EO meeting OD 
produced in G ; the similar triangles ACI^ GOEy give the pror 

portion 

CI:OE:: Alor DE : GE; 
therefore 

P : C : : DE : GE :: DE X iOE : GE X ^OE; 

that is, P: C:: sector DOE : triangle GOE; 

but the sector is less than the triangle ; consequently jP is less 
^ than C; therefore the circle is greater than any polygon of the 
same perimeter. 
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PART SECOND. 



SECTION FIRST. 
Of PUm^ and SoHd Angles^ 

4 

DEFimrioj^s. 

313. A STRAIGHT line is perpendicular to a pUme, when it is 
perpendienlur to «Teiry straight line in the plane which passes 
through the foot of the perpendicular (S36). Reciprocally^ tb# 
plahe, in this case, is perpendicular to the line. 

Ti^foct of the perpendicular is the point in which the pei^ii^ 
dicular meets the plane. 

314. A line is paraUd to aplane^ when, each bei^ produced 
erer so far, thejr do not meet. Also the plane, in this case, is 
parallel to the line. 

315. Two planes are parallel^ when, being produced ever so 
far, they do not meet. 

316. It will be demonstrated, art. 324, that the common inter- 
secticm of two planes, which meet each other, is a straight line« 
This being premised, the angle^ or the mutual indination nf tf/06 
planeSf is the quantity, whether greater or less, by which they 
depart from each other ; this quantity is measured by the angle 
contained by two straight lines drawn from the same point per* 
pendicularly to the common intersection, the one being in one 
of the planes, and the other in the other. 

This angle may be acute, right, or obtuse. 

317. If il in right, the two planes are perpendicuhar to each 
other. 

318^ A eeUd ongfe is the angular space comprehended be* 
tween several planes which meet in the same point. 

Thus the solid angle 5 {fig. 199) is formed by the meeting of Fig. 199 
the planes ASB, BSC, CSD, DSA. 

it requires at feast three plaites to form n solid angle* 
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THEOREM^ 

319. One part of a straight line cannot be in a plane^ and 
another part tuithauf it. 

Demonstration. By the definition of a plane (6) a straight 
lin§, which has two points in common with the plane, lies wholly 
in that plane. 

320. Scholium. In. prder to d^^rmine whether a surface is 
plane, it is necessary to apply a straight line in dijferent direc- 
tions to this surfac^i and see if it touches the surface in its whole 
extent. 

t 

THEOREM. 

321. Two straight lines whid^ cut each other are in the same 
planef and d^emUne its position. 

F!g. 181. Demonstration. Let AB^ AC {Jig. 181),.be two straight lines 
which cut each other in A, Conceive a plane to pass through 
ABf and to be turned about AB^ imtil it passes through the point 
C; then, two points j2 and C being in the plane, the whole line 
•^C is in this plane ; therefore the positicm of the plane is detOF- 
mined by the condition of its containing the two lines ABy AC. 

322. Corollary i. A triangle ABC^ or three points A, B, C, 
not in the same straight line, determine the position of a plane. 

Fig, 182. 323. Corollary n. Also two parallels AB, CD {fig. 182), 
determine the position of a plane ; for, if the line EF be drawn, 
the plane of the. two' straight lines AE, EF, will be that of the 
parallels AB, CD. 

TlfEOREM. 

324. ff two planes cut each other ^ their common interse^ion i$ 
a straight line. 

Demonstration. If, among the points common to the two 
plafies, there were three not in the same straight line, the two 
planes in question, passing each through these three points, would 
makd only oi^ and the spme plane, which is contrary to the sup- 
position. 

THEOREM. 

Fi9 183. 325. y a straight tine AP {fig. 183) is perpendicular to two 
others PB, PC, which intersect each other at Us foot in the plane 
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MN, it wiU be perpendicular to every other straight line PQ 
drawn through its foot in the same plane^ and thus it will be per- 
pendicular to the plane MN. 

Demonstration. Through a point Q, taken at pleasure in PQ, 
draw the straight line JBC in the angle BPC, making J3Q = QC 
(242); jomJiByA%AC. 

The base BC being bisected at the point Q, the triangle BPC 
will give 

PC+PB = 2PQH-2QC(194). 
The triangle BAC will give, in like manner, 

Jc+A]S=z%di+2qc. 

If we subtract the first equation fi*om the second, and recollect 
that the triangles APC^ APB^ each right-angled at P, give 



AC— PC = APy AB—PB = AP, we shall have 

AP + AP=z2Aq—2Pq; 
or, by taking half of each member, 



AP=Aq-pq; 

nence AP + JPq = Jq ; 

therefore the triangle wJPQ is right-angled at P (193), and AP 

is perpendicular to PQ. 

326. Scholium. It is evident, then, i)ot only that a straight 
line may be perpendicular to all those which pass through its 
foot in the plane, but that this happens whenever the line in 
question is perpendicular to two straight lines drawn in the 
plane; hence the propriety of the definition, art. 313. 

327. CoroUary i. The perpendicular AP is less than any 
oblique line A^; therefore it measures the true distance of a 
point A fitmi the plane PQ. 

328. CoroUary ii. Through any given point P in a plane, 
only one perpendicular can be drawn to this plane; for, if there 
could be two, a plane being supposed to pass through them, in- 
tersecting the plane JlfJVin PQ, tlie two perpendiculars would 
be perpendicular to the line PQ at the same point, and in the 
same plane, which is impossible (50). 

It is also impossible to let fall from a given point, without a 
plane, two perpendiculars to this plane ; for, letAPfA% be these 
two perpendiculars, then the triangle APQ would have two right 
angles wiPQ, AQPj which is impossible. 
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THEOREM. 

329. Oblique lines equally distant from the perpendicular are 
equal; and of two oblique lines unequally distant from the per^ 
pendicular^ that which is at the greater distance is the greater. 

Fig.isi. Demonstration. The angles APB, APC, APD {fig. 184), 
being right angles, if we suppose the distances P5, PC, PD^ 
equal to each other, the triangles APB^ APCy APDj have two 
sides and the included angle respectively equal ; they are conse- 
quently equal ; therefore the hypothenuses, or the oblique lines 
AB, ACy ADy are equal to each other. Likewise, if the distance 
PE is greater than PD or its equal PJ?, it is evident that the 
oblique line AE will be greater than AB or its equal AD. 

330. Corollary. All the equal oblique lines AB^ A C, AD^ &c., 
terminate in the circumference of a circle BCD described about 
the foot of the perpendicular P, as a centre ; therefore, a point 
A without a plane being given, to find the point P where the 

' perpendicular A meets this plane, take three points B, C, D, 
equally distant from the point A^ and find the centre of the circle 
which passes through these points ; this centre will be the point 
P required. 

331. Scholium. The angle ABP is called the inclination of 
the obliqfie line AB to the plane MN. It is manifest that this in- 
clination is the same for all the oblique lines AB^ ACy AD, <fec., 
which depart equally from the perpendicular ; for all the trian- 
gles ABP, ACP, ADP, &c., are equal. 

THEOREM. 

Fiff.186. 332. Let AP {fig. 185) be a perpendicidar to the plane MN, 
and BC a line situated in this plane; if, from the foot P of tlie 
perpendicular, a line PD be drawn perpendicular to BC, and AD 
be joined, AD wUl be perpendicular to BC. 

Demonstration. Take DB = JOC, and join PB, PC, AB, AC. 
Since DBz=iDC, the oblique line PB=:PC; and, because 
PB = PC, the oblique lines AB, AC, considered with reference 
to the perpendicular AP, are equal (329) ; hence the line AD 
has two points A and D each equally distant fi'om the extremities 
B and C; therefore AD is perpendicular to BC (65). 

333 Corollary. It will be seen, at the same time, that BC 
is perpendicular to the plane APD, since BC ia perpendicular 
at the same time to the two straight lines AD and PD. 



Of PUtnes and SMa Jingles. Ill 

^34.. Sdniimn. ThetwoliAeswiE^BC, present an example 
of two lines which da not meet, because they are not situated in 
the same ^ne» The least distance of these lines is the straight 
line Pi>, which is «t the same time perpendicular to the line.^ 
and to the line BC. The distance PD is the shortest ; because, 
if we join two other points, as A and B, we shall have AB^ADj 
AD^FDy and, for a still stronger reason, AB^PD. 

The two lines AE^ Cfi, although not situated in the same 
plane, are considered as making a right angle with each other, 
because AE and a Une drawn through any point in it parallel to 
BCf would make a rigbt angle with each other. In like manner, 
the line AB and the line PD^ which represent two straight lines 
not situated in the same plane, are considered as making the 
same angle with cAch other, as is made by AB and a Hne paral- 
lel to PD drawn through some point in AB. 

THEOREM. 

336. ^ the Kn$ AP (fig. 185) is perpendicular to the plans Fig. i86. 
MN, every line D£ parallel to AP wiU be perpendicular to the 
sams plane. 

DeimmiSlrafuMi. Let there be a plane passing through the 
parallels wiP, DE, interseeting the plane MJV in PD; in the 
plane JICV draw BC perpendicular to FD, and join AD. 

AcGOiding toi the corollary of the preceding theorem^ JfCiy 
perpendicular to the plana APDE ; consequently the angle BDE 
is a right angle ; but the angle EDP is also a right angle, since 
AP is perpendicular to PD^ and DE is parallel to AP (73) ; 
hence the line DE is perpendicular to each of the lines DP. 
DB; therefore it is perpendicular to the plane MN passing 
through them (326). 

336. Corollary i. Conversely, if the straight lines AP, t)E^ 
are perpendicular to the same plane MJV, they will be parallel ; 
for, if they are not, through the point D draw a line parallel to 
AP ; this parallel will be perpendicular to the plane MJV; con- 
sequently there would be two perpendiculars to the same plane 
drawn through the same point, which is impossible (328). 

337. CordUotry ii. Two lines A and B, parallel to a third C, 
aie paffailol taeach otiier; for, let there be a plane perpendieu 
lar to the line C, tfie line»wi and S parallel to this perpendSev^ 



Fig. 187. 



Fig. 188. 
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lar will be perpendicular to the same plane ; therefore, by the 
above corollary, they are parallel to each othen 

It is supposed that the three lines are not in the same plancw 
without which the proposition would already be known (77). 

THEOREM. 

338. ffthe etraight line AB {fig. 187) m poardUd to anothef 
straight line CD, drawn in the plane MN, it wiU be parallel to 
this plane. 

Demonstration. If the line ABj which is in the plane ABCD, 
should meet the plane J(£/V, this cui take place only in some 
point of the line CD^ the common intellection of the two planes ; 
now AB cannot meet CD^ because it is parallel to it ; conse- 
quently it cannot meet the plane MJ^; therefore it is parallel to 
this plane (314)* 

THEOREM. 

339. Tivo planes MN, Pd {fig. 188), perpendicular to the 
same straight line AB, are paraUd to each other. 

Demonstration. If they can meet, let O be one of the com- 
mon points of intersection, and join OA^ OB ; the line AB^'pex-' 
pendicular to the plane JlfAT, is perpendicular to the straight line 
OA drawn through its foot in this plane ; for the same reason, 
AB is perpendicular to BO ; hence Ow2, OB, would be two per- 
pendiculars let fall from the same point O upon the same straight 
line, which is impossible ; consequently the planes J1£Y, PQ, 
cannot meet ; thereforei they are parallel. 

THEOREM. 

Fig. 189. 340. The intersections EF, 6H {jig. 189), ^ two parallel 
planes MN, PQ, by a third plane FG, are parallel. 

Demonstration. If the lines £jP, GHf situated in the same 
plane, are not parallel, being produced they will meet ; conse- 
quently the planes MJV, PQ, in which they are, would meet j 
therefore they would not be parallel. 

THEOREM. 

Fiff. 188. 341. The line AB {fig. 188), perpendicular to the plane MN, 
is perpendicular to the plane PQ, parallel to the plane MN. 
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Ikftiumstratian. In the plane PQ draw tit }>leasare the line 
JBCf and through AB^ BCj suppose a plane ABC to pass inter-* 
iSecting the plane MJ^ in ADy the intersection AD will be par- 
allel to BC (340) ; but the litie AB^ perpendicular to the plane 
MATj is perpendicular to the straight line AD; consequently it 
will be perjiendicular to its parallel BC ; and, since the line AB 
is perpendicular to every line BC driiwn through the foot of it 
in the plane P% it follows that it is perpendicular to the plane 

342. The pardUde EG, FH (fig. 189), comprehended between F« 189 
two parallel planes MN, PQ, are equal. 

Demonstration. Through the parallels EG, FH suppose a 
plane EGHF to pasd meeting the parallel planes in £jP, GH. 
The intersections EF, GH^ are parallel (340) as well as ^6r, 
FH; consequently the figure EGHF is a parallelogram ; there- 
fore EG = FH. 

343. Corollary. It follows from this, that two parallel planes 
are throughout at the same distance from each other; for, if £Gr, 
FH, are perpendicular to the two planes MJVy /*Q, they are 
parallel to each other (335) ; therefore they are equal. 

fHEOIlEM. 

344. fftufo angles CAE, DBF {fig. 190), not in the same pUme, Rg.iga 
haoe their sides parallel, cmd directed the same way^ these angles 

wUl be equal, and their planes, wiU be parallel. 

Demonstration. Take AC zzz BD, AE = BF, and join CJS, 
DF, AB, CD, EF. Since AC is equal and parallel to BD, the 
figure ABDCy is a parallelogrlim (84) ; therefore CD is equal 
Cind pardlel to AB. For. a similar reason, EF is equal and par^ 
allel to AB; consequently CI> is also equal lUxd parallel, to £1^^^ 
hence the figut^e CEFD is a parallelogram, and thus the side 
CE is equal and parcdlel to DF; the triangles, then, CAE^ DBF, 
are equilateral with respect to each other ; therefore the single 

CM =1 DBF. 

Again, the plane ACE is parallel to the plane BDF; for, let 
us suppose the plane parallel to DBF, drawn through the point 
A^ to meet the lines CD, EF, in points different from C and E, 
for example^ in G and H ; then, according to article 342, the 

Geom. 16 
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three lines ABj Gl), FH, will be equal ; but the three JlB^ CD, 
EFy are also equal ; hence we should haye CD = ODj and 
FH=:FEy which is absurd ; therefore the plane ACE is paral- 
lel to BDF. 

346. Carottary. If two parallel planes MJV, PQ, are met 
by two other planes CABD, EABF, the angles GAE, DBFj 
formed by the intersections in the parallel planes, are equal ; for 
the intersection AC'ir parallel to BD (340), and AE to BF; 
therefore the angle CAE = DBF. 

THEOBEM. 

346. If three straight lines not in the same plane AB, CD, £F 
Fig. 190. (fig. 190), are equal and paraUel, the triangles ACE, BDF,/orfii^ 

^ hy joining the extremities of these lineSy on the one hand and 
on the other, toiU be eqwA and their planes totU he pardUd. 

Demonstration. Since AB is equal and parallel to CD\ the 
figure ABDC is a parallelogram; consequently the side AC is 
equal and parallel to BD. For a similar reason the sides AE^ 
BFj are equal and parallel, as also C£, DF; hence the two tri- 
angles •/{ C!E, 5jDjP, are equal; it may be shown moreover, as 
in the preceding proposition, that their planes are parallel. 

THEOBEM. 

347. Two straight lines comprehended bdween three parallel 
planes are divided into parts that are proportional to each other. 

Tig 191. Demonstration. Let us suppose that the linewiS (fig. 191) 
meets the parallel planes MIST, PQ, RS, in Aj JEJ, £, and that the 
line CD meets the same planes in C, F, 17, we sball have 

AEzEBi: CF: FD. 
Draw AD meeting the plane PQ iii Cr, and join AC^EO^ GUF*, 
BD; the intersections EG, BD, of the parallel planes PQ, RS, by 
the plane ABD, are parallel (340) ; hence, AE lEBiiAGiQD; 
and, because the intersections AC, GF,bx% parallel, 

AGiGDi: CFiFD; 
therefore, on account of the common ratio, AG : GDj we have 

AE :EB::CF: FD. 

THEOBEM. 

Kg. 192. 348. Let ABCD {fig. 193) he any quadrUaterdl either in the 
same plane or not; ^ the opposite sides are cut proportionally 
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by two straight lines EF, GH, so that AE :EB ::DF :FC, and 
BG : 6C : : AH : HD, the straight lines ,EF, GH, wiU cut each 
other in a point M, in such a manner that HM : MG : : AE : EB, 
EM:MF::AH:HD. 

Demonstratiatt. Let there be any plane .4 6 He D passing 
through AD which does not pass through OH; through the 
points E, Bj C, F, draw Ee,Bh,Ccy Ff, parallel to GH meet- 
ing this plane in e, 5, c,/. On account of the parallels B 6, GH, Cc^ 

bH:Hc::BG:GCi:AH:HD{196); 
consequently the triangles AHb, DHc, are similar (208). Also 

Ae:eb::AEiEB, 
and Dfifc.iDF.FC; 

hence Aeieb \iBf :fe, 

or, by composition^ Ae iDf: :Ab:Dc; 
but, on account of the similar triangles AHby DHc^ 

Ab:Dci:AH:HD, 
consequently A e : Df : : AH: HD. 

Besides, the triangles AHb^ DHc, being similar, the angle 
nAe=:HDf; hence the triangles AHe, DHf^ are similar 
(208), and consequently the angle AHe = DHf. It follows then, 
in the first place, that e Hf is a straight line, and that thus the 
three parallels Ee^ GH, Ff, are situated in the same plane which 
contains the two straight lines EF, GH; therefore these must cut 
each other in a point M. Moreover, on account of the parallels 
Ee,MH,Ff, EM:MF::eH:Hf::AH:HD. 

By a similar construction, referred to the side AB, it may be 
demonstrated that HM : MG : : AE : EB. \ 

THEOKEM. 

! 

349. The angle comprehended between two planes MAN, MAP, 
may be measured, conformably to the di^nttion, by the angle 
PAN {fig. 193) made by the two lines AN, AP, drawn one in one Fig. 195. 
of these planes, and the other in the other perpendicularly to the 
crmmon intersection AM. 

Demonstration. In order to show the legitimacy of this meas- 
ure it is necessary to prove, 1. that it is constant, or, in other 
words, that it is the same to whatever point of the common in- 
tersection the two perpendiculars are drawn. ^ 

If we take another point M, and draw MC in the plane JIfJV, 
and MB in the plane JICP, perpendicular to the common intersee- 
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ti<»i AM} since MB and AP are perpendicular to the same Mm 
AMi they are parallel to each other* For the same reason MC 
is parallel to AJV; conisequently the angle BMC = P.JJV(344) { 
therefore, whether thp perpendiculars be drawn to the point M 
or to the point A^ the angle is always the same* 

2. It is necessary to show that, if the angle of the two planes 
increases or diniinishes, the angle P4<Y increases and diminishes 
in the same ratio. 

In the plane PAJ^ describe, from the centre A^ and with any 
radius, the arc NDPy and from the centre Jlf, and with the ^ame 
radius, the arc CEB ; draw AD to any point B in the arc JVP ; 
the two planes PAJ^y BMCj being perpendicul^ to the same 
straight line MA, are parallel to each other (339) ; consequently 
the intersections ADj ME, of the two planes by the third AMD, 
are parallel ; therefore the angle BME is equal to PAD (344). 

Calling, for the present^ the angle formed by the two planes 
MP, Mjy, a wedge, if the angle DAP were equal to DAJV, it is 
evident, that the wedge DAMP would be equd to the wedge 
DAMN; for the base PAD might be applied exactly to its equal 
DAK, and^ the ajtitude .^Jlf would be the same for both ; there- 
fore the two wedges would coincide with each other. It is man- 
ifest, likewise, if the angle DAP were contained a certain number 
of times without a fraction in the angle Pw^JV, the wedge DwiJIiP 
wouM be contained as many times in the wedge PAMK. Afore- 
over, from a ratio in an entire number to any ratio whatever the 
conclusion is legitimate, and has been demonstrated in a case 
altogether similar (122) ; consequently, whatever be the ratio of 
the angle DAP to the angle PAK, the wedge DAMP will have 
the same ratio to the wedge PAMN; therefore the angle KAP 
may be taken for the measure of the wedge PAMJV, or of the 
angle made by the two planes MAP^ MAN. 

350. Scholiwn. It is with angles formed by two planes as it 
is with angles formed by two straight lines. Thus, when two 
-planes intersect each other, the angles opposite to each other at 
the vertex are equal, and the adjacent imgles are together equal 
to two right angles; therefore, when one plane is perpendicular 
to another^ the latter is perpendicular to the former. Also, 
when two parallel planes are intersected by a third plane, the 
aaaie properties exist with respect to the angles thus formed, as 
ta]&e «place, when two parallel lines are itiet by a third line (73). 
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THEOREM. 

361. The line AP {fig. 194) fteing perpendicular to the plane. Fig. 194, 
MN, any plane kVH^pasaing through AP, wiU he perpendicular 
to the plane MN. 

Demonstration. Let jB C be the intersection of the planes AB^ 
MN; if, in the plane MN^ the line DE be drawn perpendicular 
to BP, the line w2P, being perpendicular to the plane JtfJV, will 
be perpendicular to each of the two straight lines BC, DE. But . 
the angle APD formed by the two perpendiculars P./J, PD^ at 
the common intersection BP, measures the angle of the two 
planes AB^ MJV; therefore, since this angle is a right angle, the 
two planes are perpendicular to each other (317), 

352, Scholium. When three straight lines, as AP^BP^ DP, 
are perpendicular to each other, each of these lines is perpen- 
dictilar to the plane of the two others, and the three planes are 
parpeiidicular to each other. 

THEORElf. 

353. If the plane AB {fig. 194) is perpendicular to the plane Fi^. 194 
MN, and in the plane AB the line AP be drawn perpendicular to 

the common intersection PB, the line AP wiU he perpendicular to 
the plane MN. 

. Demenstralion» If, in the plane JlfJV, the line PD be drav^^n 
perpendicular to PJ?, the ungle APD will be a right angle, since 
the planes are perpendicular to each other ; consequently, the 
line AP is perpendicular to the two straight lines PjB, PD; 
therefore it is perpendicular to the plane MN. 

354, Corollary. If the plane AB is perpendicular to the 
plane MN^ and if through a point P of the common intersectioa 
a perpendicular to the plane MN be drawn, this perpendicular 
will be in the plane AB; for, if it is not, there may be drawn, in . 
the plane ABj a lioe AP perpendicular to the common intersect 
tion JBP, which would be at the same time perpendicular to the 
plane MN; therefore there would be two perpendiculars to the 
plane MN at the same point P, which is impossible (325). 

THEOBEM. 

355. 1^ two planes AB, AD {fig. 194), are perpendicular to a F!g. I9i 
third MN, their common intersection AP will be perpendicukw to 

tMs third plane. 
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Demonstration. If through the point P a perpendicular to 
the plane MJST be drawn, this perpendicular must be at the same 
time in the plane AB and in the plane AD (354) ; therefore it is 
their common intersection AP. 

THEOREM. 

356. If a solid angle is formed by three plane angles^ the sum 
of either two of these angles unll be greater than the third. 

Demonstration. We need consider only the case in which the 
plane angle to be compared with the two others is greater than 
Fig. 195. either of them. Let there be, then, the solid angle S {Jig. 195), 
formed by the three plane angles ASBj ASC, BSC, and let us 
suppose that the angle ASB is the greatest of the three ; we say 
that ASB<::iASC + BSC. 

In the plane ASB make the angle jBSD = .BSC, draw at 
pleasure the straight line ADB; and, having taken SCzzzSD, 
ioin AC, BC. 

The two sides BS, SD, are equal to the two BS, SC, and the 
Bxigle BSD =z BSC ; hence the two triangles BSD, BSC, are 
equal ; consequently BD =:BC. But w3B < wi C + B C ; if we 
take from the one BD, and from the other its equal BC, there will 
remain AD<^AC. The two sides AS, SD, are equal to the two 
A^, SC, and the third AD is less than the third AC; therefore 
the angle AJSD<^ASC {A2). Adding BSD =i BSC, vie shall 
have ASD + BSD or ASB<::^ ASC + BSC. 

THEOREM. 

357. The sum of the plane angles which form a solid angle 
ifS always less than four right angles. 

Fig. 196. Demonstration. Suppose the solid angle S {fig. 196) to be 
cut by a plane .4BCD£; from a point O taken in this plane 
draw to the sveral angles the lines OA, OB, OC, OD, OE. 

The sum of the angles of the triangles ASB, BSC, &c., formed 
about the vertex S, is equal to the sum of the angles of an equal 
number of triangles ^OB, BOC, &c., formed about the vertex O. 
But, at the point B, the angles ABO, OBC, taken together, make 
the angle ABC less than the sum of the angles ABS, SBC (356) ; 
: likewise, at thfe point C, BCO + OCD<CBCS f SCD, and so 
oh through all the angles of the polygon ABCDE. It follows, then, 
that of the triangles whose vertex is in O the sum of the angles 



Of Planes and SoUd Angles. 1 19 

at the baBes is less than the sum of the angles at the bases of 
the tiriangles whose vertex is In S. Hence, the sum of the angles 
about the point Ois greater than the sum of the angles about the 
point S. But the sum of the angles about the point O is equal 
to four right angles (34) ; therefore the sum of the plane angles, 
which form a solid angle S, is less than four right angles. 

358. Scholium. It is supposed, in this demonstration, that the 
solid angle is convex, or that the plane of neither of the faces 
would, by being produced, cut the solid angle ; if it were other- 
wise, the sum of the plane angles would no longer be limited, 
and might be of any magnitude whatever. 

THEOREM. 

359. IJT two solid angles are respectively contained by three 
plane angles which are equals each to each, the planes of any two 
of these angles in the one will have the same inclination to each 
other as the planes of the homologous angles in the other. 

Demonstration. Let the angle ASC = DTF (fig. 197), the Pig. n. 
angle ASS = DTE, and the angle BSC t=i ETF; we say that 
the two planes ASC,ASB, will have, with respect to each other, 
an inclination equal to that of the planes DTF, DTE. 

Take SB of any magnitude, and draw BO perpendicular to 
the plane ASC; from the point O, where this perpendicular 
meets the plane, draw OA, OC, perpendicular respectively to 
SA, SC; join AB, BC. Take also TE = SB; and draw EP 
perpendicular to the plane DTF; from the point P draw PD, 
PFy perpendicular respectively to TD, TF ; and join ED, EF. 

The triangle SAB is right-angled at A, and the triangle TDE 
at D (332); and, since the angle ASB=zDTE,we have also 
SSv2= TED. Moreover, SB= TE; therefore the triangle 
SAB = TDE; consequently SA = TD, and AB = DE. It may 
be shown, in a similar manner, that SC =TF, and BC=zEF. 
This being supposed, the quadrilateral SAOC is equal to the 
quadrilateral TDPF; for, if we apply the angle ASC to its 
equal DTF, because SA = Tt), and SC =: TF, the point A will 
fall upon D, and the point C upon F. At the same time AO, per- 
pendicular to SA, will fall upon DP, perpendicular to TD ; and, 
in like manner, O C upon PF ; therefore the point O will fall upon 
the point P, and we shall have A0= DP. But the triangles AOB. 
DPEj are right-angled at O, and P, the hypothenuse AB = DE 
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and the side AO =^ DP ; consequently the triangles are equal 
(56) ; hence 04B m PDE. Btxi the angle OAB is the inclina- 
tion of the two planes ASB^ ASC; and the angle PDE is the 
inclination of the two planes DTE, DTF; therefore these two 
inclinations are equal to each other. 

It should be observed, however, that the angle A of the right- 
angled triangle OAB is not properly the inclination of the two 
planes .^jS^, ASCy except when the perpendicular BO falls, 
with respect to SAy on the same side as SC ; if it should faU on 
the other side, the angle of the two planes woiild be obtuse, and, 
added to the angle A of the triangle OABj it would make two 
right angles. But, in the same case, the angle of the two planes 
TDEy TDFy would be likewise obtuse, and, added to the angle 
D of the triangle DPE, it would make two right angles ; there- 
fore, as the angle A would be always equal to X>, we infer, in 
like manner, that the inclination of the Mo planes ASB^ ASC^ 
is equal to that of the two planes TDE, TDF. 

360. Scholium. If two solid angles are respectively contained 
by three plane angles which are equal, each to each, and if, at 
the same time, the angles of the one are disposed in the same 
manner as the homologous angles of the other, these solid angles 
will be equal, and, being applied the one to the other, will coin- 
cide. Indeed, we have already seen that the quadrilateral 
SAO C may be placed upon iXs equal TDPF; thus, by placing 
SA upon TDy SC would fall upon 7!F, and the point O upon the 
point P. But, on account of the equality of the triangles AOB^ 
DPEj the line OB perpendicular to the plane ASC is equal to 
PE perpendicular to the plane TDF ; moreover the perpendic- 
ulars are directed the same way ; therefore the point B will fall 
upon the point £, the line SB upon TE, and the two solid an- 
gles will coincide entirely with each other. 

This coincidence', however, does not take place except by 
supposing that the plane angles are disposed in the same manner 
in each of the two solid angles ; for, if the plane angles were 
disposed in a contrary order in the one from what they are in 
the other ; or, which comes to the same thing, if the perpendic- 
ulars OB, PE, instead of being directed th'e same way with re- 
spect to the planes ASC, DTF, were directed contrary ways, 
it would be impossible to make the solid angles coincide with 
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e^6h other. Still it would not be the less true, that, agreeably 
to the theorem, the planes of the homologous angles would be 
equally inclined to each other ; so that the two solid angles 
would be equal in all their constituent parts, without the pro- 
perty, however, of coinciding, when applied the one to the other. 
This kind of equality, which is not absolute, or does not admit 
of superposition, deserves to be distinguished by a particular de- 
nomination ; we shall call it equality by symmeti^. 

Thus the two solid angles under consideration, which are re- 
spectively contained by three plane angles equal, each to each, 
but disposed in a contrary order in the one from what they are 
in the other, we shall call angles equal by symmetry^ or, simply, 
symmetrical angles. 

The same remark is applicable to solid angles contained by 
more than three plane angles ; thus a solid angle contained by 
the plane angles A^ B, C, X>, E, and another solid angle con- 
taitied by the same angles in the inverse order w2, E, D, C, JB, 
may be such that the planes of the homologous angles shall be 
equally inclined to each other. These two solid angles, which 
would be equal without admitting of superposition, we shall call 
sctid angles equal by symmetry, or symmetrical solid angles. 

There is not properly an equality by symmetry among plane 
figures ; all those to which we might give this name, have the 
property of absolute equality, or equality by superposition. The 
reai?on is, that a plan^ figure may be reversed, and the upper 
side be taken for the under. It is not so with respect to solids, 
in which the third dimension may be taken in two different ways. 



PROBLEM. 

361. Three plane angles forming a solid angle being given, to 
find, by a plane construction, the angle which two of these planes 
make with each other. 

Solution. Let S {fig. 19S) be the proposed solid angle in Fig. I9e 
which the three plane angles ASB, ASC^ BSC, are known ; the 
angle made by two of these planes with each other, ASB, ASCj 
for example, is required. 

The same Gonstruction being supposed as in the preceding 
theorem, the angle OAB would be the angle sought. It is pro- 
posed to find the same angle by a plane construction, or by lines 
traced upon a plane. j 

Geom. 16 
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In order to this, make upon a plane the angles B'SAf ASCf 
B"SC, equal to the angles BSA, ASC, BSCy in the solid figure ; 
take B'Sj B^'S, each equal to BS in the solid figure ; fi'om tne 
points B^ and B^' let fall B'A and B^'C perpendicularly upon 
SA and SCy which will meet in a point O. From the point A, 
as a cenke, and with the radius AB^ describe the semicircumfer- 
ence B'bE; at the point O erect upon B^E the perpendicular 
Obm^eeting the circumference in b; join Ah, and the angle 
EA b will be the inclination sought of the two planes ASCf ASB^ 
in the solid angle. 

We have only to show that the triangle AO b of the plane 
figure is equal to the triangle AOB of the solid figure. Now 
the two triangles B'SA^ BSA, are right-angled at Ay and the an- 
gles at iS> are equal, consequently the angles at B and B' are 
also equal. But the hypothenuse SB' is equal to the hypothe- 
nuse SB ; therefore the triangles are equal ; hence SA in the 
plane figure is equal to SA in the solid figure ; also AB'j or its 
equal Ab in the plane figure, is equal to AB in the solid figure. 
It may be shown, in the same manner, that SC in one figure is 
equal to SC in the other ; whence it follows that the quadrilat- 
eral SAOC in one figure is equal to SAOC in the other, and that 
thus .^O in the plane figure is equal to .^O in the solid figure ; 
consequently the right-angled triangles AOb, AOBy have their 
hypothenuses equal, and one side of the one equal to one side of 
the other ; they are therefore equal, and the angle EA b, found 
by the plane construction, is equal to the inclination of the planes 
SAB, SAC J in the solid angle. 

When the point O falls between A and B' in the plane figure, 
the angle EA b becomes obtuse, and always measures the true 
inclination of the planes. It is on this account that we have 
designated the required inclination by EA 6, and not by OA fr, 
in order that the same solution may be adapted to every case 
without exception. 

362. SchoHum, It may be asked, if any three plane angles, 
taken at pleasure, can be made to form a solid angle. 

In the first place, it is necessary that the sum of the three 

given angles should be less than four right angles, otherwise the 

solid angle could not be formed (357) ; it is necessary, moreover, 

that, after having taken two of the angles at pleasure B'SA^ 

iSCy the third CSB^' should be such that the perpendicalar 

« 
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B"C to the side SC shall meet the diameter B'E between its 
extremities B' and E. Thus the limits of the magnitude of the 
angle CSB*' are such as require the perpendicular B"C to ter- 
minate at the points B' and E. From these points let fall upon 
CS the perpendiculars B'l^ EJT, meeting in Jcuid JSTthe circum- 
ference described upon the radius SB" and the limits of the 
angle CSB'' will be CS/and CSK. 

But, in the isosceles triangle B'SI^ the line CS produced be- 
ing perpendicular to the base B% 

the angle CSI = CSB^ = ASC + ASB^. 
And^inthe isosceles triangle ESKihe line SC being perpendic- 
ular to jEjK", the angle CSK=^ CSE. Moreover, on account of 
the equal triangles ASE, ASB', the angle ASE = ASB' ; there- 
fore CSE or CSK= ASC—ASB'. 

Hence we infer that the problem will be possible, while the 
third angle is less than the sum of the two others ASCj ASB^y 
and greater than their difference, a condition which accords 
with the theorem, art. 356 ; fot, by this theorem, we must have 
CSB" < wJiSC + ASB', also ASC < CSB" + ASB, or 

CSB":>ASC—ASB\ 

PROBLEM. 

363. Two of the three plane Angles^ which form a solid angle^ 
being given^ together with the angle which their planes make with 
each other, to find the third plane angle. 

Soluiion. Let ASC, ASB* (fig. 198), be the two given plane F:g. iw. 
angles, and let us suppose, for the present, that CSB" is the third 
angle sought ; then, by constructing the figure as in the preced- 
ing problem, the angle contained by the planes of the two first 
would be EA h. Now, as we determine the angle EA h by means 
of CSB", the two others being given, so we can determine CSB^ 
by means otEA b, and thus solve the proposed problem. 

Having taken SB^ of any magnitude at pleasure, let fall upon 
SA the indefinite perpendicular B'E, make the angle EA b equal 
to the angle of the two given planes ; from the point b, where the 
side A b meets the circumference described with the centre A and 
the radius AB', let fall upon AE the perpendicular b O, and from 
the point O let fall upon SC the indefinite perpendicular OCB^'^ 
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which terminate in B'' making SB" = SB' ; the angle CSB' 
will be the third plane required. 

For, if a solid angle be formed of the three planes B'SA,ASCj 
CSB", tlie inclination of the planes containing the given angles 
ASB'j ASCj will be equal to the given angle EAb. 

364. Scholium. If a solid angle is qaadrupU^ or formed by 
«lf.i99. four plane angles ASB.BSC, CSD.DSA {fig. 199), We cannot, 
by knowing these angles, determine the mutual inclination of 
their planes ; for with the same plane angles any number of 
solid angles may be formed. But, if a condition be added, if, 
for example, the inclination of the two planes ASB^ BSC, be 
given, then the solid angle is entirely determinate, and the incli- 
nation of any two of the planes may be found. Suppose a triple 
solid angle formed by the plane angles ASB^BSC^ ASC; the 
two first angles are given, as well as the inclination of their 
planes ; we can then, by the problem just resolved, determine 
the third angle ASC. Afterward, if we consider the triple solid 
angle formed by the plane angles ASC^ ASD, DSC, these three 
angles are known ; thus the solid angle is entirely determinate. 
But the quadruple solid angle is formed by the union of the two 
triple solid angles of which we have been speaking ; therefore, 
since these partial angles are known and determinate, the whole 
angle will be known and determinate. 

The angle of the two planes ASD^DSC, may be found inune- 
diately by means of the second partial solid angle. As to the 
angle of the two planes J5SC, CSD, it is necessary in one of the 
partial solid angles to find the angle comprehended between the 
two planes ASC, DSC, and in the other the angle comprehended 
between the two planes ASC, BSC ; the sum of these angles will 
be the angle comprehended between the two, planes BSC, DSC. 

It will be found, in the same manner, that, in order to deter- 
mine a quintuple solid angle, it is necessary to know, beside the 
five plane angles which compose it, two of the mutual inclinations 
of their planes ; in a sextuple solid angle it is necessary to know 
three of these inclinations, and so on. 
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SECTION SECOND. 
Of Polyedrons. 

DEFimTIOJrS. 

365. Eyert solid terminated by planes or plane faces is called 
a solid pdyedron, or simply a polyedron. These planes are them- 
selves necessarily terminated by straight lines. 

A solid of four faces is called a tetraedron, one of six a hex- 
aedrouj one of eight an octciedrdn, one of twelve a dodecaedron^ 
one of twenty an icosaedrony &c. 

The tetraedron is the most simple of polyedrons ; for it re- 
quires at least three planes to form a solid angle, and these three 
planes would leave an opening, to close which a fourth plane is 
necessary. 

366. The common intersection of two adjacent faces of a poly- 
edron is called a side or edge of the polyedron. 

367. A regular polyedron is one, all whose faces are equal, 
regular polygons, and all whose solid angles are equal to ieach 
other. There are five polyedrons of this kind. 

368. A prism is a solid comprehended under several parallelo- 
grams terminated by two equal and parallel polygons. 

To construct this solid let ABODE (fig. 200) be any polygon, pig 5oa 
if, in a plane parallel to ABC, we draw the lines JFG, GH, HI, 
&c., equal and parallel to the sides AB, BO, CD, &c., we shall 
form the polygon JF'GHZK^ equal to ABODE ; if now we connect 
the vertices of the homologous angles by the straight lines AF, 
BO, OH, &c.,the faces ABGF, BOHG, &c.,will be parallelo- 
grams, and the solid thus formed ABCDEFOHIK will be a 
prism. 

369. The equal and parallel polygons ABODE, FGHIK, are 
called the bases of the prism. The other planes, taken together, 
constitute the lateral or convex surface of the prism. The equal 
straight lines AF, BG, OH, &c., are called the sides of the prisin. 

3*^0. The altitude of a prism is the distance between its bases» 
or the perpendicular let fall from a point in the superior base 
upon the plane of the inferior. ' 

371. A right prism is one whose sides AF, BG, &c., are per-* 
pendicular to the planes of the bases ; in this case, each of the 
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side? is equal to the altitude of the prism. In every other case 
the prism is MiqWy and the altitude is less than the side. 

372. A prism is triangytar^ quadrangtdarj pentagonal, hex- 
agonal, &c., according as the base is a triangle, a quadrilateral, 
a pentagon, a hexagon, &c. 
Fig.S06. 373. A prism whose base is a parallelogram {fig. 206), has all 
its faces parallelograms, and is called a paraUdopiped, 

A paraUelopiped is rectangfolar when all its faces are rect- 
angles. 

374. Among rectangular parallelopipeds is distinguished the 
cube or regular hexaedron comprehended under six equal squares. 

375. A pyramid is a solid formed by several triangular planes 
proceeding from the same point and terminating in the sides of 

r«. 196. a polygon ABODE {fig. 196). 

The polygon ABODE is called the base of the pyramid, the 
point iS its vertex, and the triangles ASB, BSC, &c., compose 
the lateral or convex surface of the pyramid. 

376. The altitude of a pyramid is the perpendicular let fall 
from the vertex upon the plane of the base, produced if necessary. 

377. A pyramid is triangular, quadrangular, &.C., according 
as the base is a triangle, a quadrilateral, &c. 

378. A pyramid is regular when the base is a regular poly- 
gon, and the perpendicular, let fall from the vertex to the plane 
of the base, passes through the centre of this base. This line is 
called the axis of the pyramid. 

379. The diagonal of a polyedron is a straight line which 
joins the vertices of two solid angles not adjacent. 

380. I shall call symmetrical polyedrons two polyedrons which, 
having a common base, are similarly constructed, the one above 
the plane of this base and the other below it, with this condition, 
that the vertices of the homologous solid angles be situated at 
equal distances from the plane of the base, in the same straight 
line perpendicular to this plane. 

rg.202. If the straight line ST {fig. 202), for example, is perpendicu- 
lar to the plane ABO, and is bisected at the point O, where it 
me^ts this plane, the two pyramids SABC, TABO, which have 
the common base ABO, are two synihietrical polyedrons. 

381. Two triangular pyramids are sunilar when they have 
two faces similar, each to each, similarly placed, and equally in- 
clined to each other. 



Of Polyedrona. 127 

Thus, if we suppose the angle ABC=i DEF, BAC = EDF, 
ABS = DET, BAS =:EDT {fig. 203), if also the inclination of Fig. as. 
the planes ABS^ ABC, is equal to that of their homologous planes 
DTE, DEF, the pyramids SABC, TDEF, are similar. 

382. Having formed a triangle with the vertices of three an- 
gles, taken in the same face or base of a polyedron, we oan 
imagine the vertices of the different solid angles of the polye- 
drons, situated out of the plane of this base, to be the vertices of 
as many triangular pyramids, which have for their common base 
the above triangle ; and these several pyramids will determine 
the positions of the several solid angles of the polyedron with 
respect to the base. This being supposed ; 

Two pdyedrons are aimUary when, the bases being similar, the 
vertices of the homologous solid angles are determined by trian- 
gular pyramids similar each to each. 

383. I shall call vertices of a polyedron the points situated at 
the vertices of the different solid angles. 

N. B. We shall consider only those polyedrons, which have saliant 
angles, or conoex polyedrons. We thus denominate those, the sur- 
face of which cannot be met by a straight line in more than two 
points. In polyedrons of this description the plane of neither of the 
faces can, by being produced, cut the solid ; it is impossible, then, 
that the polyedron should be in part above the plane of one of the 
faces and in part below it ; it is wholly on one side of this plane. 

THEOREM. 

* 

384. Two polyedrons cannot have the same vertices, the number 
also being the same, without coinciding the one unth the other. 

Demonstration, Let us suppose one of the polyedrpns already 
constructed, if we would construct another having the same ver- 
tices, the number also being the same, it is necessary that the 
planes of this last shouli^ not all pass through the same points as 
in the first ; if they did, they would not differ the one from the 
other ; but then it is evident that any new planes would cut the 
first polyedron ; there would then be vertices above these planes 
and vertices below them, which does not consist with a convex 
polyedron ; therefore, if two polyedrons have the same vertices, 
the number also being the same, they must necessar'ly coincide 
the one with the other. 
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Fig. aoi 385. Scholium. The points A, B, C, K, &c. (/g. 204), be^ 
ing given in position to be used as the vertices of a polyedron, it 
is easy to describe the polyedron. 

Take, in the first place, three neighbouring points D, £, H, 
such that the plane DEH shall pass, if there is occasion for it, 
through other points JT, C, but leaving all the rest on the same 
* side, all above the plane, or all below it } the plane DEH of 
DEHKCf thus determined, will be a face of the solid. Through 
one of the sides EH of this face, suppose a plane to pass, and to 
turn upon this line until it meets a new vertex Fy or several at 
the same tune F, /; we shall thus have a second face jPEJET or 
FEBI. Proceed in this manner, by making planes to pass 
through the sides of the faces, until the solid is terminated in all 
directions ; this solid will be the polyedron required, for there 
are not two which can have the same vertices^ 

THEOREM. 

386. In two symmetrical polyedrons the homologous faces are 
equal, each to each, and the inclination of two adjacent faces in 
one of the solids is equal to the inclination of the homologous faces 
in the other. 
Rg 206. Demonstration. Let ABODE {fig. 205) be the common base 
of the two polyedrons, M and JNT the vertices of any two solid 
angles of one of the polyedrons, M and N* the homologous ver- 
tices of the other polyedron ; the straight lines MM', J^JV*, must 
be perpendicular to the plane ABC, and be bisected at the points 
m and n (380), where they meet this plane. This being sup- 
posed, we say that the distance MJST is equal to MJSP. 

For, if the trapezoid mMJVn be made to revolve about mn, 
until its plane comes into the position of the plane mMJSTn, on 
account of the right angles at m and n, the side mM will fall 
upon its equal mM, and nJST upon nJV^ therefore the two tra- 
pezoids will coincide, and we shall have MJ\r=MfJV. 

Let P be a third vertex in the superior polyedron, and P' the* 
homologous vertex in the other, we shall have, in like manner^ 
MP = MP', and JVP = JV*P' ; consequently the triangle MNP, 
formed by joining any three vertices of the superior polyedron is 
equal to the triangle M'N'f, formed by joining the homologous 
vertices^ of the other polyedron. 
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tfy tunoiig these triangles, we consider only tfabse which are 
formed at the surface of the polyedrons, we can conclude already 
that the surfaces of the two polyedrons are composed of the 
same number of triangles equal, each to each. 

We say now that, if some of these triangles are in the same 
plane upon one surface, and fottn the same polygonal face, the 
homologous triangles will be ih the same plMe upon the other 
surface, and will form ah equal polygonal face. 

Let MPJSTf JVyQ, be two adjacent triangles, which we suppose 
in the same plahe, and let MP'N'^ JV^P'Q', be the homologous 
triangles. We have the angle MMT=szMN*P'f the angle 
PJ>fq = PJSrQ;; and, if we Ivere to join Mq and MQ;, the 
triangle MJVq would be equal to MJSTQ^ ; thus we should have 
the angle MJ^q =: MJ^q^. But, since MPJ^q is one plane, 
we have the angle MJ^q = MNiP + PJVQ i we have also 

MJ^ q; ==i MNT' -f P'J^q;. 

Now, if th€i three plants MN^P*, P'J^qf, MJ^q;, are not con- 
founded in one, they will forili a solid angle, and we shall have 
the angle MJ>flq;<^MJ^P' + P'N^i^ (356) ; therefore, as this 
condition does not exist, the two triangles J\/Pj^P'^ P^JV*qfj are 
in the same plane. • 

We hence infer that each face, whether triangular, or polygo- 
tial, in oiie polyedi^on, cor^sponds to an equal face i^ the other, 
ctnd that thus the two polyedrons are comprehended under the 
saniie number of planes equal, each to each. ^ 

it remains to show that the inclination of any two adjacent 
faces in one of the polyedrons is equal to the inclination of the 
two homologous faces in the other. 

Let MPJV, JVjPQ, be two triangles formed upon the common 
edge JVP in the planes of two adjacefit feces ; let MP'N^, 
J^P'q^y be the homologous triangles. We can conceive at JVa 
solid angle formed by the three plane angles MJ^q^ MJ^P^ 
P,/VQ, and at N^ a solid angle formed by the three JI'PJV'Q', 
MJ^P'i P'N^q;. Now it has already been proied that these 
plane angles are equal, each to each ; consequently the inclina- 
tion of the two planes MJiT^ PJ^q^ is equal to that of their 
homologous planes MJV^P, P'J^q; (359), 

Therefore in symmetrical polyedrons tlie faces fltre equal, each 

to each, and the planes of any two adjacent faces of one of the 

solids have the same inclination to each other as ^e planes of 

the two homologous faces of the other solid. 
Geom. 1 7 
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387 Scholium. It may be remarked that the eoKd angles of 
the one poljf^dran are symmetrical with the solid angles of the 
other; for, if the solid rjigle JVis formed by the planes MJyP, 
PJ^Q,j Q*^^9 &c., its homologous ieuagle JV^ is formed by the 
planes MJ^P', P'J^Q;, Q^JSTR, &c. These last seem to be 
disposed in the same order as the others ; but, as one of the solid 
angles is inverted with respect to the other, it follows that the 
actual disposition of the planes, which fotm the solid angle JV^, is 
the reverse of that which exists with respect to the homologous 
angle JV. Moreover the inclinations of the successive planes in 
the one are equal respectively to those in the other ; therefore 
these solid angles are symmetrical with respect to each other 
See art. 360. 

It will be perceived, from what has been ssdd, that any polye^ 
dron whatever can have only one pdyedron symmetrical with it* 
For, if there were constructed, upon another base, a new polye- 
dron symmetrical with the given polyedron, the solid angles of 
this last would always be symmetrical with the angles of the 
given polyedron ; consequently they would be equal to those of 
the symmetrical polyedron constructed upon the first base. 
Moreover, the homologous faces would always be equal ; whence 
these two symmetrical polyedrons, constructed upon the one 
base and upon t{ie other, would have their faces equal and their 
solid angles equal ; therefore they would coincide by superposi- 
tion, and would make one and the same polyedron. 
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388. Two prisms are equals when three planes containing a 
solid angle of the one are equal to three planes containing a solid 
angle of the other ^ each to each, and are similarly placed. 
Fig. 200. Demonstration. Let vthe base ABODE (fig. 200), be equal 
to the base abcde, the parallelogram ABGF equal to the paral- 
lelogram abgf and the parallelogram ^CffCr equal to the par- 
allelogram bchg; we say that the prism JIB CI yf'iW be equal to 
the prism ah ci. 

For, let the base ABODE be placed upon the base a 6 c de, the 
two bases will coincide. But the three plane angles, which form 
the solid angle B^ are equal to the three plane angles, which form 
the solid angle b, each to each, namely ABO=, abCjABG z=Labgf 
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OBC^gbc; also these angles are similarly placed ; therefore 
the solid angles B and 6 are equal (360), and consequently the 
side BG will fall upon its equal 6 g. We see also that, on ac- 
count of the equal parallelograms ABGF, a b gf^ the side GF 
will fall upon its equal g/, and likewise Glfupon gh; therefore 
the superior base JPGfllfir will coincide entirely with its equal 
fghik, and the two solids will form one and the same solid, 
since they have the same vertices (384). 

389. Corollary. Two right prisms, which have equal bases 
and equal aUitudes, are equal. For, since the side AB =zaby and 
the altitude BG = 6 g, the rectangle ABGF =:ab gf; the same 
maybe proved with respect to the rectangles BGffC, 6 g/ic; 
thus the three planes, which form the solid angle JB, are equal to 
the three which form the solid angle b ; therefore the two prisms 
are equal. 

THEOREM. 

390. In every paralldopiped the opposite planes are equal and 
parallel. 

Demonstration. According to the definition of this solid, the 
bases ABCD, EFGH {fig. 206), are equal parallelograms, and Tig. !06. 
their sides are parallel (373). It remains, tben^ to demonstrate 
that the same is true with respect to two opposite lateral faces, as 
dEHD, BFG C. Now AD is equal and parallel to B C, since the 
figure ABCD is a parallelogram ; for a similar reason AE is equal 
and parallel to BF; consequently the angle DAE is equal to the 
angle CBF (344), and the plane DAE parallel to CBF; there- 
fore also the parallelogram DAEH is equal to the parallelogram 
CBFG. In like manner it may be demonstrated that the oppo- 
site parallelograms ABFE, DCGHy are equal and parallel. ' 

391. CoroUary. Since a parallelepiped is a solid compre- 
hended under six planes, of which the opposite ones are equal 
and parallel, it follows that either of the faces and its opposite 
may be taken for the bases of the parallelopiped. 

392. Scholium. There being given three straight lines AB^ * 
AEf AD, passing through the same point A^ and making given 
angles with each other, upon these three straight lines a par^ 
allielopiped may be constructed ; in order to this, a plane is to be 
made to pass through the extremity of each straight line parallel 
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to th(S plane of tbi^ two others ; naiDelyt through the point B a 
pl^e parallel to DAE^ through the^ point D a plane parallelto 
BAE, and through the point E a plane parallel to BAD. The 
mutual ^le^^Qg of these planes will form the parallelepiped re-' 
quired. 

THSOREH, 

393. In poery paraUdopiped the opposite solid angles are sym 
tnetricalf and the diagonals drawn through the vertices of these 
angles bisect each other. 

Demonstration. Let us compare, for example, the solid angle 
Fiff. 906. A {fig. 206) with the solid angle Gj the angle EAB^ equal to 
EFB, is also equal to HGC, the angle DAE = DHE = CGFy 
and the angle DAB = DCB = HGF; consequently the three 
plane angles, which form the solid angle A, are equal to the 
three, which form the solid angle Gr, each to each ; besides, it is 
evident that their disposition m the one is different from that in 
the other ; therefore the two solid angles A and G are symmet- 
rical (359). 

Again, let us suppose the two diagonals JSO, AG^ to be drawn 
each through opposite vertices ; since AE is equal and parallel 
to CG, the figure AEGC is a parallelogram ; consequently the 
diagonals EC, AG, bisect each other. It may be demonstrated, 
in the same manner, that the diagonal EC and another DF also 
bisect each oth^r ; therefore the four diagonals bisect each 
other in a point vf hich may be regarded as the centre of the 
parallelepiped. 

» 

THEOREM. 

Ftg.fBin. 394. The plane BDHF {fig. 207), which passes through two 
opposite parallel edges BF, DH, of a paraUdopiped AG, divides it 
into two triangular prisms ABD-HEF, GHF-BCD, symmetrical 
with each other. 

Demonstration. In the first place the solids s^re prisms ; for 
the triangles ABD, EFH, having the sides of the one equal and 
parallel to those of the other, are equal ; and, at the same time, 
the lateral faces ABFE, ADHE, BDHF, laxe parallelograms; 
therefore the solid ABD-HEF is a prism. The smne may be 
proved with respect to the solid GHF-BCD. We say now diat 
these two prisms are symmetrical with each other. 
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Upon the base ABD make the prism ABB-E^FH* symmetrical 
with the prism ABD^EFH. According to what has been demons 
strated (386), the plane ABFE' is equal to ABFE, and the 
plane ADBfE^ is equal to ADHE ; but, if we compare the prism 
GHF'BCD with the ipmmAMB-H!EF, the base GHF\a equal 
to ABD; the parallelogram GHDC, which is equal to ABFE, 
is also equal to pdBFE\waA the parallelogram (rJPfC, which is 
equal to ADHE, is also equal to ABHfE' ; therefore the three 
planes, which form the solid angle G in the prism GHF-BCBy 
are equal to the three planes, which form the soHd angle A in 
the prism ABD-ME^Fj each to each ; they are, moreover^ simi- 
larly disposed in the two cases ; therefore these two prisms are 
equal, and, being applied the one to the other, would coincide. But 
one of them is symmetrical with the prism ABD^HEF; there- 
fore the other GHF-BCD is also symmetrical with ABD-HEF. 

LEMMA. 

395. In every prism ABCI the sections NOPQR, STVXY 
{fig. 201 ), Tnade by parallel planes are equal polygons. rig. 201 

Demonstration. The sides JVO, ST, are ptu-allel, being inters 
sections of two parallel planes by a third plane ABGF; these 
same sides JVO, 5T, are comprehended between the parallels 
•/VjS, OT^ which are sides of the prism; consequently JVO is 
equal to ST. For a similar reason, the sides OP^ PQ, Q/t, &c., 
of the seetion JVOPQR are equal respectively to the sides TF", 
FX, XYj &c., of the section STVXY. Besides, the equal sides 
being also parallel, it follows that the angles J^TOP^ OPQ, &c., 
of the first section are equal respectively to the angles STV, 
TFX, &c., of the second (344). Therefore the two sections 
J^OPQR, STVXY, are equal polygons. 

396. ComUary. Every section made in a prism parallel to 
its base is equal to this base. 

THEOBEM. 

397. The two symmetrical triangular prisms ABD-HEF, 
BCD-HF6 {fig. 208), which compose the paraUdopiped AG, art Fig. soe. 
equkocient. * 

Demonstration. Through the vertices B^F^ perpendicular to 
the side J3F, suppose the phines Bade, Fehg to pass, meethig 
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the three other sides, .^E, DK, CO, of the purallelopiped, the 
one in ayd^c^the other in«, A^g; the sections fade, J^cAg, 
wih be equal parallelograms. They are equal, because they are 
made by planes, which are perpendicular to the same straight 
line, and consequently parallel (397) ; they are parallelograms, 
because the two opposite sides of the same section a£,dc,are 
the intersections of two parallel planes ABFEj DCGH, by the 
same plane. 

For a similar reason, the figure BaeFisz parallelogram, as 
also the other lateral faces BFgc, cdhg,adhe, of the solid 
BadC'Fehg; therefore this solid is a prism (368) ; and this 
prism is a right prism, since the side BF is perpendicular to the 
plane of the base. 

This being premised, if the right prism Bhhe divided by the 
plane BFHD into two right triangular prisms a B d^h e F, 
BdC'gFhj we say that the oblique triangular prism ABD-HEF 
will be equivalent to the right triangular prism aBd-heF. 

Indeed, as the two prisms have the part .^D A ei^ common, 
it is necessary only to prove that the two remaining parts, namely, 
the solids BaADd,FeEHh, are equivalent to each other. 

Now, on account of the parallelograms ABFE^ a BF e^ ihe 
side^ AEy a 6, being each equal to its parallel ^jP, are equal to 
each other ; if, then, we take away the common part A e, we shall 
have Aa = E€. It may be shown, in like manner, that Dd = Hh, 

Now, in order to apply the two solids BaADd^ FeEHh,one 
to the other, let the base Fehhe placed upon its equal Bad; 
the point e falling upon a, and the point h upon d, the sides eE, 
b H, will fall u;x>n aAj dD, each upon its equal, since they are 
perpendicular to the same plane Bad; consequently the two 
solids under consideration will coincide entirely, the one with the 
other ; therefore the oblique prism BAD^IIFE is equivalent to 
the right prism B a d-h Fe. 

It may be demonstrated, in like manner, that the oblique prism 
BDC-GFH is equivalent to the right prism B d c-g Fh. But the 
two right prisms Bad-Fch, Bdc-gFh^are equal to each 
other, since they have the same altitude BF, and their bases 
Bad, B dCj are each half of the same parallelogram (389) 
Therefore the two triangular prisms JBAD-HFE, BDC-GFH, 
equivalent to equal prisms, are equivalent to each other. 
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S9B. CoroUary. Every triangular prism ABD-HFE is half 
of the paraUelopiped .46, constructed upon the same solid angle 
A with the same edges AB^ AD^ AE. 

THEOREM. 

399. If two paralldopipeds AG, AL {Jig. 209)fhaveacomm(m Fig aoa 
base ABCD, and have also their superior bases comprehended in 

the same plane and between the same parallels £K, HL, these two 
parallelopipeds wiU be equivalent. 

Demonstration. The proposition admits of three cases, ac- 
cording as EI is greater than EF, less, or equal to it ; but the 
demonstration is the same for each ; and, in the first place, we 
say that the triangular prism AEI-MDHib equal to the triangu- 
lar prism\BjPJSr-iC(?. 

Indeed, since AE is parallel to BF, and HE to GjF, the angle 
AEI= BFK, HEI=z GFK, HEA = GFB. Of these six angles 
the three first form the solid angle £, and the three last the solid * 

angle jF; consequently, since these plane angles are equal, each 
to each, and similarly disposed, it follows that the solid angles 
Ej jP, are equal. Now, if the prism AEM be applied to the 
prism BFLy the base AEI being placed upon the base BFK^ 
these two bases, being equal, will coincide ; and, since the solid 
angle E is equal to the solid angle JP, the side EH will fall upon 
its equal FG. Nothing further is necessary in order to show 
that the two prisms will coincide throughout ; for the base AEI 
and its edge EH determine the prism AEMy as the base jBJ^'iSr 
audits edge jFGf determine the prism BFL (388) j therefore 
these prisms are equal. 

But, if from the solid AL we take the prism AEM, there will 
remain the parallelepiped AIL ; and, if from the same solid AL 
we take the prism BFL, there will remain the parallelepiped 
AEG; therefore the two parallelopipeds AIL, AEG, are equiv- 
alent. 

Theorem. 

400. Two parallelopipeds, which hope the same base and the 
uame altitude, are equivalents 

Demonstration. Let AB CD {fig. 2 1 0) be the common base of Bf. no. 
two parallelopipeds .^Gr, AL; since they have the same altitudey 
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their superior bases EFGH, IKLM, will be in the sitlne plsft^ 
Moreover, the sides EF^ AB are equal and parallel, a9 also XBT, 
AB ; consequently EF is equal and parallel to IK;, for a similar 
reason, GF is equal and parallel to LK. Produce the sides EF, 
HGf also LKy MI^ till they shall, by their intersections, form the 
parallelogram JVOPQ^; it is evident that this parallelogram wil) 
be equal to each of the bases EFGH^ IKLM. Now, if a third 
parallelopiped be supposed, which, with the same inferior base 
ABCDj has for its superior base JVOPQ, this third parallelopiped 
will be equivaleht to the parallelopiped ^G (399); since, the 
inferior base being the same, the superior bases are compre- 
hended in the same plane and between the same parallels CrQ, 
FJSr. For the same reason, this third parallelopiped will be 
equivalent to the parallelopiped AL, therefore the two parallele- 
pipeds AGf ALy which have the same base tad the same alti-^ 
tude, are equivalent. 

THEOREM. 

401. Every paralUlopiped may be changedinto an eqawalevd 
rectangular parallelopiped having the same altitude and an equity 
alent base* 

fig. 210* Demonstration. Let A G {fig. 210) be the proposed parallelo-' 
piped 5 from the points A^ B, C, D, draw AI^ BK^ CL^ DM, 
perpendicular to the plane of the base, and we s&all thus have 
the parallelopiped AL equivalent to the' parallelopiped AG, and 
of which the lateral faces AK, BL, (fee, will be rectangles. If, 
then, the base ABCD is a rectangle, AL will be the rectangular 
parallelopiped equivalent to the proposed parallelopiped AG. 

Fiff «n. But, if ABCD {fig;, 211) is not a rectangle, draw AO, BJi, 
each perpendicular to CD, also OQ, JVP, each perpendicular to 
the base, and we shall have the solid ABJSTO-IKP^, which will 
be a rectangular parallelopiped. Indeed, the base ABJVO and 
the opposite base. iKPQ are, by construction, rectangles ; the 
lateral faces are also rectangles, since the edges AI, OQ, &c., are 
each perpendicular to the plane of the base ; therefore the solid 
AP is a rectangular parallelopiped. But the two parallelepipeds 
AP,AL,va9ky he considered as having the same base ABKT^and 
the same altitude AO; consequently they are equivalent; there- 

Fig.210, fore the parallelopiped AG {fig. 210, 211), which was first 
' changed into an equivalent parallelopiped AL, is now changed 
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into an equivalent rectangular parallelepiped AP^ which has the 
same altitude Aly and of wbiQh;the base JiBJSTO is e^uiYident to 
the base wiBCi>, 

.i' • • • . , 

THEOREM. 

402. Two rectangular par<ilUlopipedB AG, AL {jig. 212), Vig.iisu 
vohich have the same base ABCD, are to each other as their aUir 
iudea AE, a1. 

Demonatrcttion. Let us suppose, in the nrst place, that the 
altitudes AEy AI^ are to each other as two entire numbers, as 15 
to 8, for example, j2£ maybe divide'd into 15 equal parts, of 
whicii At will contain 8, and thrbugn the pomts of division x^ y\ 
%y &c., planes may be drawn parallel to the base. These planes 
will divide the solid AQ into 15 partial parallelepipeds, which 
will be equal to each other, having equal bases and equal alti- 
tudes ; we say equal bases, because every section of a prism 
MJKLy parallel to ihe base, is equal to this base (395), and equal 
altitudes, because the altitudes are the divisions themselves A x, 
xy^y Zj &c. Now, of these 15 equal parallelepipeds 8 are con- 
tained in AL; therefore the solid AG is to the solid AL as 15 is 
to 8, or in general as the altitude AE is to the altitude AL 

Agaiii, if the ratio of AE to AI cannot be expressed ::? num- 
bers, we say still, that the' t)ropoftion is not the less true, name}^« 

solid AG : Solid ALwAtxAI. 
T^oify if this proportion does not hold, let lis suppose that 

sdid AG : solid AL.iAE : AO. 
Divide A^ into equal parts, each pf Which shall be less than 10^ 
there will be at least one point of division m between J and O. 
Let P be the parallelepiped which has for its base ABCD and 
for its altitude Am; since the altitudes AE^ A m, are to each 
other as two entire numbers, we shall have 

soMAGiP ::AE:Am. 
But, by hypothesis, 

scMAG : solid AL ii AE: AO, 
whence solid AL : P ; : AO : Am. 

But AO is greater than A m; it is necessary, then, in order tha« 
this proportion may take place, that the solid AL should be 
greater than P; on the contrary it is less ;. consequently it is 
ini{k)s«ible that the fourth term of the proportion 

solid AG .solid ALitAEix 

Geom. ^® 
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should be a line greater than JU. By sbnilar reasoniiig i« flay 
be Bhown that the fourth teim cannot be leas thanwSJ; it is then 
equal to AI; therefore rectangular parallelopipeds of the same 
base are to each other aa their altitudes. 

THEOREM. 

F%.zis. 403. Two rectangular parattdopipeds AG, AK {fig. 213), 
which have the same altitude A£, are to each other a» their bases 
ABCD, AMNO. 

Demonstration. Haring placed the two solids the one by the 
side of the other, as represented in the figure, produce the plane 
OJViTL, till it meet the plane DCGH in P% and a third paral- 
lelopiped AQ^ will be obtained, which may be compared witb 
each of the parallelopipeds AG, AK. The two solids AGjAQ^ 
haying the same base AEHD are to each other as their altitudes 
•dLB, AO ; also the two solids A^ AK, haying the same base 
AOLEy are to each other as their altitudes AD, AM. Thus we 
have the two pi:oportions 

solid AG : soUd AqiiAB: AO, 
solid Aq I solid AK:: AD: AM. 
Multiplying the two proportions in order, and omitting in the 
result the common multiplier s(did w9Q, we shall have 

solid AG : soUd AK ::AB x AD :AO x AM. 
But AB X AD represents the base ABCDmd AO X jJJIf repre- 
sents the base AMJVO ; therefore two rectangular parallelopi- 
peds of the same altitude are to each other as their bases. 

THEOSEM. 

404. Any two rectangular parcUelopipeds are to each other as 
the products of their bases by their altUudeSy or as the products 
of their three dimensions. 

Demonstration. Having placed the two solids AG, AZ 
Fis«ti3. {fig. 213), in such a manner that their surfaces may have a 
common angle BAE, produce the planes necessary to fonta the 
third parallelepiped AKo( the same altitude with the parallele- 
piped AG J we shall have, by the preceding proposition, 

solidAG:soUdAK:iABCD:AMJ>rO. 
But the two pardlelopipeds AK, AZ, which have the same base 
AMNOi are to each other as their altitudes AE, AX * thus we 
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have 9otidAK\9ol%dAZiiAEiJlX. 

Multiplying these two proportions in order and omitting in the 

result the conunon multiplier Bclid AKy we obtain 

solid AG : solid AZ : : ABCD X AE : AMNO X AX. 
In the place of the bases ABCDy AMXO^ we can substitute 
•4J5 X AD, AO X AM, which will giye 

solid AG : solid AZ :: AB X AD x JiE : AO X AMx AX. 
Therefore any two rectangular parallelopipetds are to each other 
as the products of their bases by their altitudes, or as the pro* 
ducts of th^r three dimensions* 

405. Scholium. Hence we may take for the measure of a 
rectangular parallelopiped the product of its base by its altitude^ 
or the product of its three dimensions. It is on this princijple 
that we estimate all other solids. 

In order to understand this measure it is necessary to recollect 
that by the product of two or several lines is meant the product 
of the numbers which represent these lines, and these numbers 
depend upon the linear unit, which may be taken at pleasure ; 
the product therefore of the three dimensions of a parallelopiped 
i« a number which of itself has no meaning, and which would be 
different according as one or another linear unit is used. But 
if, in like manner, the three dimensions of another parallelopiped 
are multiplied together, by estimating them according to the 
same linear unit, the two products would be to each other as the 
two parallelopipeds, and would give an idea of their relative 
magnitude. 

The magnitude of a solid, its volume, or its extension, consti- 
tutes what is called its solidity ; and the word solidity* is em- 
ployed particularly to denote the measure of a solid ; thus we 
say that the solidity of a rectangular parallelopiped is equal to 
the product of its base by its altitude, or the product of its three 
dimensions. 

The three dimensions of a cube being equal to each other, if 
the side id 1, the solidity will be 1 x 1 X 1, or 1 ; if the side is 

-■■■    I   I I - 1^ " I  ^m M  I ■■■II, I ■-■   i^« ,■■■..  

* Content is often employed by English writers to denote both solid 
and superficial measures. The word solidUy, though most commonly 
used, is exceptiottabie, as it is likely to suggest to the mind of the 
stadent the idea of resistance. The term volvme bks been ado|>ted by 
some as preferable to solidity. 
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2f the solidity wiU be 2 x 2 X 2, or 8 ; if die side is 3, the 
solidity will be 3 x 3 x 3) or 27, apd so on ; thus, the sides of 
cubes being as the numbers 1, 2, 3, <bc«, the cubes themselves, 
or their solidities, are as the numbers 1, 8, 27, &c. Hence the 
origin of what in arithmetic is called the cube of a number; it is 
the product arising from three factors, which are each equal to 
this number. 

If it were proposed to make a cube double of a given cube, it 
would be necessary that the side of the cube sought should be to 
the side of the given cube as the cube root of 2 is to 1.^ Now it 
is easy to find, by a geometrical construction, the square root of 
2 ; but we cfmnot, in this way, find the cube root of this number, 
at least by the simple operations of elementary geometry, which 
consist in employing only straight lines, two points of which are 
known, and circles whose centres and radii are determined. 

On account of this diflSiculty, the problem of the duplication 
of the cube was celebrated among the ancient geometers, as also 
that of the trisectUm^ of an angU^ which is nearly of the same 
character. But the solutions, of which problems of this kind are 
susceptible, have long been known; and, although less simple 
than the constructions of elementary geometry, they are not less 
exact or less rigorous. 
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406. The solidity of a paraUelopipedj and in general of any 
prism whatever, is equal to theproducf of Us base by its qUitud^. 

Demonstration. 1. A parallelopiped of whfitever kind is 
equivalent to a rectangular parallelopiped having the ^ame alti- 
tude and an equivalent base (401). But the solidity of this last 
is equal to the product of its base by its altitude (406) ; there- 
fore the solidity of the first is also equal to the product of its base 
by its altitude. 

2. Every triangular prism is half of a parallelopiped, ^o con- 
structed as to have the same altitude and a base twice as great 
(397). Now the solidity of this last is equal to the product of 
its base by. its altitude (405) ; therefore the solidity of the trian- 
gular prism is equal to the product of its base, half of that of the 
parallelepiped, by its altitude. 
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3. A prism of whatever kind may be divided into as many 
triangular prisms of the same altitude, as there are triangles in 
the polygon taken for a base. But the solidity of eaeh triangular 
prism is equal to the product of its base by its altitude ; and, 
since the altitude is the same in each, it follows that the sum of 
all the partial prisms is equal to the sum of all the triangles, 
taken for bases, multiplied by the common altitude. Therefore 
the solidity of a prism of whatever kind is equal to the product 
of its base by its altitude. 

407. CoroUary, If we compare two prisms, which have the 
same altitude, the products of the bases by the altitudes will be 
as the bases; therefore two prisms of the same aUUude art to 
each other as their bases; for a similar reason, two prisms of the 
game base are to each other as their aUUvdes. 

. LEMMA. 

408. If a pyramid S-ABCDE {fig. 2\A)isciahya plane a b d, Fig. su. 
ppreUd to the base^ 

1. The sides SA, SB, SC, and the aUUude SO, wiU he 

divided proportionally in a, b, c, and o ; 

2. The section abode toiU be a polygon similar to the base 
ABODE. 

Demonstration. The planes ABC^ abc^ being parallel, their 
intersections .^f, a&, by a third plane jSLiB, will be parallel 
(340) ; consequently the triangles SABy Sab, are similar, and 

SAiSaiiSB.Sb; 
in like manner SB : Sb :: SC : Sc, 

and so on ; therefore the sides SA, SB, SC, &c., are cut propor- 
tionally at a, 6, c, &c. The altitude SO is cut in the same pro- 
portion at the point O ; for BO and 6 o are parallel (340), and 
consequently 

SO : So:: SB :Sb (196). 

3. Since a 6 is parallel to AB, b c to BC, cd to CD, &c., the 
angle abc=^ ABC, the angle bcd=i BCD, and so on. Moie- 
over, on account of the similar triangles SAB, Sab, 

AB:ab::SB:Sb; 
and, on account of the similar triangles SBC, Sbc, 

SB :Sb II BCibc; 
whence AB : ab :: BC : b e; 
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in like manner, BC :bc :: CD : c d, 

and so on. Therefore the polygons ABCDE^abcde, ha¥6 
their angles equal, each to each, and their homologous sides pro- 
portional ; that is, they are similar. 

409. Corollary. Let S^iBCDE, S-XYZy be two pyramids 
that have a common vertex, and whose altitudes are the same, 
or whose bases are situated in the same plane ; if these pyramids 
be cut by a plane parallel to their bases, the Be^iona a b c d.e, 
X y z, thus formed, will be to each other 09 the baeea ABCDE, XYZ. 

For, the polygons ABCDE, abcde^ being similar, their sur- 
faces are as the squares of their homologous sides wlB, ab; but 

JlB:ab::SJl:Sa, 

^3 8 

consequently ABCDE : abcde :: SA : S a. 
For the same reason, 

XYZ : xyz :i SX : S x. 
But, since abcde^xy z, are in the same plane, 

SA:Sa::SX:Sx, 
whence ABCDE : abcde :: XYZ ixyz; 

therefore the sections abcde, xyz^wte to each other as their 
bases ABCDE, XYZ. 

LEMMA 

Pig S15. 410. Let S-ABC {fig, 215), be a triangyloT pyramid, of which 
Wiethe vertex and ABC the baae ; tf the aides SA, SB, SC, AB, 
AC, BC, be bisected at the points D, E, F, G, H, I, and through 
these points the straight Unes DE, EF, DF, EG, FH, EI, GI, GH, 
be drawn, we say that the pyramid S-ABC may be considered as 
composed of two prisma AGH-FDE, EGI-CFH, equivalent to each 
other, and iwoequalpyramids S-DEF, E-GBI. 

Demonstration. It follows from the construction, that ED is 
parallel to BA, sndGE to AS (199) ; hence the figure ADEG 
is a parallelogram. For the same reasmi, the figure «jiDFIf is 
also a parallelogram ; consequently the straight lines AD, GE, 
HF, are equal and parallel ; therefore the solid AGH-FDE is a 
prism (346). 

It may be shown, in like manner, that the two figures EFCJ, 
CIGH, are parallelograms^ and that thus the straight lines EF, 
IC, GH, are equal and parallel ; therefore the solid JSJGfJ-CFH is 
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also a plinn. Now we say that these two triangular prisms are 
equivalent to each other. 

Indeed, if upon the edges GI, GEj GH, the parallelopiped 
GX be formed, the triangular prism EGI-CFH will be half of 
this parallelopiped (397) ; on the other hand, the prism AGH-FDE 
is also equal to half of the parallelopiped GX (406), since they 
have the same altitude, and the triangle AGH^ the base of the 
prism,is half of the parallelogram 6/CjEf (168), the base of the par- 
allelopiped. Therefore the two prisms L GI-CFH, AGH-FDE, 
are equivalent to each other. 

These two prisms being taken from the p/ramid S-ABCj there 
will remain only the two pyramids S-DEF, E-GBI ; now we 
say that these two pyramids are equal to each other. 

Indeed, since the following sides are equal, namely, BE = SL 
BG = AG = DE, EG = AD=i SB, the triangle BEG is equal 
to the triangle ESD (43). ,For a similar reason, the triangle 
BEI is equal to the triangle ESF; moreover the mutual inclina- 
tion of the two plane0 BEG, BEI, is the same as that of the two 
planes ESD, ESF, since BEG, ESD, are in the same plane, and 
BEI, ESF, are also in the same plane. If, then, in order to ap- 
ply the one pyramid to the other, we place the triangle EBG 
upon its equal EDS, the plaAe BEI must fall upon the plane 
ESF; and, since the triangles are equal and similarly disposed, 
the point I will fall upon J^, and the two pyramids will coincide 
throughout (384). 

Therefore the entire pyramid S^ABC is composed of two tri- 
angular prisms AGF, GIF, equivalent to each other, and two 
equal pyramids S-DEF, E-GBL 

411. Corollary i. From the vertex S let fall upon the plane 
ABC the perpendicular SO, and let P be the point, where this 
perpendicular meets the plane DEF, parallel to ABC; since 
SD=iiSA, we have SP=:^SO (408), and the triangle DEF = J 
triangle ABC (218); consequently the solidity of the prism 

AGH'FDE = J ABC X\SO; 
and the solidity of the two prisms AGH-FDE,EGLCFH,t^en 
together, is equal { ABC X SO. These two prisms are less than 
the pyramid S-ABC, since they are contained in it; therefore 
the adidity of a triangular pyramid ia greater than the fourth 
part of the product of its baae by its altitude ' 
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413. CoroUary ii. If we join DO, DH, we shall hove a new 
pyramid D-AGH equal to the pyramid S-DEF; for the base 
DEF msy be placed upon its equal AGH, and then, the angles 
SBE, SDF^ being equal to the angles DAG, DAH, it is mani 
fest that DS will fall upon AD (364), and the verte:^ S upon the 
vertex i>. Now the pyramid D-AGH is less than the prian 
AGHrFDE, since it is contained in it; therefore each of the 
pyramids S-DEF, E-GBI, is less than the prism AGH-FDE^ 
therefore the pyramid S-ABC, which is composed of two pyi'a- 
mids and two prisms, is less than four of these sa^^e prisms. 
But the solidity of one of these prisms =r | ABC X SO, and its 
quadruple = ^ ABC X SO ; hence th£ aolidUy of any triar^ular 
pyramid is less than half ^ the product of its base by its altitude. 

TH£0B£M. 

413. The solidity of a triangular pyramid is tqual to a third 
df the product of its base by its altitude. 
iRs. 216. Demonstratiofi. Let S-ABC {fig. 216) be any triangular pyr- 
amid, ABC its base, SO its altitude; we say that the solidity 
of the pyraimid S-ABC is equal td' a third part of the product of 
the surface ABC by the altitude SO, so that 

S'ABC=:iABCx SO,or = SOx \ABC. 
If this proposition be denied, the solidity S-ABC tniist be 
equal to the product of SO by a surface either greater or less 
thani^JSC. 

1. Let this quantity be greater, so that we shall haVe 

S-ABC-SOxiiABC-fM). 
If we make the same construction as in the preceding proposi- 
tion, the pyramid S-ABC will be divided into tw6 equivalent 
prisms AGH-FDE, EGI-CFH, and two equal pyramids S-DEF, 
E-GBI. Now the solidity of the prisnl A GS-FDE is DEF x PO, 
consequently we shall have the solidity of the two prisms 
AGH'FDE + EGhCFH= DEF x 2P0, or = DEF x SO. 
The two prisms being taken from the entii'e pyramid, the re- 
mainder will be equal to double of the pyramid S-DEF, so that 
we shall have 

2S'DEF=SOx{\ABC + M—DEF). 
But, because SA is double of SD, the surface ABC is quadruple 
ofDEF(408), and thus 



Of Poiyedrom. 14S 

iABC—DEF=z^DJEF—DEF=iDEF; 

Hfhence 

2S'DEF:=z SO X (i BEF-^ M)i 
or, by taking the half of each, 

S'DEF=SPx{iDEF+M). 
tt ap|)ear$, then, that in order to obtain the solidity of the pyra- 
mid S'DEF, it i» necessary to add to a third of the base the same 
surface M^ which was added to a third of the base of the large 
|)yramid, and to multiply the whole by the altitude SP of the 
small pyramid. 

If SD be bisected tt the point JT, and if through this point a 
plane KLM be supposed to pass parallel to DEF^ meeting the 
perpendicttlar SP in Q; according to what has just been demon- 
strated, S-KLM =zSqx{\ KLM + M). 
If we procec^d thus to form a series of pyramids, the sides of 
Ivhich decrease in the ratio of 2 to 1, and the bases in the ratio 
4 to 1, we shall soon arrite at a pyramid S*a b c, the base of 
Which abc shall be less than 6M, Let S o be the altitude of 
this last pyramid ; and its soUdity, deduced from that of the 
preceding pyramids, will be 

Sox i^abc + M). 
But Jtf >• I d 6 c, and consequently labC'{-M'^^abc. It 
would follow, then, that the solidity of the pyramid S-ce 6 c is 
greater than S o X labc; which is absurd, since it was proved 
in the preceding proposition, corollary ii, that the solidity of a 
triangular pyi^mid is always less than half of the product of -its 
base by its attitude ; therefore it is impossible that the solidity 
of the pyramid S-jlBC should be greater than SO X I ABC. 

2. Let S'ABC be equal to SO X {\ABC—M) ; it may be 
shown, as in the first case, that the solidity of the pyramifd 
S-D£JP,the dimensions of which are less by one half, is equal to 

SPx{\J)EF—M)^ 
and, by continuing the series of pyramids, the sides of which 
decrease in the ratio of 2 to 1, until we arrive at a term S ahc, 
We shall, in like maiiner, have the solidity of this last equal to 

Sox {^abc^M). 
But, as the bases ABC^ BEF, KLM . . . . , abc, form a decreas- 
ing series, each term of which is a fourth of the preceding, we 
shall soon arrive at a term abc equal to 12Jtf, or which shall 
be comprehended between ISJtf and ZM; then, Jlf being either 
Geom. 19 
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equal to or greater than -^^abCy the quantity \ab c — JIf will 
either be equal to or less than \ abc; so that we shall have the 
solidity of the pyramid S-a b c either equal to or less than 

l^oXlabc; 
which is absurd, since, according to corollary i of the preceding 
proposition, the solidity of a triangular pyramid is always greater 
than the fourth of the product of its base by its altitude; there- 
fore the solidity of the pyramid S-ABC cannot be less than 
SOx I ABC. 

We conclude, then, according to the enunciation of the theo- 
rem, that the solidity of the pyramid SABC = SO X i ABCj 
or =^i ABC X SO. 

414. Corollary i. Every triangular pjrramid is a third of a 
triangular prism of the same base and same altitude ; for 
ABC X SO is the solidity of the prism of which ABC is the 
base and SO the altitude. 

415. CordUary ii. Two triangular pyramids of the same 
altitude are to each other as their bases, and two triangular pyr- 
amids of the same base are to each other as their altitudes* 

THEOREM. 

Fis-sii. 416. Ev^ry pyramid S-ABCDE (fig. 214) hoe for Us measure 
a third of the product of Us base by Us aUUude* 

Demonstration. If the planes SEBy SECy be made to pass 
through the diagonals EB^ECy the polygonal pyramid S-ABCDE 
will be divided into several triangular pyramids, which have all 
the same altitude SO. But, by the preceding theorem, these are 
measured by multiplying their bases ABEyBCE, CDJS, each 
by a third of its altitude SO; consequently the sum of the trian- 
gular pyramids, or the polygonal pyramid S-ABCDE will have 
for its measure the sum of the triangles ABEy BCEy CDEy or 
the polygon .^fCDJS, multiplied by \ SO; therefore every pyr- 
amid has for its measure a third of the product of its base by 
its altitude. 

417. Corollary i. Every pyramid is a third of a prism of the 
same base and same altitude. 

418. CoroUary ii. Two pyramids of the same altitude are to 
each other as their bases, and two pyramids of the same base 
are to each other as their altitudes. ^ 
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419. SchdUum, The solidity of any polyedron may be esti- 
mated by decomposing it into pyramids, and this decomposition 
may be effected in several ways ; one of the most simple is by 
means of planes of division passing through the vertex of the 
same solid angle ; then we shall have as many partial pyramidi 
as there are faces in the polyedron excepting those which con- 
tain the solid angle from which the planes of division proceed. 

THEOREM. 

420. Two symmetricat polyedrona are equivalent to each other ^ 
iJT e^ticri in solidity. 

Demonstration, 1. Two symmetrical triangular pyramids, as 
S-ABCf T-ABC {fig. 202), have each for its measure the prod- Fig.a». 
uct of the base ABC by a third of its altitude SO or TO ; there- 
fore these pyramids are equivalent. , 

2. If we divide, in any manner, one of the symmetrical polye- 
drons in question into triangular pyramids, we can divide the 
other polyedron, in the same manner, into triangular pyramids 
symmetrical with the former (382) ; but the triangular pyramids 
in the one case and the other being symmetrical, are equivalent, 
each to each ; therefore the entire polyedrons are equivalent to 
each other, or equal in solidity. 

421. Scholium. This proposition seems to result immedi 
ately from a former (386), in which it was shown that, with re- 
spect to two symmetrical polyedrons, all the constituent parts of 
the one are equal respectively to those of the other ; still it was 
necessary to demonstrate it in a rigorous manner^ 

« 

THEOREM. 

422. y a pyramid is cut by a plane parallel to its hase^ the 
frustum which remains, after toMng away the smaller pyramid, 
is equal to the sum of three pyramidSy which have for their com- 
mon altitude the altitude q/* thefrustumj and whose bases are the 
Ulterior base of the frustum, its superior base, and a mean pro^ 
partional between these bases. 

Demonstration. Let S-ABCDE {fig. 217) be a pyramid cut Fig. six 
by the plane abd parallel to the base ; let T-FGH be a trian- 
gular pyramid, whose base and altitude are equal or equivalent 
to the base and altitude of the pyramid S-ABCDE. The two 
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bases may be supposed to be situated in the same plane ; and 
then the plane abd produced will deternMne in the triangular 
pyramid a section fg h situated at the same altitude above the 
common plane of the bases ; whence it follows that the section 
fg h is to the section a fr d as the base FGH is to the base 
M3D (408) ; and, since the bases are equivalent, the sections will 
be equivalent also. Consequently the pyramids S-a hcde, T-fg hf 
are equivalent, since they have the same altitude and equivalent 
bases. The entire pyramids S^BCDE^ T-FGH^ are equiva- 
lentt for the same reason ; therefore the frustums ABD-d a 6, 
FGH'h/gi are equivalent ; and consequently it will be sufficient 
to demonstrate the proposition enunciated, with reference merely 
to the case of the frustum of a triangular pyramid. 
Fi^. 218. Let FOH-hfg {fig. 218), be the frustnm of a triangular pyra- 
mid ; through the points F, g, H, suppose a plane FgHio pass, 
cutting off from the frustum the triangular pjrramid g-FGH. 
This pyramid has for its base the inferior base FGffTof the frus- 
tum; it has also for its altitude the altitude of the frustum, since 
the vertex g is in the plane of the superior base/g&. 

This pyramid being cut off, there will remain the quadrangu- 
lar pyramid gfh HFy the vertex of which is g, and the base 
fhHF. Through the three points /,g,H. suppose a plane 
fg H to pass, dividing the quadrangular pyramid into two trian- 
gular pyramids g-FfH^ 8'f^ S* I'his last pyramid may be ccm- 
sidered as having for its base the superior base gfh of the frus- 
tum, and for its altitude the altitude of the frustum, since the 
vertex H is in the inferior base. Thus we have two of the three 
pyramids which compose the frustum. 

It remains to consider the third pyramid g- J'/ IT. Now, if we 
draw gJT parallel to/F, and suppose a new pyramid K-FfH^ 
the vertex of which is K^ aiid the base FfH, these two pyra- 
mids will have the same base FfH; they will have also the 
same altitude, since the vertices g, K, are situated in a line g K 
parallel to Ff and consequently parallel to the plane of the 
base ; therefore these pyramids are equivalent. But the pyra- 
mid K-FfHrnsLj be considered as having its vertex in /, and 
thus it will have the same altitude as the frustum ; as to its base 
JPHir, we say that it is a mean proportional between the two 
bases JPff€r,/Ag. Indeed the triangles FHKjfhgj have the 
angle F=/, and the side FK-^zfg^ 
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haaee 

FHK.fhg : : FKx FH :fg Xfhii FHzfh (216). 
Also FHG : FHK ::FG:FK or fg. 

But the similar triangles FHGjfhg, give 

FG:fg:iFH:fh; 
consequently FBG : FHK : : FHK : fh g ; 
and thus the base FHK is a mean proportional between the two 
bases FHG^fhg; therefore the frustum of a triangular pyramid 
is equal to three pyramids, which have for their conmion altitude 
the altitude of the frustum, and whose bases are the inferior base 
of the frustum, its superior base, and a mean proportional be- 
tween these bases. 

THEOREM. 

423. y a triangular priamy whose base is ABC {fig. 216), be Fiir-sie. 
(sutby a plane DBF inclined to this base, the solid ABC-DEF, 
thus formed., wiU be equal to the sum of the three pyramids whose 
vertices are D, E, F, and the common base ABC^ . 

Demonstration. Through the three points F, A, C, suppose a 
plane FAC to pass, cutting off from the truncated prism 

ABC-BEF 
the triangular pyramid F-^BC ; this pyramid will have for its 
base ABC, and for its vertex the point F. 

This pyramid being cut off, there will remain the quadrangu- 
lar pyramid F-ACDE, of which F is the vertex, and ACDE the 
base. Through the points F, E, C, suppose a plane FEC to 
pass, dividing the quadrangular pyramid into two triangular pyr- 
amids F-^EC, F'CDE. 

The pyramid F-AEC, which has for its base the, triangle 
AECy and for its vertex the point F, is equivalent to a pyramid 
B^ECj which has for its base AEC, and for its vertex the point 
B. For these two pyramids have the same base ; they have 
also the same altitude, since the line BF, being parallel to each 
of the lines AE, CD, is parallel to their plane AEC ; therefore 
the pyramid F'AEC is equivalent to the pyramid B^AEC^ which 
may be considered as having for its base ABC, and for its ver- 
tex the point E. ^ . 

The third pyramid^ F-CDE, or E-FCB, may be changed in 
the first place into A^FCD ; for the two pyiamids have tbe same 
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base FCD; they have also the same altitude, since AE is par* 
allel to the plane FC1>; consequently the pyramid £-FCD is 
equivalent to A-FCD. Again, the pyramid A-FCD, or F-A CD, 
may be changed into B-ACD, for these two pyramids have the 
common base A CD ; they have also the same altitude, since their 
vertices J^ and B are in a parallel to the plane of the base. 
Therefore the pyramid E-FCD, equivalent to A-FCD, is also 
equivalent to B-ACD. Now this last may be regarded as hav- 
ing for its base ABC, and for its vertex the point D. 

We conclude, then, that the truncated prism ABC^DEF is 
equal to the sum of three pyramids which have for their com- 
mon base ABC, and whose vertices are respectively the points 
D, E, F. 

424. Corollary. If the edges are perpendicular to the plane 
of the base, they will be at the same time the altitudes of the 
three pyriamids, which compose the truncated prism ; so that the 
solidity of the truncated prism will be expressed by 

\ABCxAE + iABCxBF+lABCx CD, 
or lABCx {AE + BF+ CD). 

THEOREM. 

425. Two similar triangular pyramids have their homologous 
faces similar, and their homologous solid angles e^al. 

Demonstration. The two triangular pyramids S-AB C, T-DEF 
i^ff.sos. {fig' 203), are similar, if the two triangles SAB, ABC, are simi- 
lar to the two TDE, DEF, and are similarly placed (381) ; that 
is, if the angle ABS = DET, BAS=zEDT, ABC=:DEF, 
BAC :=EDF, and if, furthermore, the inclination of the planes 
SAB, ABC, is equal to that of the planes TDE, DEF. This 
being supposed, we say that the pyramids have all their faces 
similar, each to each, and their homologous solid angles equal. 

Take BO ^ ED, BH=EF,BI=zET,md join GH,m,IH. 
The pyramid T-DEF is equal to the pyramid LGBH; for the 
sides GB, BH, being equal, by construction, to the sides DE, 
EF, and the angle GBH being, by hypothesis, equal to the angle 
DEF, the triangle GBH is equal to DEF (36) ; therefore, in 
order to apply one of these pyramids to the other, we can evidently 
place the base DEF upon its equal GBH; then, nnce the plane 
TDE has the same inclination to DEF as the plane SAB has to 
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ABC J it is manifest that the plane TDE will fall indefinitely upon 
the plane SAP. But, by hypothesis, the angle BET = GBI, 
consequently JET will fall upon its equal BI; ^nA since the four 
points D, E, jF, T, coincide with the four G, B, H, /, it follows 
that the pyramid T-BEF will coincide with the pyramid I-GBH 
(384). 

Now," on account of the equal triangles BEF, GBH^ the angle 
BGH=zEBF = BAC; consequently GH is parallel to AC. 
For a similar reason, GI is parallel to AS ; therefore the plane 
IGH is parallel to SAC (344). Whence it follows that the 
triangle IGH, or its equal TBF, is similar to SAC (347), and 
that the triangle IBH,ot its equal TEF, is similar to SJ?C; 
therefore the two similar triangular pyramids S-ABC, T-BEF 
have their four faces similar, each to each. Moreover the ho- 
mologous solid angles are equal. 

For, we have already placed the solid angle £ upon its homol- 
ogous angle B, and the same may be done with respect to the 
two other homologous solid angles ; but it will be readily per- 
ceived that two homologous solid angles are equal, for example 
the angles T and S, because they are formed by three plane 
angles which are equal, each to each, and similarly placed. 
- Therefore two similar triangular pyramids have their homolo- 
gous faces similar, and their homologous solid angles equal. 

420. Corollary I. The similar triangles in the two pyramids 
furnish the proportions 

AB:BE::BC:EF::AC:BF::AS:BT:SB:TE::SC:TF; 
therefore in similar triangular pyramids the homologous sides 
are proportional. 

427. Corollary ii. Since the homologous solid angles are 
equal, it follows that the inclination of any two faces of one pyr- 
qmid is equal to the inclination of the two hamologoiLS faces of 
a similar pyramid (359). 

428. Corollary in. If a triangular pyramid SABC be cut 
by a plane GIET parallel to one of the faces SAC, the partial 
pyramid JGjBfl" will be similar to the entire pyramid SABC 
For the triangles BGI, BGH, are similar to the triangles BAS, 
A4C, each to each, and similarly placed ; also the inclination 
of the two planes is the same in each ; therefore the two pyra- 
mids are similar. 

429 CorMary iv. ff any pyramid whatever SABCDE {fig. 214) fiff. tiA. 
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becuiby a plane ^hede paraUd to the baseyAe partiat pyrd 
mid S-a b c d e will be similar to the enlire pyramid S-ABCDE. 
For the bases ABCDEj a 6 c d 6, are similar, and AC^aCj being 
joined, it has just been proved that the triangular pyramid S-ABC 
is similar to the pyramid S^bc; therefore the point S is deter-^ 
mined with respect to the base ABC, as the point iS is determined 
with respect to the base abc (382) ; therefore the two pyramids 
S-ABCDE, S^bcde, are similar. 

430. Scholium. Instead of the fite given things, required by 
the deiSnition, in order that two triangular pyramids may be sim^ 
ilar, we can substitute five others, according to different combi- 
nations ; and there will result as many theorems, among which 
may be distinguished the following ; two triangular pyramids ar€ 
similar, when they haue their homologous sides proporiianalr 

For, if we have the proportions 
ABiJ)E::BC:EFi:AC:DF::AS:DT::SB:TE::SC:TF 
t^.908. {fig. 20S), which contain five conditions, the triangles ABSj 
ABC, will be similar to DET, DEF, and the disposition of the 
former will be similar to that of the latter. We have also the 
triangle SBC similar to TEF; therefore the three plane angles, 
which form the solid angle B, are equal to the three plane an- 
gles which form the solid angle £, each to each ; whence it fol- 
lows that the inclination of the planes SAB, ABC, is equcd to 
tiiEit of the homologous planes TDE, DEF, arid that thus the 
two pyramids are similar. 

TBiEOREM. 

431. Two simitar polyedrons have their h/miologous faces eim- 
ilar, and their homologous solid angles equal. 

Fig.si9. Demonstration. Let ABCDE {fig. 219) be the base of one 
polyedron; let M, JV, be the vertices df two solid angles, with- 
out this base, determined by the triangular pyramids M^BC, 
J^-^BC, whose common base is ABC ; let there be, in the other 
polyedron, the base abcde homologous or similar to ABCDE, 
m, n, the vertices homologous to M, JV, determined by the pyra- 
mids m^ b c, nra b c, similar to the pyramids M-ABC, JSf^BC; 
we say, in the first place, that the distances MJST, mn, are pro- 
portional to the homologous sides AB, ab. 

Indeed, the pyramids M-ABC, mra b c, being similar, the incli- 
nation of the planes MAC, BAC, i» equal to that of the planes 
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maCjbac; in like manner, the pyramids' JV-^BC, n-a b c, being 
similar, the inclination of the planes JVAC,BAC, is equal to that 
of the planes nac, hac; consequently, if we subtract the first 
inclinations respectively from the second, there will remain the 
inclination of the planes JV./4C,Jlf,/2C, equal to that of the planes 
nac, mac. But, because the pyramids are similar, the triangle 
MA C is similar to mac, and the triangle JVA C is similar to nac; 
therefore the triangular pyramids MJVAC, mnac, have two 
faces similar, each to each, similarly placed, and equally inclined 
to each other ; consequently the two pyramids are similar (425) ; 
and their homologous sides give the proportion 

MJV :mn :: AM : am. 
Moreover AM i am :: AB : ah ; 

therefore, MJV :mn:: AB : a 6. 

Let P and p be two other homologous vertices of the same 
polyedrons, and we have, in like manner, 

PJV :pn :: AB : a ft, 
PM:pm::AB : ah; 
whence MN imnii PJY : pn : : PM : p m. 

Therefore the tnangU ¥NM, formed by joining any three vertices 
of one polyedron, is similar to the triangle p n m, formed by join- 
ing the three homologous vertices of the other polyedron. 

Furthermore, let Q, q, be two homologous vertices, and the 
triangle PQN^ will be similar to pqn. We say, also, that the 
inclination of the planes PQJV, PMJV, is equal to that of the 
planes p qn, pmn. 

For, if we join QM and q m, we shall always have the triangle 
QJVM similar to qnm, and consequently the angle QJVM equal 
to qnm. Suppose at JV a solid angle formed by the three plane 
angles QJVJtf, QJVP, PJVM, and at n a solid angle formed by the 
plane onglesqnm, qnp,pnm; since these plane angles are 
equal, each to each, it follows that the solid angles are equal. 
Whence the inclination of the two planes PJVQ, PJVM, is equal 
tQ that of the homologous planes pnq, pnm (359) ; therefore, 
if the two triangles PJVQ, PJVM, be in the same plane, in which 
case we should have the angle QJVM= QJVP + PJVM, we 
should have, in like manner, the angle qnm^qnp-^-pnm, and 
the two triangles qnp,pnm, would also be in the same plane. 

All that has now been demonstrated takes place, whatever be 

Geom. 20 
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the angles M^ JV, P, Q, compared with the honpiologous angles 
m, n, p, y. 

Let us suppose, now, that the surface of one of the polyedrons 
is divided into triangles ABC, A CD, MNP, JVPQ, &c., we see 
that the surface of the other polyedron will contain an equal 
number of triangles, abc, acd,mnp,npq, &c., similar to the 
former, and similarly placed ; and if several triangles, as MPJST, 
JVPQ, (fee, belong to the same face, and are in the same plane, 
the homologous triangles mpn,npq, (fee, will likewise be in the 
same plane. Therefore each polygonal face in the one polye- 
dron will correspond to a similar polygonal face in the other ; 
and consequently the two polyedrons will be comprehended 
under the same number of similar and similarly disposed planes. 
We say, moreover, that the solid angles will be equal. 

For, if the solid angle JV,, for example, is formed by the plane 
angles QJVP, PNM, MJVR, QJ^R, the homologous solid angle 
n will be formed by the plane angles qnp,pnm,mnr,qnr. 
Now the former plane angles are equal to the latter, each to each, 
and the inclination of any two adjacent planes is equal to that 
of their homologous planes ; therefore the two solid angles are 
equal, since Ijiey would coincide upon being applied. 

We conclude, then, that two similar polyedrons have their 
homologous faces similar, and their homologous solid angles 
equal. 

432. Corollary. It follows, from the preceding demonstra- 
tion, that if, with four vertices of a polyedron, we form a triangular 
pyramid, and also another with the four homologous vertices of 
a similar polyedron, these two pyramids will be similar ; for they 
will have their homologous sides proportional (430). 

It will be perceived, at the same time, that the homologous 
diagonals (157),w2JV, an, for example, are to each other as two 
homologous sides AB, a &. 

THEOREM. 

433. Two similar polyedrons may be divided into the same 
number af triangular pyramids similar, each to each, and simi- 
larly placed. 

Demonstration. We have seen that the surfeces of two similar 
ppl} edrons may be divided into the same number of triangles, 
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itiat are similar, each to each, and similarly placed. Let us 
consider all the triangles of one of the polyedrons, except those 
which form the solid angle A, as the lyases of so many triangular 
pyramids having their vertices in A ; these pyramids taken 
together vi^ill compose the polyedron. Let us divide likewise the 
other polyedron into pyramids having for their common vertex 
that of the angle a, homologous to A ; it is evident that the pyra- 
mid, which connects four vertices of one polyedron, will be sim- 
ilar to the pyramid which connects the four homologous vertices 
of the other polyedron ; therefore two similar polyedrons, &c. 

THEOREM. 

434. Two similar pyramids are to each other as the cubes of 
their homologous sides. 

Demonstration. Two pyramids being similar, the less maybe 
placed in the greater, so that they shall have the angle S (fig. 214) Fig 214. 
common. Then the bases ABODE, abode, will be parallel; 
for, since the homologous faces are similar (423), the angle 

Sab — SAB, 
as also S 6 c = SBC ; therefore the plane a 6 c is parallel to the 
plane ABC (344). This being premised, let fall the perpen- 
dicular SO from the vertex iS upon the plane AB C, and let o be 
the point, where this perpendicular meets the plane a 6 c; we 

 

shall have, according to what has already been demonstrated 

(406), SO : So :: SA :Sa :: AB : ab, 

and consequently 

i SO : ^ S : : j?B : a 6. 

But the bases ABCDE, abode, being similar figures, 

ABODE : abode ::AB rat (221). 
Multiplying the two proportions in order, we shall have 

ABODE X iSO : abode X ^SoxiABiab; 
but ABODE X i SO is the solidity of the' pyramid SAB ODE 
(413),and a&cde X ^ So is the solidity of the pyramid 5 a6cde; 
therefore two similar pyralnids are to each other as the cubes of 
their homologous sides. 
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THEOREM. 

435. Tkoo similar polyedrons are to each other as the cubes of 
their homologous sides. 

Demonstration. Two similar polyedrons may be divided into 
the same number of triangular pyramids, that are similar, each 
to each (433). Now, the two similar pyramids APJVMy apnm. 
Fig. 119 (Jig. 219), are to each other as the cubes of their homologous 
sides AM, a m, or as the cubes of the homologous sides jIB, a 6, 
(434). The same ratio may be shown to exist between any two 
other homologous pyramids ; therefore the sum of all the pyra- 
mids, which compose the one polyedron, or the polyedron itself, 
is to the other polyedron as the cube of any one of the sides of 
the first is to the cube of the homologous side of the second. 

General Scholium. 

436. We can express in algebraic language, that is, in a 
manner the most concise, a recapitulation of the principal prop- 
ositions of this section relating to the solidity or content of 
polyedrons. 

Let B be the base of a prism, H its altitude ; the solidity of 
the prism will he B X H, or BH. 

Let B be the base of a pyramid, H its altitude ; the solidity 
of the pyramid will he B X ^H, or Hx i B, or ^ BH. 

Let H he the altitude of the frustum of a pyramid, and let A, 
B, he the bases ; then ^^b will be the mean proportion between 
them, and the solidity of the frustum will be 

iHx (A + B + ^Ib). 

Let B he the base of a truncated triangular prism, H, £P, EP\ 
the altitudes of the three superior vertices, the solidity of the 
truncated prism will he^Bx {H+H' + H'). 

Lastly, let P, p, he the solidities of two similar polyedrons, A 

and a, two homologous sides, or diagonals of the polyedrons, we 

shall have 

P.pr.A?x€?. 
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SECTION THIRD. 
Of the Sphere. 

DEFimTIOKS. 

437. A sphere is a solid terminated by a curved surface, all the 
points of which are equally distant from a point within called the 
centre. 

The sphere may be conceived to be generated by the revo- 
lution of a semicircle DAE {fig, 220) about its diameter DE ; Fig. 220. 
for the surface thus described by the curve DAE will * have all 
its points equally distant from the centre C 

438. The radius of a sphere is a straight line drawn from the 
centre to a point in the surface ; the diameter or axis is a line* 
passing through the centre, and terminated each way by the 
surface. 

All radii of the same sphere are equal ; the diameters also are 
equal, and each double of the radius. 

439. It will be demonstrated, art. 452, that every section of a 
sphere made by a plane is a circle. This being supposed, we 
call a great circle -the section made by a plane which passes 
through the centre, and a small circle the section made by a 
plane which does not pass through the centre. 

440. A plane is a tangent to a sphere, when it has one point 
only in common with the surface of the sphere. 

441. The jpofe of a circle of the sphere is a point in the surface 
of the sphere equally distant from every point in the circumfer- 
ence of the circle. It will be shown, art. 464, that every circle, 
great or small, has two poles. 

442. A spherical triangle is a part of the surface of a sphere 
comprehended by three arcs of great circles. 

These arcs, which are called the sides of the triangle, are 
always supposed to be smaller each than a semicircumference. 
The angles, which their planes make with each other, are the 
angles of the triangle. 

443. A spherical triangle takes the nmaeoi right-angled jtsos* 
ceUs and equilateral^ like a plane triangle, and under the same 
circumstances. 
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444. A spherical polygon is a part of the surface of a sphere 
terminated by several arcs of great circles. 

445. A binary surface is the part of the surface of a sphere 
comprehended between two semicircumferences of great circles, 
which terminate in a common diameter. 

446. We shall call a spherical wedge the part of a sphere com- 
prehended between the halves of two great circles, and to which 
the lunary surface answers as a base. 

447. A spherical^pyramid is the part of a sphere comprehended 
between the planes of a solid angle whose vertex is at the centre. 
The 5(we of the pyramid is the spheiical polygon intercepted by 
these planes. 

448. A zone is the part of the surface of a sphere compre- 
hended between two parallel planes, which are its bases. One 
of these planes may be a tangent to the sphere, in which case 
the zone has only one base. 

449. A spherical segment is the portion of a sphere compre- 
hended between two parallel planes which are its bases. One 
of these planes may be a tangent to the sphere, in which case 
the spherical segment has only one base. 

450. The altitude of a zone or of a segment is the distance 
between the parallel planes which are the bases of the zone or 
segment. 

Fig.iso. 451. While the semicircle DAE (fig. 220), turning about the 
diameter DE, describes a sphere, every circular sector, as DCF^ 
or FCHy describes a solid, which is called a spherical sector. 

THEOREM. 

452. Every section of a sphere made by a plane is a circle. 
Fig. 221. Demonstration. Let AMB (fig. 221) be a section, made by 
a plane, of the sphere of which C is the centre. From the point 
C draw CO perpendicular to the plane AMB, and different ob- 
lique lines CM, CM, to different points of the curve AMB which 
terminates the section. 

The oblique lines CM, CM, CB, are equal, since they are 
radii of the sphere ; consequently they are at equal distances 
from the perpendicular CO (329) ; whence all the lines OM, 
OM, OB, are equal ; therefore the section AMB is a circle of 
which the point O is the centre 
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453. Corollary i. If the cutting plane pass through the 
centre of the sphere, the radius of the section will be the radius 
of the sphere ; therefore all great circles are equal to each other. 

454. Corollary ii. Two great circles always bisect each 
other ; for the common intersection, passing through the centre, 
is a diameter. 

455. CoroUary iii. Every great circle bisects the sphere and 
its surface ; for if, having separated the two hemispheres from 
each other, we apply the base of the one to that of the other, 
turning the convexities the same way, the two surfaces will coin- 
cide with each other ; if they did not, there would be points in 
these surfaces unequally distant from the centre. 

456. Corollary iv. The centre of a small circle and that of 
the sphere are in the same straight liiie perpendicular to the 
plane of the small circle. 

457. Corollary v. Small circles are less according to their 
distance from the centre of the sphere ; for, the greater the dis- 
tance CO, the smaller the chord AB, the diameter of tlie small 
circle jlMB. 

458. Corollary vi. Through two given points on the surface 
of a sphere an arc of a great circle may be described ; for the 
two given points and the centre of the sphere determine the 
position of a plane. If, however, the two given points be the 
extremities of a diameter, these two points and the centre would 
be in a straight line, and any number of great circles might be 
made to pass through the two given points. 

THEOREM. 

459. In any spherical triangle ABC (fig. 222) either side is Fig. 222 
less than the sum of the other two. 

Demonstration. Let O be the centre of the sphere, and let the 
radii OA, OB, OC, be drawn. If the planes AOB^AOC, COB, 
be supposed, these planes will form at the point O a solid angle, 
and the angles AOB, AOC, COB, will have for their measure 
the sides JjJB, AC,BC, of the spherical triangle ABC (123). 
But each of the three plane angles, which form the solid angle, 
is less than the sum of the two others (356) ; therefore either 
^de of the triangle ABC is less than the sum of the other two. 
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460. The shortest way from one point to another on the sur^ 
face of a sphere is the arc of a great circle which joins the two 
given points. 
Fiff. 223. Demonstration, Let AJVB {fig. 223) be the arc of a great 
circle which joins the two given points A and B, and let there 
be without this arc, if it be possible, a point M of the shortest 
line between A and B. Through the point M draw the arcs of 
great circles MA, MB, and take BJV= MB. 

According to the preceding theorem, the arc AJVB is less than 
AM-\- MB ; taking from one BJV, and from the other its equal 
BM, we shall have AJV<^ AM. Now the distance from B to M, 
whether it be the same as the arc BM, or any other line, is equal 
to the distance from B to JV; for, by supposing the plane of the 
great circle BM to turn about the diameter passing through B, 
the point M may be reduced to the point JV, and then the short- 
est line from M to B, whatever it may be, is the same as that 
from JV to B ; consequently the two ways from A to B, the one 
through M and the other through JV, have the part from JIf to J5 
equal to that from A* to B. But the first way is, by hypothesis, 
the shortest ; consequently the distance from A to M is less than 
the distance from A to JST, which is absurd, since the arc AM is 
greater than AJV; whence no point of the shortest line between 
A and B can be without the arc AJVB ; therefore this line is 
itself the shortest that can be drawn between its extremities. 
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461. The sum of the three sides of a spherical triangle is less 
than the circumference of a great circle. 
F ig. 224. Demonstration. Let AB C {fig. 224) be any spherical triangle , 
produce the sides AB, AC, till they meet again in D. The arcs 
ABD, A CD, will be the semicircumferences of great circles, 
since two great circles always bisect each other (454) ; but in the 
triangle BCD the side BC<:::^BD+CD (469) ; adding to each 
AB + AC,we shall have AB + AC + BC<:^ABD + ACD, 
that is, less than the circudiference of a great circle. 
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462. The sum of the sides of any spherical polygon is less than 
the circumference of a great circle. 

Demonstration. Let there be, for example, the pentagon 
ABODE {fig. 225); produce the sides AB, DQ, till they meet Fig.22& 
in F; since jBC is less than BF + CF, the perimeter of the pen- 
tagon ABODE is less than that of the quadrilateral AEDF. 
Again, produce the sides AE, FD, till they meet in G, and we 
shall have ED<^EG + GD; consequently the perimeter of the 
quadrilateral AEDF is less than that of the triangle AFG; but 
this last is less than the circumference of a great circle (461) ; 
therefore, for a still stronger reason, the perimeter of the polygon 
ABODE is less than this same circumference. 

463. Scholium. This proposition is essentially the same as 
that of art. 357 ; for, if O be the centre of the sphere, we can 
suppose at the point O a solid angle formed by the plane angles 
AOBy BOOy OODf &c., and the sum of these angles must.be 
less than four right angles, which does not differ from the propo- 
sition enunciated above ; but the demonstration just given is 
different from that of art. 357 ; it is supposed in each that the 
polygon ABODE is convex, or that no one of the sides produced 
would cut the figure. 

THEOREM. 

464. j^ the diameter DE {fig. 220) be drawn perpendicular to Figiso, 
the plane of the great circle AMB, the extremities D and E of this 
diameter will he the poles of the circle AMB, and of every small 
circle FNG which is parallel to it. 

Demonstration. DO, being perpendicular to the plane AMB, 
is perpendicular to all the straight lines OA, OM, OB, &c., 
drawn through its foot in this plane (325) ; consequently all the 
arcs DA, DM, DB, &c., are quarters of a circumference. The 
same may be shown with respect to the arcs EA,EM,EB, &c., 
whence the points D, E, are each equally distant from all the 
points in the circumference of the circle AMB; therefore they 
are the poles of this circle (441). 

Again, the radius DO, perpendicular to the plane AMB, is 
perpendicular to its parallel FJSTG ; consequently it passes 
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through the centre O of the circle FJ^TG (456); whence, if DjP, 
DJV, DG, be drawn, these oblique lines will be equally distant 
from the perpendicular DO, and will be equal (329). But, the 
chords being equal, the arcs are equal ; consequently all the 
arcs DFy DJV, DG, &c., are equal ; therefore the point D is the 
pole of the small circle, FJSTGy and for the same reason the point 
E is the other pole. 

465. CoroUary i. Every arc DM, drawn from a point in the 
arc of a great circle AMB to its pole, is the fourth part of the 
circumference, which, for the sake of conciseness, we shall call a 
quadrant ; and this quadrant at the same time makes a right 
angle with the arc AM. For the line DC being perpendicular 
to the plane AMC, every plane DMC, which passes through the 
line DC, is perpendicular to the plane AMC (351); therefore 
the angle of these planes, or, according to the definition, art. .442 
the angle AMD is a right angle. 

466. CoroUary ii. In order to find the pole of a given arc 
AMy draw the indefinite arc MD perpendicular to AM, take MD 
equal to a quadrant, and the point D will be one of the poles of 
the arc MD ; or, rather, draw to the two points A, M, the arcs 
ADj MDj perpendicular each to AM^ the point of meeting D of 
these two arcs will be the pole required. 

467. CoroUary iii. Conversely, if the distance of the point 
D from each of the points A^ Mj is equal to a quadrant, we say 
that the point D will be the pole of the arc AM, and that, at the 
same time, the angles DAM, AMD, will be right angles. 

For, let C be the centre of the sphere, and let the radii CA, 
CD, CM, be drawn. Since the angles A CD, MCD^ are right 
angles, the line CD is perpendicular to the two straight lines 
CA, CM; whence it is perpendicular to their plane (325) ; there- 
fore the point D is the pole of the arc AM; and consequently 
the angles DAM, AMD, are right angles. 

468. Scholium. By means of poles, arcs may be traced upon 
the surface of a sphere as easily as upon a plane surface. We 
see, for example, that by turning the arc DF, or any other line 
of the same extent, about the point D, the extremity F will de- 
scribe the small circle FJSTG; and, by turning the quadrant DFA 
about the point D, the extremity A will describe the arc of a 
great circle AM. 
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If the arc AM is to be produced, or if only me points Ay M^ 
are given, through which this arc is to pass, we determine, in the 
first place, the pole D by the intersection of two arcs described 
from the points A^ M, as centres, with an extent equal to a quad- 
rant. The pole D being found, we describe from the point D, 
as a centre, and with the same extent, the arc AM, or the con- 
tinuation of it. 

If it is required to let fall a perpendicular from a given point 
F upon a given arc AM, we produce this arc to S, tso that the 
distance PS shall be equal to a quadrant; then from the psAe S 
and with the distance PS we describe the arc PM, which will 
be the perpendicular arc required. 

THEOREM. 

469. Every plane perpendicular to the radius at its extremity 
is a tangent to the sphere. 

Demonstration. Let FAO {fig. 226) be a plane perpendicu- Fig'.sse. 
lar to the radius AO at its extremity ; if we take any point M in 
this plane, and join OM, AM, the angle OAM will be a right 
angle, and thus the distance OJlf will be greater than OA; con- 
sequently the point M is without the sphere ; and, as the same 
might be shown with respect to every other point of the plane 
FAG, it follows that this plane has only the point A in common 
with the surface of the sphere ; therefore it is a tangent to this 
surface (440). 

470. Scholium. It may be shown, in like manner, that two 
spheres have only one point common, and are consequently tan- 
gents to each other, when the distance of their centres is equal 
to the sum or the difference of their radii ; in this case, the cen- 
tres and the point of contact are i^ the same straight line. 

THEOREM. 

471. The angle BAC {fig. 226), which two arcs of great cir- Rg 
cles make with each other, is equal to the angle FAG formed by 
the tangents of these arcs at the point A ; it has also for its 
measure the arc DE, described from the point A as a pole, and 
comprehended between the sides AB, AC, produced y^ necessary. 

Demonstration. For the tangent AF, drawn in the plane of 
the arc AB,i&- perpendicular to the radius .^O (110) ; and the 
tangent AG, drawn in the plane of the arc AC^ is perpendicular 
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to the same radius AO; therefore the angle FAO is equal to the 
angle of the planes OAB, OAC (349), which is that of the arcs 
AB^ AC, and which is designated by BAC. 

In like manner, if the arc AD is equal to a quadrant, and also 
AE, the lines OD, OjE, will be perpendicular to wiO, and the 
angle BOE will be equal to the angle of the planes AOD^AOE; 
therefore the arc BE is the measure of the angle of these planes, 
or the measure of the angle CAB. 

472. Corollary. The angles of spherical triangles may be 
compared with each other by means of the arcs of great circles, 
described from their vertices as poles, and comprehended between 
their sides ; thus it is easy to make an angle equal to a given 
angle. 

473. Scholium. The angles opposite to each other at the 
Fig. 238. vertex, as A CO, BCN {fig. 238), are equal ; for each is equal 

to the angle formed by the two planes ACB, OCJV (350). 

It will be perceived, also, that in the meeting of two arcs ACB, 
OCJV, the two adjacent angles ACO, OCB, taken together, are 
equal to two right angles. 

THEOREM. 

Fig. 227. 474. The triangle ABC {fig. 227) being given, if, from the 
points A, B, C, as poles, the arcs EF, FD, DE, be described, 
forming the triangle DEF, reciprocally the points D, E, F, vnll 
be the poles of the sides BC, AC, AB. 

Demonstration. The point A being the pole of the arc EF, 
the distance AE is a quadrant ; the point C being the pole of the 
arc DE, the distance CE is likewise a quadrant ; consequently 
the point E is distant a quadrant from each of the points A, C ; 
therefore it is the pole of the arc AC (467). It may be shown, 
in the same manner, that D is the pole of the arc BC, and F 
that of the arc AB. 

Alb. Corollary. Hence the triangle ABC may be described 
by means of DEF, as DEF is described by means of ABC. 

THEOREM. 

476. TTie same things being supposed as in the preceding the 
Fig. 227. t>rem, each angle of one of the triangles ABC, DEF {fig. 227), 
will have for its measure a semicircumference ndrms the side op^ 
posite in the other triangle. 



Of the Sphere. 165 

Ikmon^ation. Let the sides AB^ A 0, be produced, if neces- 
sary, till they meet jBF in G and JET; since the point A is the 
pole of the arc GHy the angle A will have for its measure the 
arc GH, But the arc JSH is a quadrant, as also GF, since JB is 
the pole of AH^ and J?' the pole of A6 (465); consequently 
EH+ GF is equal to a semicircumference. But JSH+ ^^ *s 
the same as EF-^ GH; therefore the arc GjHT, which measures 
the angle A^ is equal to a semicircumference minus the side 
EF ; likewise the angle B has for its measure \ circ,—-DF, and 
the angle C, | drc. — DE. 

This property must be reciprocal between the two triangles, 
since they are described in the same manner, the one by means 
of the othen Thus we shall find that the angles D, E, F, of the 
triangle DEF, have for their measure respectively ^ circ. — J5C, 
I circ, — ACi I circ. — AB. Indeed, the angle D, for example, 
hds for its measure the arc Ml; but 

MI+BC = MC + BI=:^circ; 
therefore the arc MI, the measure of the angle D, = ^ circ. — BC, 
and so of the others. 

477. Scholium. It may be remarked that, beside the triangle 
DEF, three others may be formed by the intersection of the 
three arcs 1>J5J, EF, DF. But the proposition applies only to the 
central triangle, which is distinguished from the three others by 
this, that the two angles A, D, are situated on the same side of 
BC, the two jB, JE, on the same side of AC, and the two C, P, 
on the same side oiAB. 

Different names are given to the triangles ABC, DEF; we 
shall call them polar triangles. 

LEMMA. 

478. The triangle ABC {fig. 229) being given, if, from the Fig.JSg. 
pole A, and with the distance AC, an arc of a small circle DEC 

he described, if, also, from the pole B, and tvith the distance BC, 
the arc DFC be described, and from the point D where the arcs 
DEC, DFC, cut eadi other, the arcs of great circles AD, DB, be 
drawn ; we say that, of the triangle ADB thus formed, the parts 
mil be equal to those of the triangle ACB. 

Demonstration. For, by construction, the side AD=iAC, 
DB = BC^ and AB is common ; therefore the two triangles will 
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have the sides equal, each to each. We say, moreover, that the 
angles opposite to the equal sides are equal. 

Indeed, if the centre of the sphere be supposed in O, we can 
suppose a solid angle formed at the point O by the three plane 
angles AOB, AOC, BOC ; we can suppose, likewise, a second 
solid angle formed by the three plane angles AOB, AOD, BOD. 
And since the sides of the triangle ABC are equal to those of the 
triangle ADBy it follows that the plane angles, which form one 
of the solid angles, are equal to the plane angles which form the 
other solid angle, each to each. But the planes of any two an- 
gles in the one solid have the same inclination to each other as 
the planes of the homologous angles in the other (359) ; conse- 
quently the angles of the spherical triangle DAB are equal to 
those of the triangle CAB, namely, DAB =BAC, DBA = CBA, 
and ADB = ACB; therefore the sides and the angles of the 
triangle ADB are equal to the sides and angles of the triangle 
ACB. 

479. Scholium. The equality of these triangles does not de- 
pend upon an absolute equality, or equality by superposition, for 
it would be impossible to make them coincide by applying the 
one to the other, at least except they should happen to be isos- 
celes. The equality, then, under consideration, is that which we 
have already called equality by symmetry, and, for this reason, 
we shall call the triangles ACB, ADB, symmetrical triangles. 

THEOREM. 

480. Two triangles situated on the same sphere, or on equal 
spheres, are equal in all their parts, when two sides and the iiy- 
eluded angle of the one are equal to two sides and the included 
angle of the other, each to each. 

v\i 2ci Demonstration. Let the side AB=EF {fig. 230), the side 
^C = JEG, and the angle BAC = FEG, the triangle EFG can 
be placed upon the triangle ABC, or upon the triangle symmet- 
rical with it ABD, in the same manner as two plane triangles are 
applied, when they have two sides and the included angle of the 
one respectively equal to two sides and the included angle of the 
other (36). Therefore all the parts of the triangle EFG will be 
equal to those of the triangle ABC ; that is, beside the three parts 
which were supposed equal, we shall have the side BC=:FG, 
the angle ABC = EFG, and the angle ACB = EGF. 
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THEOREM. 

481. Two triangles situated an the same sphere^ or on equal 
spheres^ are equal in all their parts, when a side and the two ad- 
jacent angles of the one are equal to a side and the two adjacent 
angles of the other, each to each.* 

VemonstraJtion. For one of these triangles may be applied to 
the other, as has been done in the analogous case of plane trian- 
gles (38). 

THEOREM. 

482. If two triangles situated on the same sphere, or on, equal 
spheres, are equilateral with respect to each other, they unll also 
be equiangular with respect to each other, and the equal angles 
will he opposite to equal sides. 

Demonstration. This proposition is manifest from the reason- 
ing pursued in art. 478, by which it is shown that with three 
given sides AB, AC,BC,on\y two triangles can be constructed, 
differing as to the position of their parts, but equal as to the 
magnitude of these parts. Therefore two triangles, which are 
equilateral with respect to each other, are either absolutely 
equal, or at least equal by symmetry ; in either case they are 
equiangular with respect to each other, and the equal angles are 
opposite to equal sides. 

THEOREM. 

483. In every isosceles spherical triangle the angles opposite to 
the equal sides are equal; and conversely, if two angles of a 
spherical triangle are equal, the triangle is isosceles. 

Demonstration. 1. Let AB be equal to AC {fig. 231) ; we Fig. 231, 
say that the angle C will be equal to the angle B. For, if from 
the vertex A the arc AD be drawn to the middle of the base, the 
two triangles ABD, ADC, will have the three sides of the one 
equal to the three sides of the other, each to each, namely, AD 
common, BD = DC,AB =zAC; consequently, by the preceding 
theorem, the two triangles will have their homologous angles 
equal, therefore B=: C. 

2. Let the angle B be equal to C ; we say that AB will be 
equal to A C. For, if the side AB is not equal to A C, let AB be 
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the greater ; take BO = AC, and join OC. The two sides BO, 
BC, are equal to the two AC^BC ; and the angle OBC con- 
tained by the first is equal to the angle ACB contained by the 
second. Consequently the two triangles have their other parts 
equal (480), namely, OCB^ABC; but the angle ABC is, by 
hypothesis, equal to ACB ; whence OCB is equal to ACB^ 
which is impossible ; AB then cannot be supposed unequal to 
AC; therefore the sides AB^ AC^ opposite to the equal angles 
5, C, are equal. 

484. Scholium. It is evident, from the same demonstration, 
that the angle BAD = DAC, and the angle BDA = ADC. 
Consequently the two last are right angles ; therefore, the arc 
drawn from the vertex of an isosceles spherical triangle to the 
middle of the base, is perpendicular to this hose, and divides the 
angle opposite into two eqtial parts. 

THEOREM. 

Fig. 232. 485. In any spherical triangle ABC {fig. 232), if the angle A 
is greater than the angle B, the side BC opposite to the angle A 
will he greater than the side AC opposite to the angle B ; con- 
versely, if the side BC is greater than AC, the angle A w\Jl be 
greater than the angle B. 

Demonstration. 1. Let the angle A^B; make the angle 
BAB = J?, and we shall have AD = DB (483) ; but 

AD + DC^AC; 
in the place of AD substitute DB, and we shall have DB + DC 
or BC^ AC. 

2. If we suppose BC^AC^we say that the apgle BAC will 
be greater than ABC. For, if BAC were equal to ABC, we 
should have BCz=AC; and if BAC were less than w2BC, it 
would follow, according to what has just been demonstrated, that 
jBC<[.4C, which is contrary to the supposition ; therefore the 
angle BAC is greater than ABC. 

• 

THEOREM. 

Pig. 233. 486. y the two sides AB, AC {fig. 233), of the spherical trian- 
gle ABC are equal to the two sides DE, DF, of the triangle DEF 
described upon an equal splvere, if at the same time the angle A is 
greater than the angle D, we say that the third side BC of the first 
triangle will be greater than the third side EF of the second. 
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The demonstration of this proposition is entirely similar to that 
of art. 42. * 

THEOREM. 

487. If two triangles described upon the same sphere or upon 
equal spheres are equiangular u)i^h respect to each other, they wiU 
also be equilateral with respect to each other » > 

Demonstration. Let A, B, be the two given triangles, P, Q, 
their polar triangles* Since the angles are equal in the triangles 
Ay B, the sides will be equal in the polar tris^ngles P, Q (476) ; 
but, since the triangles P, Q, are equilateral with respect to each 
other, they are also equiangular with respect to each other 
(482) ; and, the angles being equal in the triangles P, Q, it fol- 
lows that the sides are equal in their polar triangles A, B. 
Therefore the triangles A, B, which are equiangular with respect 
to each other, are at the same time equilateral with respect to 
each other. 

This proposition may be demonstrated without making use of 
polar triangles in the following manner. 

Let ABC, DBF {fig. 234), be two triangles equiangular with Fig. 234. 
respect to each other, having .4 = J>, -B = E, C = F; we say 
that the sides will be equal, namely, AB =i BE, AC =^ DF, 
BC = EF. 

Produce AB, AC, making AG — BE, AH = DF; join GH, 
and produce the atcs BC, GH, till they meet in /and K. 

The two sides AG, AH, are, by construction, equal to the two 
DF,DE, the included angle G^Jff=B.4C=:EDP, consequently 
the triangles AGH, DEF, are equal in all their parts (480) ; 
therefore the angle AGH= DEF =z ABC, and the angle 

AHG=zDFE = ACB. 

In the triangles IBG, KBG, the side BG is common, and the 
angle IGB = GBK; and, since IGB -p BGK is equal to two 
right angles, as also GBK+ IBG, it follows that BGK=: DBG. 
Consequently the tHangles IBG, GBK, are equal (481) ; there- 
fore IG = BJT, and IB = GiT. 

In like manner, since the angle AHG=^ACB, the triangles 
ICH, HCK, have a side and the two adjacent angles of the one 
respectively equal to a side and the two adjacent angles of the 
other; consequently they are equal; therefore IH=z CK, and 

inr= ic. 
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Now, if from the equals BK, IG^ we take the equal CJST, iH, 
the remainders BC, GH, will be equal. Besides^ the angle 
BCA = AUG, and the angle ABC = AGE. Whence the tri- 
angles ABC, AHGy have a side and the two adjacent angles of 
the one respectively equal to a side and the two adjacent angles 
of the other ; consequently tney are equal. But the triangle 
DEF is equal in all its parts to the triangle AHG; therefore it 
is also equal to the triangle ABC, and we shall have AB=. DE, 
AC =: DF, BCz=EF ^ hence, if two spherical triangles are 
equiangular with respect to each other, the sides opposite to the 
equal angles will be equal. 

488. ScJioliurn. This proposition does not hold true with 
regard to plane triangles, in which, from the equality of the angle, 
we can only infer the proportionality of the sides. But it is 
easy to account for the difference in this respect between plane 
and spherical triangles. In the present proposition, as well as 
those of articles 480, 481, 482, 486, which relate to a compari- 
son of triangles, it is said expressly that the triangles are de- 
scribed upon the same sphere or upon equal spheres. Now, sim- 
ilar arcs are proportional to their radii ; consequently upon equal 
spheres two triangles cannot be similar without being equal. It 
is not therefore surprising that equality of angles should imply 
equality of sides. 

It would be otherwise, if the triangles were described upon 
unequal spheres ; then, the angles being equal, the triangles 
would be similar, and the homologous sides would be to each 
other as the radii of the spheres. 

THEOREM. 

489. The sum of the angles of every spherical triangle is less 
than siXj and greater than two right angles. 

Demonstration. 1. Each angle of a spherical triangle is less 
than two right angles {see the following scholium) ; therefore the 
sum of the three angles is less than six right angles. 

2. The measure of each angle of a spherical triangle is equal 
to the semicircumference minus the corresponding side of the 
polar triangle (476) j therefore the sum of the three angles has 
for its measure three semicircumferences minus the sum of the 
sides of the polar triangle. Now, this last sum is less than a 
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circumference (461) ; consequently, by subtracting it from three 
semicircumferences, the remainder will be greater than a semi- 
circumference, which is the measure of two right angles 5 there- 
fore the sum of the three angles of a spherical triangle is greater 
than two right angles. 

490. Corollary i. The sum of the angles of a spherical trian- 
gle is not constant like that of a plane triangle ; it varies from 
two right angles to six, without the possibility of being equal to 
either limit. Thus, two angles being given, we cannot thence 
determine the third. 

491. Corollary 11. A spherical triangle may have two or 
three right angles, also two or three obtuse angles. 

If the triangle ABC {fig- 235) has two right angles B and C, Pig.asfi. 
the vertex A will be the pole of the base BC (467) ; and the 
sides AB^ AC, will be quadrants. 

If the angle A also is a right angle, the triangle ABC will have 
all its angles right angles, and all its sides quadrants. The trn 
angle having three right angles is contained eight times in the 
surface of the sphere ; this is evident from figure 236, if we sup- 
pose the arc MJST equal to a quadrant. 

492. Scholium, We have supposed in all that precedes, con- 
formably to the definition, art. 442, that spherical triangles always 
have their sides less each than a semicircumference ; then it fol- 
lows that the angles are always less than two right angles. For 

the side AB {fig. 224) is less than a semicircumference, as also Fig. 224. 
AC; these arcs must both be produced in order to meet in D. 
Now the two angles ABC, CBD, taken together, are equal to 
two right angles ; therefore the angle ABC is by itself less than 
two right angles. 

We will remark, however, that there are spherical triangles 
of which certain sides are greater than a semicircumference, and 
certain angles greater than two right angles. For, if we pro- 
duce the side AC till it becomes an entire circumference ACE, 
what remains, after taking from the surface of the hemisphere 
the triangle ABC, is a new triangle, which may also be desig- 
nated by ABC, and the sides of which are AB, BC, AEDC. 
We see, then, that the side AEDC is greater than the semicir- 
cumference AED ; but, at the same time, the opposite angle B 
exceeds two right angles by the quantity CBD. 
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Besides, if we exclude from the definition triangles, the sides 
and angles of which are so great, it. is because the resolution of 
them, or the determination of their parts, reduces itself always 
to that of triangles contained in the definition. Indeed, it will 
be readily perceived, that if we know the angles and sides of the 
triangle ABC^ we shall know immediately the angles and sides 
of the triangle of the same name, which is the remainder of the 
surface of the hemisphere. 

THEOREM. 

F^. 2S6. 493. The lunary surface AMBNA {fig. 236) is to the surface of 
the sphere as the angle MAN of this surface is to four right angles^ 
or as the arc MN, which measures this angle, is to the circuntference. 

Demonstration. Let us suppose, in the first place, that the arc 
jtDVis to the circumference MNT^ in the ratio of two entire 
numbers, as 6 to 48, for example. The circumference MJSTPQ^ 
may be divided into 48 equal parts, of which MJV will contain 5 ; 
then, joining the pole A and the points of division by as many 
quadrants, we shall have 48 triangles in the surface of the hem- 
isphere dMJSTPQ^ which will be equal among themselves, since 
they have all their parts equal. The entire sphere then will 
contain 96 of these partial triangles, and the lunary surface 
AMBNA will contain 10 of them; therefore the lunary surface 
is to that of the sphere as 10 is to 96, or as 5 is to 48, that is, as 
the arc MN is to the circumference. 

If the arc MN is not commensurable with the circumference, 
it may be shown by a course of reasoning, of which we have 
already had many examples, that the lunary surface is always 
to that of the sphere as the arc MN is to the circumference. 

494. Corollary i. Two lunary surfaces are to each other as 
their respective angles. 

495. Corollary ii. We have already seen that the entire 
sur&ce of the sphere is equal to eight triangles having each three 
right angles (491) ; consequently, if the area of one of these 
triangles be taken for unity, the surface of the sphere will be 
represented by eight. This being supposed, the lunary surface, 
of which the angle is A, will be expressed by 2A, the angle A 
being estimated by taking the right angle for unity ; for we have 
2AiSiiA\^. Here are then two kinds of units ; one for 
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angles, this is the right angle ; the other for surfaces, this is the 
spherical triangle, of which all the angles are right angles, and 
the sides quadrants. 

496. Scholium. The spherical wedge comprehended by the 
planes AMB, AJSTB, is to the entire sphere as the angle A is to 
four right angles. For, the lunary surfaces being equal, the 
spherical wedges will also be equal ; therefore two spherical 
wedges are to each other as the angles formed by the planes 
which comprehend them. 

THEOBEM. 

497. T\oo symmetrical sphericdl triangles are equal in surface. 
Demonstration. Let ABC, DEF (fig. 237), be two symmet- Fig. 237, 

rical triangles, that is, two triangles which have their sides equal, 
namely, AB = DE, AC = DF, CB = EF, and which at the 
feme time do not admit of being applied the one to the other ; 
we say that the surface ABC is equal to the surface DEF. 

Let P be the pole of the small circle which passes through the 
three points A, B, C* ; from this point draw the equal arcs PAj 
PB, PC (464) ; at the point F make the angle DFq = ACPy 
the arc FQ = CP, and join D% Eq. 

The sides DjF, PQ, are equal to the sides .4 C, CP ; the angle 
DFq = ACP; consequently the two triangles DjFQ, A CP, are 
equal in all their parts (480) ; therefore the side J5Q = AP, and 
the angle D^F = ^PC. 

In the proposed triangles DFE, AB C, the angles DFE, A CB, 
opposite to the equal sides DE, AB, being equal (481), if we 
subtract from them the angles DF^, ACP, equal, by construc- 
tion, there will remain the angle QFE equal to PCB. More- 
over the sides QF, FE, are equal to the sides PC, CB; conse- 
quently the two triangles FQE, CPB, are equal in all their 
parts ; therefore the side QE = PB, and.the angle FQE = CPB. 

If we observe, now, that the triangles DJPQ, A CP, which have 
the sides equal each to each, are at the same time isosceles, we 

v — I 

* The circle, which passes through the three points A, B, C, or 
which is circumscribed about the triangle ABC, can only be a small 
circle of the sphere ; for, if it were a great one, the three sides AB, 
BC, AC, would be situated in the same plane, and the triangle ABC 
would be reduced to one of its sides. 
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shall perceive that they may be applied the one to the other ; 
for, having placed PA upon its equal QjF, the side PC will fall 
upon its equal QD, and thus the two triangles will coincide ; 
consequently they are equal, and the surface D^F = APC. For 
a similar reason the surface FQE = CPBy and the surface 
DQJ5 = APB ; we have, accordingly, 

DqF+FqE—DqE=LAPC+ CPB—APB,otDEF=ABC; 
therefore the two symmetrical triangles ABC^ DEF, are equal 
in surface. 

498. Scholium. The poles P and Q may be situated within 
the triangles ABC, DEF; then it would be necessary to add 
the three triangles DQJF,FQ£,DQE,in order to obtain the tri- 
angle DEF, and also the three triangles APC, CPB, APB, in 
order to obtain the triangle ABC. In other respects the demon- 
stration would always be the same and the conclusion the same. 

THEOREM. 

Fig. 238. 499. If two great circles AOB, COD [fig. 238), cut each other 
in any manner in the surface of a hemisphere AOCBD, the sum 
of the opposite triangles AOC, BOD, unU be equal to the lunary 
surface of which the angle is BOD. 

Demonstration. By producing the arcs OB, OD, into the sur- 
face of the other hemisphere till they meet in JV, OBJV will be a 
semicircumference as well as AOB; taking from each OB, we 
shall have BJV=zAO. For a similar reason DJVz=i CO, and 
BD:=AC; consequently the two triangles AOC, BDJV, hs.YG 
the three sides of the one equal respectively to the three sides of 
the other ; moreover, their position is such that they are symmet- 
rical ; therefore they are equal in surface (496), and the sum of 
the triangles AOC, BOD, is equivalent to the lunary surface 
OBNDO, of which the angle is BOD. 

600. Scholium. It is evident, also, that the two spherical pyr- 
amids, which have for their bases the triangles AOC, BOD, taken 
togethier, are equal to the spherical wedge of which the angle is 
BOD. 

THEOREM. 

t 

601. The surface ^f a spherical triangle has for its measure 
the excess of the sum of the three angles over two right angles. 
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Demonstration. Let ABC {fig. 239) be the triangle proposed ; Fig:. 239 
produce the sides till they meet the great circle DEFG drawn 
at pleasure without the triangle. By the preceding theorem the 
two triangles ADE, AGH, taken together, are equal to the 
lunary surface of which the angle is A, and which has for its 
measure 2A (495) ; thus we shall have ADE + AGH= 2A ; for 
a similar reason BGF+ BID = 2B, CIH + CFE = 2C. But 
the sum of these six triangles exceeds the surface of a hemi- 
sphere by twice the triangle ABC; moreover the surface of a 
hemisphere is represented by 4; consequently the double of 
the triangle ABC is equal to 2A + 2J5 + 2C — 4, and conse- 
quently ABC =zA + B-\- C — 2; therefore every spherical tri- 
angle has for its measure the sum of its angles minus two right 
angles. 

502. Corollary i. The proposed triangle will contain as many 
triangles of three right angles, or eighths of the sphere (494), as 
there are right angles in the measure of this triangle. If the 
angles, for example, are each equal to | of a right angle, then 
the three angles will be equal to four right angles, and the pro- 
posed triangle will be represented by 4 — 2 or 2; therefore it 
will be equal to two triangles of three right angles, or to a fourth 
of the surface of the sphere. 

503. Corollary 11. The spherical triangle ABC is equivalent 

to a lunary surface, the angle of which is ^ 1 ; likewise * ^ 

the spherical pyramid, the base of which is ABC, is equal to the 
spherical wedge, the angle of which is o ^ • 

504. Scholium. At the same time that we compare the 
spherical triangle ABC with the triangle of three right angles, 
the spherical pyramid, which has for its base ABC, is compared 
with the pyramid which has a triangle of three right angles for 
its base, and we obtain the same proportion in each case. The 
solid angle at the vertex of a pyramid fs compared in like man- 
ner with the solid angle at the vertex of the pyramid having a 
triangle of three right angles for its base. Indeed, the compari- 
son is established by the coincidence of the par\s. Now, if the 
bases of pyramids coincide, it is evident that the pyramids them- 
selves will coincide, as also the solid angles at the vertex. 
Whence we derive sevetal consequences ; , 
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1. Two spherical triangular pyramids are to each other as 
their bases ;. and, since a polygonal pyramid may be divided 
into several triangular pyramids, it follows that any two spheri- 
cal pyramids are to each other as the polygons which constitute 
their bases. 

2. The solid angles at the vertex of these same pyramids are 
likewise proportional to the bases ; therefore, in order to com- 
pare any two solid angles, the vertices are to be placed at the 
centres of two equal spheres, and these solid angles will be to 
each other as the sphericaf polygons intercepted between their 
planes or faces. 

The angle at the vertex of the pyramid, whose base is a trian- 
gle of three right angles, is formed by three planes perpendicular 
to each other ; this angle, which may be called a eolid fight an- 
gle^ is very proper to be used as the unit of measure for other 
solid angles. This being supposed, the same number, whicl\ 
gives the area of a spherical polygon, will give the measure of 
the corresponding solid angle. If, for example, the area of a 
spherical polygon is |, that is, if it is | of a triangle of three right 
angles, the corresponding solid angle will also be | of a solid 
right angle. 

THEOREM. 

4 505. The surface of a spherical polygon has for Us measure 

the sum of its angles minus the product of two right angles by 
the number of sides in the polygon minus two. 
Fiff. S40, Demonstration. From the same vertex A [fig. 240) let there 
be drawn to the other vertices the diagonals AC, AD ; the poly- 
gon ABODE will be divided into as many triangles minus two 
as it has sides. But the surface of each triangle has for its 
measure the sum of its angles minus two right angles, and it is 
evident that the sum of all the angles of the triangles is equal to 
the sum of the angles of the polygon ; therefore the surface of 
the polygon is equal to the sum of its angles diminished by as 
mapy times two right angles as there are sides minus two. 

506. Scholiurh. Let s be the sum of the angles of a spheri- 
cal polygon, n the number of its sides ; the right angle being 
supposed unity^ the surface of the polygon will have for its 
measure s — 2n( — 2) or s — 2n + 4. 
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SECTION FOURTH. 
Of the Three Round Bodies. 



DEFimTIOKS. 



507. We call a cylinder the solid generated by the revolution 

of a rectangle ABCD {fig. 250), which may be conceived to Fig. 25a 
turn about the side AB considered as fixed. 

During this revolution the sides AD^ BC, remaining always 
perpendicular to AB, describe equal circular planes DHPy 
CCrQ, which are called the bases of the cylinder, and the side 
CD describes the convex surface of the cylinder. 

The fixed line AB is called the axis of the cylinder. 

Every section KLM, made by a plane perpendicular to the 
axis, is a circle equal to each of the bases ; for, while the rect- 
angle ABCD turns about w2JB, the line IK^ perpendicular to AB^ 
describes a circular plane equal to the base, and this plane is 
simply the section made perpendicular to the axis at the point /. 

Every section P(^GH, made by a plane passing through the 
axis, is a rectangle double of the generating rectangle ABCD. 

508. We call a cone the solid generated by the revolution of 

a right-angled triangle SAB (fig. 251), which maybe conceived Fig:. 261. 
to turn about the fixed side SA. 

In this revolution the side AB describes a circular plane 
BDCE called the base of the cone, and the hypothenuse SB de- 
scribes the convex surf ace, of the cone. 

The point iS is called the vertex of the cone, SA the axis or 
dttUudej and SB the side. 

Every section HKFlj made perpendicularly to the axis, is a 
circle ; every section SDE, made through the axis, is an isos- 
celes triangle double of the generating triangle SAB. 

509. If from the cone SCDB we separate by a section parallel 
to the base the cone SFKH, the remaining solid CBHFia called 
a truncated cone, or a frustum of a cone. It may be conceived to 
be generated by the revolution of the trapezoid ABHG, of which 
the angles A and Gr are right angles, about the side AG. The 
fixed line w^Gr is called the axis or altitude of the firustum, the 
circles BDC, HKF, are the bases and BlTthe side of the firustum. 

Geom. 23 
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510. Two cylinders or two cones are similar ^ when their axes 
are to each other as the diameters of their bases^ 

ilj.262. 511. If, in the circle ACD (fig. 252), considered as the base 
of a cylinder, a polygon ABODE be inscribed, and upon the 
base ABODE a right prism be erected equal in altitude to the 
cylinder, the prism is said to be inscribed in the cylinder^ or the 
cylinder to be circmnscribed about the prism. 

It is manifest that the edges AF, BG^ OH, &c., of the prism, 
being perpendicular to the plane of the base, are comprehended 
in the convex surface of the cylinder ; therefore the prism and 
cylinder touch each other along these lines. 

^g.zss 512. In like manner, if ABOD {fig. 253) be a polygon cir- 
cumscribed about the base of a cylinder, and upon the base 
ABOD a right prism, equal in altitude to the cylinder, be con- 
structed, the prism is said to be circumscribed about the cylinder, 
or the cylinder inscribed in the prism. 

Let M, JV, &c., be the points of contact of the sides AB, BO, 
&c., and through the points M, JV, &c., let the lines MX, NY, 
&.C., be drawn perpendicular to the plane of the base; it is evi- 
dent that these perpendiculars will be in the surface of the cylin- 
der and in that of the circumscribed prism at the same time ; 
therefore they will be lines of contact. 

N. B. The cylinder, the cone and the sphere are the three round 
bodiesj which are treated of in the elements. 

Preliminary Lemmas upon Surfaces. 

Fig. 254 513. I. A plane surface OABCD {fig. 254) is less than any 
other surface PABCD terminated by the same perimeter A3CD. 

Demonstration. This proposition is sufficiently evident to be 
ranked among the number of axioms ; for we may consider the 
plane among surfaces what the straight line is among lines. 
The straight line is the shortest distance between two given 
points ; in like manner the plane is the least surfece among all 
those which have the same perimeter. Still, as it is proper to 
make the number of axioms as small as possible, I shall present 
a process of reasoning which will leave no doubt with regard to 
this proposition. 

As a surface is.extensicm in length and breadth, we cannoi 
c<HiceiTe one surface to be greater than another, except the di- 
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mensions of the first exceed in some direction those of the second^; 
and if it happens that the dimensions of one surface are in all 
directions less than the dimensicMis of another surface, it i« evl> 
dent that the first surface will be less than the second. Now, in 
whatever direction the plane BPD be made to pass, as it cuts the 
pkme in BD, and the other surface in BPD, the straight line 
BD will always be less than BPD ; therefore the plane surface 
OABCD is less than the surroinnding surface PABCD. 

514. II, j2 convex swface OABGD {fig, 255) is less than any Fig. 255 
other surface which encloses it by resting on the same perimeter 
ABCD. 

Demonstration. We repeat here, that we understand by a 
convex surface a surface that cannot be taet by a straight line in 
more than two points ; still it is possible that a straight line may 
apply itself exactly to a convex surface in a certain direction ; 
we have examples of this in the surfaces of the cone and cylin- 
der. It ^ould be observed, moreover, that the denomination of 
coTwex surface is not confined to curved surfaces ; it compre- 
hends polyedral faces, or surfaces composed of several planes, 
also surfaces that are in part curved and in part polyedral. 

This being premised, if the surface OABCD is not smaller than 
any of those which enclose it, let there be among these last 
PABCD the smallest surface which shall be at most equal to 
OABCD. Through any point O suppose a plane to pass touch- 
ing the surface OABCD without cutting it ; this plane will meet 
the surface PABCD^ and the part which it separates from it wiJl 
be greater than the plane terminated by the same surface ; ther<» 
fore, by preserving the rest of the surface PABCD, we can sub 
stitute the fdane for the part taken away, and we shall have a neir 
surface, which encloses the surface OABCD, and which would 
be less than PABCD. But this last is the least of all, by hypothe- 
sis ; consequently this hypothesis cannot be maintained ; therefore 
the convex surface OABCD is less than any which encloses 
^ABCD and which is terminated by the same perimeter ABCD. 

515. Scholium. By a course of reasoning entirely similar it 
may be shown, . . , 

1. That, if a convex surface terminated by two [>erimeters, 
ABC, DEF (fig. 256), is enclosed by any other surface termi- Fig.S56. 
Dated by the same perimeters, the enclosed surface will be less 
than the other. 
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Pig. 257. . 2. That, if a convex surface AB {fig. 267) is enclosed on all 
sides by another surface MJV, whether they have points, lines, 
or planes in common, or whether they have no point in common, 
the enclosed surface is always less than the enclosing surface. 

For among these last there cannot be one which shall be the 
least of all, since in all cases we can draw the plane CD a tan- 
gent to the convex surface, which plane would be less than the 
surface CMD ; and thus the surface CND would be smaller 
than MK, which is contrary to the hypothesis, that MN is the 
smallest of all. Therefore the convex surface AB is less than 
any which encloses it. 

THEOREM. 

516. The solidity of a cylinder is equal to the product of its 
base by its altitude. 
Fig. 268. Demonstration. Let CA {fig. 258) be the radius of the base 
of the given cylinder, H its altitude ; and let surf. CA represent 
this surface of a circle whose radius is CA; we say that the solid- 
ity of the cylinder will be surf.CA X H. For, if surf. CA X H 
is not the measure of the given cylinder, this product will be the 
measure of a cylinder either greater or less. In the first place 
let us suppose that it is the measure of a less cylinder, of a cylin- 
der, for example, of which CD is the radius of the base and H 
the altitude. 

Circumscribe about the circle, of which CD is the radius, a 
regular polygon GHIP, the sides of which shall not meet the 
circumference of which CA is the radius (285) ; then suppose a 
right prism having for its base the polygon GflZP, and for its 
altitude H; this prism will be circumscribed about the cylinder 
of which the radius of the base is CD. This being premised, 
the solidity of the prism is equal to the product of its base GHIP 
multiplied by the altitude H; and the base GHIP is less than the 
circle whose radius is CA ; therefore the solidity of the prism is 
less than stMf. CA X H. But surf. CA X His, by hypothesis, 
• tijift solidity of the cylinder inscribed in the prism ; consequently 
the prism would be less than the cylinder ; but the cylinder, on 
the contrary, is less than the prism, because it is contained in it ; 
therefore it is impossible that surf. CA X H should be the meas- 
ure of a cylinder of which the radius of the base is CD and the 
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altitude H; or, in more general terms, the product of the base of a 
cylinder by its altitude cannot be the measure of a less cylinder. 
We say, in the second place, that this same product cannot be 
the measure of a greater cylinder ; for, not to multiply figures, 
let CD be the radius of the base of the given cylinder ; and, if it 
be possible, let surf CD x JBTbe the measure of a greater cylin- 
der, of a cylinder, for example, of which CA is the radius of the 
base and If the altitude. 

The same construction being supposed as in the first case, the 
prism circumscribed about the given cylindef will have for its 
measure GHIP X H; the area GHW is greater than swrf CD; 
consequently, the solidity of the prism in question is greater than 
aurf CD X B; the prism then would be greater than the cylin- 
der of the same altitude whose base is suff.,CA. But the prism, 
on the contrary, is less than the cylinder, since it is contained in 
it ; therefore it is impossible that the product of the base of a 
cylinder by its altitude should be the measure of a greater cylinder, 
' We conclude, then, that the solidity of a cylinder is equal to 
the product of its base by its altitude. 

517. CoroUary i. Cylinders of the same altitude are to each 
other as their bases, and cjrlinders of the same base are to each 
other as their altitudes. 

518. Corollary ii. Similar cylinders are to each other as the 
cubes of their altitudes, or as the cubes of the diameters of the 
bases. For the bases are as the squares of their diameters ; 
and, since the cylinders are similar, the diameters of the bases 
are as the altitudes (510) ; consequently the bases are as the 
squares of the altitudes ; therefore the bases multiplied by the 
altitudes, or the cylinders themselves, are as the cubes of the 
altitudes, 

519. Scholium. Let R be the radius of the base of a cylin- 
der, H its altitude, the surface of the base will be at /P (291), and ' 
the solidity of the cylinder will be flr- iP x -BT, or * R^H. 

LEMMA. 

520. The convex surface of a right prism is equal to the pe- 
rimeter of its base multiplied by its altitude. 

Demonstration. This surface is equal to the sum of the rectan- 
gles AFGB, BGHC, CHID, &c. (fig. 252), which compose it. Fig. 258 
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Now the altitudes AF, BG, CH, &c., of these rectangles are 
each equal to the altitude of the prism. Therefore the sum of 
these rectangles, or the convex surface of the prism, is equal to 
the perimeter of its base multiplied by its altitude. 

521. Corollary. If two right prisms have the same altitude, 
the convex surfaces of these prisms will be to each oUier as the 
perimeters of the bases. 

LEMMA. 

522. The convex surface of a cylinder is greater than the con- 
vex surface of any inscribed prism, and less than the convjex sur- 
face of any circumscribed prism. 

Demonstration. The convex surface of the cylinder and that 
vis. 252. of the inscribed prism ABCDEF {fig. 252) may be considered 
as having the same length, since every section made, in the one 
and the other parallel to AF is equal to AF; and if, in order to 
obtain the magnitude of these surfaces, we suppose them to be 
cut by planes parallel to the base, or perpendicular to the edge 
AF, the sections will be equal, the one to the circumference of 
the base, and the other to the perimeter of the polygon ABODE 
less than this circumference ; since, therefore, the lengths being 
equal, the breadth of the cylindric surface is greater than that 
of the prismatic surface, it follows that the first surface is greater 
than the second. 

By a course of reasoning entirely similar it may be shown that 
the convex surface of the cylinder is less than that of any cir- 
Fig.253. cnmseribed prism BCDKLH {fig. 253). 

THEOREM. 

523. The convex surface of a cylinder is equal to the drcwnir 
ference of its ba^e multiplied by its (MUude. 

Fig. 253. Demonstration. Let CA {fig. 258) be the radius of the base of 
the given cylinder, H its altitude ; and let drc. CA be the circum- 
ference of a circle whose radius is CA ; we say that drc. CA x -H 
jvill be the convex surface of the cylinder. For, if this proposi- 
tion be denied, drc. CA X H. must be the surface of a cylinder 
either greater or less ; and, in the first place, let us suppose that 
it is the surface of a less cylinder, of a cylinder, for example, of 
which the radius of the base is CD and the altitude H. 
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Circumscribe about the circle, whose radius is CD, a regular 
polygon GHIPj the sides of which shall not meet the circum- 
fe^ttce whose radius is CA; then suppose a right prism, whose 
altitude is JT, and whose base is the polygon GHIP. The con- 
vex surface of this prism will be equal to the perimeter of the 
polygon GHIP multiplied by its altitude H (520) ; this perimeter 
is less than the circumference of the circle whose radius is CA ; 
consequently the convex surface of the prism is less than 
ctrc. CA X J?. But drc, CA x H is, by hypothesis, the convex 
surface of a cylinder of which QD is the radius of the base, 
which cylinder is inscribed in the prism ; whence the convex 
surface of the prism would be less than that of the inscribed 
cylinder. But, on the contrary, it is greater (522) ; accordingly 
the hypothesis with which we set out is absurd; therefore, 1. 
the drcun^erence of the base of a cylinder mvUipUed by its 
aUitude ccmnot be the measure of the convex surf ace of a less 
cylinder. 

.We say, in the second place, that this same product cannot be 
the measure of the surface of a greater cylinder. For, not to 
change the figure, let CD be the radius of the base of the given 
cylinder, and, if it be possible, let drc. CD X Hhe the convex 
surface of a cylinder, which with the same altitude has for its 
base a greater circle, the circle, for example, whose radius is 
CA. The same construction being supposed as in the first hy- 
pothesis, the convex surface of the prism will always be equal 
to the perimeter of the polygon GHIP, multiplied by the altitude 
H. But this perimeter is greater than drc. CD; consequently 
the surface of the prism would be greater than drc. CD X H, 
which, by hypothesis, is the surface of a cylinder of the same 
altitude of which CA is the radius of the base. Whence the 
surface of the prism would be greater than that of the cylinder. 
But while the prism is inscribed in the cylinder, its surface will 
be less than that of the cylinder (522) ; for a still stronger 
reason is it less when the prism does not extend to the cylinder ; 
consequently the second hypothesis cannot be maintained ; 
therefore, 2: the drcumference of the base of a cylinder multiplied 
by Ua cititude cannot be the measure of the surface of a greater 
cylinder. 

We conclude, then, that the convex surface of a cylinder is 
equal to the circumference of the base multiplied by its altitude. 
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THEOREM. 



524. The solidity of a. cone is equal to the product of its ba^e 
by a third part of its aUitude. 
Fig. 269. Demonstration, Let SO {fig. 259) be the altitude of the given 
cone, AO the radius of the base ; representing by surf AO the 
surface of the base, we say that the solidity of the cone is equal 
to surf. AOxi 'SO. 

1. Let suff. AO X i SO be supposed to be the solidity of a 
greater cone, of a cone, for example, whose altitude is always SO, 
but of which J50, greater than AO, is the radius of the base. 

About the circle, whose radius is AO^ circumscribe a regular 
polygon MJVPT, which shall not meet the circumference of 
which OB is the radius (285) ; suppose then a pyramid having^ 
this polygon for its base and the point S for its vertex. The 
solidity of this pyramid is equal to the area of the polygon 
MJSTPT multiplied by a third of the altitude SO (416). But the 
polygon is greater than the inscribed circle represented by surf. 
OA ; consequently, the pyramid is greater than 

surf. AOxl 'SO, 
which, by hypothesis, is the measure of the cone of which S is 
the vertex, and OB the radius of the base. But, on the contrary, 
the pyramid is less than the cone, since it is contained in it; 
therefore it is impossible that the base of the cone multiplied by 
a third of its altitude should be the measure of a greater cone. 

2. We say, moreover, that this same product cannot be the 
measure of a smaller cone. For, not to change the figure, let 
OB be the radius of the base of the given cone, and, if it be 
possible, let surf. OB X } SO be the solidity of a corie which 
has for its altitude SO. and for its base the circle of which AO 
is the radius. The same construction being supposed as above, 
the pyramid SMJVP Twill have for its measure the area MJVPT 
multiplied by i SO. But the area MNPT is less than surf OB ; 
consequently the pyramid will have a measure less than 

surf. OBx iSO, 
and, accordingly, it would be less than the cone, of which AO is 
the radius of the base and SO the altitude. But, on the contrary, 
the pyramid is greater than the cone, since it contains it ; there- 
fore it is impossible that the base of a cone multiplied by a third 
of its altitude should be the measure of a less cone. 
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We conclude, then, that the solidity of a cone is equal to the 
product of its base by a third of its altitude. 
• 525. Corollary. A cone is a third of a cylinder of the same 
base and same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases ; 

2. That cones of equal bases are to each other as their alti- 
tudes ; 

3. That similar cones are as the cubes of the diameters of 
their bases, or as the cubes of their altitudes. 

526. Scholium. Let jR be the radius of the base of a cone, 
H its altitude ; the solidity of the cone will be * /P X i Bi or 

THEOREM. 

527. The frustum of a cone ADEB {fig. 260), of which OA, Fig. sea 
DP, are the radii of the bases, and PO the altitude, has for its 

measure i* x OP x (AO + DP + AO x DP). 

Demonstration. Let TFOH be a triangular pyramid of the 
same altitude as the cone SAB, and of which the base FGH is 
equivalent to the base of the cone. The two bases may be sup- 
posed to be placed upon the same plane ; then the vertices S, T, 
will be at equal distances from the plane of the bases ; and the 
plane EPD produced will be in the pyramid the section IKL. 
We say, now, that this section IKL is equivalent to the base DE; 
for the bases AB, DE, are to each other as the squares of the 
radii AO, DP (287), or as the squares of the altitudes SO, SP ; 
the triangles FGH, IKL, are to each other as the squares of 
these same altitudes (407) ; consequently the circles AB, DE, 
are to each other as the triangles FGH, IKL. But, by hypothe- 
sis, the triangle FGH is equivalent to the circle AB ; therefore 
the triangle IKL is equivalent to the circle DE. 

Now the base AB multiplied by \ SO is the solidity of the 
cone SAB, and the base JFGH multiplied by \ SO is that of the 
pyramid TFGH; the bases, therefore, being equivalent, the so- 
lidity of the pyramid is equal to that of the cone. For a similar 
reason, the pyramid TZfiTL is equivalent to the cone SDJ5 ; there- 
fore the frustum of the cone ADEB is equivalent to the frus- 
tum of Jhe pyramid FGHIKL. But the base FGH, equivalent 
to the circle of which the radius is AO, has for its measure 

Geom. 24 
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c X ^O; likewise the base IKL = * X DP, and the mean pro 

portional between * X ^O and «• X DP is *A0 X DP; there-^ 
fore the solidity of the frustum of a pyramid, or that of the frus- 
tum of a cone, has for its measure 

1 OP X (* X AO + ^X DP + ^X JiO X DP) (422), 



or i^x OP X {JiO + PD + A0 X DP). 

THEOREM^ 

528. The convex surface of a cone ts equal to the circumference 
of its base muUiplied by half its side. 
Vit;.3B9. Demonstration. Let AO {fig. 259), be the radius of the base 
of the given cone, S its vertex, and SA its side ; we say that the 
surface will be circ. AO X ^ SA. For, if it be possible, let 
drc. AO X jSA be the surface of a cone which has S for its 
vertex, and for its base the circle described with a radius OB 
greater than AO. 

Circumscribe about the small circle a regular polygon JIOVPT, 
the sides of which shall not meet the circumference of which 
OB is the radius ; and let SMJ^PT be a regular pyramid, which 
has for its base the polygon, and for its vertex the point S. The 
triangle SMJV^ one of those which compose the convex surface 
of the pyramid, has for its measure the base MJV multiplied by 
half of the altitude SA^ which is at the same time the side of 
the given cone; this altitude being equal in all the triangles 
SJVP, SPQ, &c., it follows that the convex surface of the pyra- 
mid is equal to the perimeter MJVPTM multiplied by ^ SA. 
But the perimeter MJVPTM is greater than drc. AO ; therefore 
the convex surface of the pyramid is greater than drc. AOx\ SA, 
and consequently greater than the convex surface of the cone, 
which, with the same vertex S, has for its base the circle de- 
scribed with the radius OB. But, on the contrary, the convex 
• surface of the cone is greater than that of the pyramid ; for, if 
we apply the base of the pyramid to the base of an equal pyra- 
mid, and the base of the cone to that of an equal cone, the 
surface of the two cones will enclose on all sides the surface of 
the two pyramids ; consequently the first surface will be greater 
than the second (514), and therefore the surface of the cone is 
greater than that of the pyramid, which is comprehended within 
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it. The contrary would be the consequence of our hypothesis ; 
accordingly this hypothesis cannot be maintained ; therefore the 
circumference of the base of a cone multiplied by the half of its 
side cannot be the measure of the surface of a greater cone. 

2. We say, also, that this same product cannot be the measure 
of the surface of a less cone. For, let BO be the radius of the 
base of the given cone, and, if it be possible, let drc. BO X i SB 
be the surface of a cone of which S is the vertex, and .^O, less 
than OBy the radius of the base. 

The same construction being supposed as above, the surface 
of the pyramid SJI/JVPT will always be equal to the perimeter 
MJSTPT multiplied by | SA. Now the perimeter MJVPT is less 
than circ. BO, and SA is less than SB ; therefore, for this double 
reason, the cdbvex surface of the pyramid is less than 

drc. BOxi SB, 
which, by hypothesis, is the surface of a cone of which AO is the 
radius of the base ; consequently the surface of the pyramid 
would be less than that of the inscribed cone. But, on the con- 
trary, it is greater ; for, by applying the base of the pyramid to 
that of an equal pyramid, and the base of the cone to that of an 
equal cone, the surface of the two pyramids will enclose that of 
the two cones, and consequently will be greater. Therefore it is 
impossible that the circumference of the base of a given cone 
multiplied by the. half of its side should be the measure of the 
surface of a less cone. 

We conclude, then, that the convex surface of a cone is equal 
to the circumference of the base multiplied by half of its side. 

529. Scholium^ Let L be the side of a cone, and R the radius 
of the base, the circumference of this base will be 2 ^r 12, and the 
surface of the cone will have for its measure 2 * ij x ^ i, or * RL. 

THEOREM. 

530. The convex surface of the frustum of a cone ADEB 

{fig* 261) id equal to its side AD multiplied by the half sum of Fig.ssi. 
the circumferences qfthe two bases AB, DE. 

Demonstration. In the plane SAB, which passes through the 
axis SO, draw perpendicularly to SA the line AF, equal to the 
circumference wjiich has for its radius AO; join SF, and dra 
DH parallel to AF. 



188 Elements of Geometry. 

On account of the similar triangles SAO^ SDC, 

AO:DC::SA:SD; 
and, on account of the similar triangles SAF, SDH, 

AF:DH::SA:SD; 
whence AF : DH ::AO:DC:: circ. Aa : drc. DC (287). 
But, by construction, AF = circ. AO; consequently 

DH=:drc.DC. 
This being premised, the triangle SAF, which has for its meas- 
ure AF X i SA, is equal to the surface of a cone SAS, which has 
for its measure drc. AO X i SA. For a similar reason, the tri- 
angle SDH is equal to the surface of the cone SDE. Whence 
the surface of the frustum ADEB is equal to that of the trapezoid 

ADHF. This has for its measure AD X ( ^^'^^^ i^'^^)' 

Therefore the surface of the frustum of a cone ADEB is equal 
to its side AD multiplied by the half sum of the circumferences 
of the two bases. 

531. Corollary. Through the point J, the middle of AD, 
draw XKL parallel to AB, and IM parallel to AF; it may be 
shown as above that IM=^ drc. IK. But the trapezoid (179) 

ADBF=:AD X IM = AD x drc. ZBT. 
Hence we conclude further that the surface of the frustum of a 
cone is equal to its side mvitiplied by the drcumference of a sec- 
tion made at equal distances from the two bases. 

532. Scholium. If a line AD, situated entirely on the same 
side of the line OC, and in the same plane, make a revolution 
about OC, the surface described by AD will have for its measure 

^D X (fi^-^i^^:^:-^),or^I) X drc. IK; the lines ^O, DC, 

IK, being perpendiculars let fall from the extremities and from 
the middle of the line AD upon the axis OC. 

For, if we produce AD and OC till they meet in S, it is evi- 
dent that the surface described by AD is that of the frustum of 
a cone, of which OA and DC are the radii of the bases, the en- 
tire cone having for its vertex the point S. Therefore this sur- 
face will have the measure stated. 

4 

This measure would always be correct, although the point D 
should fall upon S, which would give an entire cone, and also 
when the line AD is parallel to the axis, which would give a 
cylinder. In the first case DC would be nothing ; in the second 
DC would be equal to AO and to IK. 
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LEMMA. 



533. Let AB, BC, CD {fig. 262), be several successive sides of Fig. 162. 
a regular polygon^ O its centre, and OI the radii^ of the inscribed 
circle; tfwe suftpose the portion of the polygon ABCD, sittwted 
entirely on the same side of the diameter FG, to make a revobdion 
about this diameter, the surface described by ABCD unU have for 

its measure MQ. x circ. OI, MQ. being the altitude of this sur- 
face, or the part of the axis comprehended between the extreme 
perpendiculars AM, DQ. , 

Demonstration. The point I being the middle ofAB, and IK 
being a perpendicular to the axis let fall from the point /, the 
surface described by AB will have for its measure AB x circ. IK 
(532). Draw AX parallel to the. axis, the triangles ABX, OIKy 
will have their sides perpendicular each to each, namely, 01 to 
AB, IK to AX9 and OK to BX; consequently these triangles 
will be similar, and will give the proportion 

AB:AXoTMISr::OI:IK::circ.OI:circ.IK, 
therefore AB X circ. IK=z MJV X drc. OL Whence it will be 
perceived that the surface described by AB is equal to its alti- 
tude JtfJV* multiplied by the circumference of the inscribed circle. 
Likewise the surface described by J5C = JVP x circ. OJ, the sur- 
face described by CD = PQ X circ. OL Accordingly the sur- 
face described by the portion of the polygon ABCD has for its 
measure (JtfA'+ JVP + PQ) X drc. 01, or JIfQ X drc. 01; 
therefore this surface is equal to its altitude multiplied by the 
circumference of the inscribed circle. 

534. Corollary. If the entire polygon has an even number 
of sides, and the axis FG passes through two opposite vertices F 
and €r, the entire surface described by the revolution of the 
semipolygon FACG will be equal to its axis FG multiplied by 
the circumference of the inscribed circle. This axis FG will 
be at the same time the diameter of the circumscribed circle. 



THEOREM. 



535. The surface of a sphere is equal to the product of its di- 
ameter by the drcurnference of a great drcle. 

Demonstration. 1. We say that the diameter of a sphere 
multiplied by the circumference of a great circle cannot be the 
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measure bf the surface of a greater sphere. For, if it be possi-* 
Fig. 263. ble, let AB x circ. AC {fig. 263) be the surface of a sphere 
whose radius is CD. 

About the circle, whose radius is CA^ circumscribe a regular 
polygon of an even number of sides, which shall not meet the 
circumference of the circle whose radius is CD; let .^ and She 
two opposite vertices of this polygon ; and about the diameter 
MS let the semipolygon MPS be made to revolve. The surface 
described by this polygon will have for its measure 

MS X drc. AC (534) ; 
but MS is greater than AB; therefore the surface described by 
the polygon is greater than AB X circ. AC^ and consequently 
greater than the surface of the sphere whose radius is CD. On 
the contrary the surface of the sphere is greater than the surface 
described by the polygon, since the first encloses the second on 
all sides. Therefore the diameter of a sphere multiplied by the 
circumference of a great circle cannot be the measure of the 
surface of a greater sphere. 

2. We say, also, that this same product cannot be the measure 
of the surface of a less sphere. For, if it be possible, let 

DE X circ. CD 
be the surface of a sphere whose radius is CA. The same con- 
struction being supposed as in the first case, the surface of the 
solid gener ted by the polygon will always be equal to 

MS X circ. AC. 
But MS is less than DJB^and circ. AC less than drc. CD; there- 
fore, for these two reasons, the surface of the solid generated by 
the polygon would be less than DE X circ. CD, and conse- 
quently less than the surface of the sphere whose radius is AC. 
But, on the contrary, the surface described by the polygon is 
greater than the surface of the sphere whose radius is AC, since 
the first surface encloses, the second; therefore the diameter of 
a sphere multiplied by the circumference of a great circle cannot 
be the measure of the surface of a less sphere. 

We conclude, then, that the surface of a sphere is equal to the 
diameter multiplied by the circumference of a great circle. 

536. CoroUary. The surface of a great circle is measured 
by multiplying its circumference by half of the radius, or a fourth 
of the diameter ; therefore the surface qf a sphere is four times 
that of a great circle. 
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537. Scholimn, The surface of a sphere being thus measured 
and compared with plane surfaces, it will be easy to obtain the 
absolute value of lunary surfaces and spherical triangles, the 
ratio of which to the entire surface of the sphere has already 
been determined. 

In the first place, the lunary surface, whose angle is A {fig. 276), Fig 276. 
is to the surface of the sphere as the angle A is to four right an- 
gles (493), or as the arc of a great circle, which measures the 
angle A^ is to the circumference of this same great circle. But 
the surface of the sphere is equal to this circumference multi- 
plied by the diameter ; therefore the lunary surface is equal to 
the arc, which measures the angle of this surface, nmltiplied by 
the diameter. 

In the second place, every spherical triangle is equivalent to a 
lunary surface whose angle is equal to half of the excess of the 
sum of its three angles over two right angles (503). Let P, Q, 
Ry be the arcs of a great circle which measure the three angles 
of a spherical triangle ; let C be the circumference of a great 
circle, and D its diameter ; the spherical triangle will be equiv- 
alent to the lunary surface whose angle has for its measure 

"^ ^"'I ^^ — , and consequently its surface will be 

Thu9, in the case of the triangle of three right angles, each of 
the arcs P, Q, jR, is equal to J C, and their sum is | C; the ex- 
cess of this sum over i C is i C, and the half of this excess is | C; 
therefore the surface of a triangle of three right angles = | C X J?, 
which is the eighth part of the whole surface of the sphere. 

The measure of spherical polygons follows immediately from 
that of triangles, and it is moreover entirely determined by the 
proposition of art. 505, since the unit. of measure, which is the 
triangle of three right angles, has just been estimated on a plane 
surface. 

THEOBEM. 

538. The surface of any spherical zone is equal to the altitude 
of this zone multiplied by the circumference of a great circle. 

Demonstration. Let EF {fig. 269) be any arc, either less or Fig. 869. 
greater than a quadrant, and let FG be drawn perpendicular to 
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the radius EC ; we say that the zone with one base, described 
by the revolution of the arc EF about EC, will have for its 
measure EG X circ. EC. 

For, let us suppose, in the first place, that this zone has a less 
measure, and, if it be possible, let this measure be equal to 
EG X drc. AC. Inscribe in the arc EF a portion of a regular 
polygon EMJVOPF, the sides of which shall not touch the cir- 
cumference described with the radius CA, and let fall upon EM 
the perpendicular CI, the surface described by the polygon 
EMF, turning about EC, will have for its measure EG x circ. CI 
(533). This quantity is greater than EG X circ. AC, which, by 
hypothesis, is the measure of the zone described by the arc EF. 
Consequently the surface described by the polygon EMJVOPF 
would be greater than the surface described by the circumscribed 
arc EF; but, on the contrary, this last surface is greater than the 
first, since it encloses it on all sides ; therefore the measure of 
any spherical zone with one base cannot be less than the altitude 
of this zone multiplied by the circumference of a great circle. 

We say, in the second place, that the measure of the same 
zone cannot be greater than the altitude of this zone multiplied 
by the circumference of a great circle. For, let us suppose that 
the zone in question is the one described by the arc AB about 
AC, and, if it be possible, let the zone AB be greater than 

AD X circ. AC. 
The entire surface of the sphere composed of the two zones AB, 
BH, has for its measure AHx circ. AC (535), or 

AD X circ. AC + DH X circ. AC; 
if, then, the zone AB be greater than AD X circ. AC, the zone 
BH must be less, than DH X circ. AD, which is contrary to the 
first part already demonstrated. Therefore the measure of a 
spherical zone with one base cannot be greater than the altitude 
of this zone multiplied by the circumference of a great circle. 

It follows, then, that every spherical zojie with one base has for 
its measure the altitude of this zone multiplied by the circum- 
ference of a great circle. 

Let us now consider any zone of two bases described by the 

Fig.fm. revolution of the arc FH {fig. 220) about the diameter i>£,and 

let FO, JfQ, be drawn perpendicular to this diameter. The 

zone described by the arc FHis the difierence of the two zones 
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described by the arcs jDHand DF; these have for their meas- 
ure respectively DQ X circ. CD and DO X circ. CD ; therefore 
the zone described by JPHhas for its measure 

{Dq--^DO) X drc. CD or OQ X circ. CD. 

We conclude, then, that every spherical zone with one or two 
bases has for its measure the altitude of this zone multiplied by 
the circumference of a great circle. 

539. Corollary. Two zones are to each other as their alti- 
tudes, and any zone whatever is to the surface of the sphere as 
the altitude of this zone is to the diameter. 



THEOREM. 

540. ff the triangle BAG {fig. 264, 265) and the rectangle Fig.ss* 
BCEF (^ the same' base and same altitude turn simultaneously 
about the common base BC, the solid generated by the revolution 

of the triangle unli be a third of the cylinder generated by the 
revolution of the rectangle. 

Demonstration. Let fall upon the axis the perpendicular AD 
{fig- 264) ; the cone generated by the triangle ABD is a third Fig. S64 
of the cylinder generated by the rectangle AFBD (524) ; also 
the cone generated by the triangle ADC is a third of the cylin- 
der generated by the rectangle ADCE; therefore the sum of 
the two cones, or the solid generated by ABCy is a third of the 
sum of the two cylinders, or of the cylinder generated by the 
rectangle BCEF. 

If the perpendicular AD {fig. 265) fall without the triangle, pig. 26ft. 
the solid generated by ABC will be the difference of the cones 
generated by ABD and A CD; but, at the same time, the cylin- 
der generated by BCEF will be the difference of the cylinders 
generated by AFBD, AECD. Therefore the solid generated 
by the revolution of the triangle will be always the third of the 
cylinder generated by the revolution of the rectangle of the 
same base and same altitude. 

541. Scholium. The circle of which AD is the radius has for 



— ^a 
its surface * X AD; consequently * X AD x -BC is the measure 

of the cylinder generated by JSCEIF, and ^ * X AD X BC is the 
measure of the solid generated by the triangle ABC. 
GsoM, 25 
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PBOBLBM. 

Fig J66. 542. The triangle CAB {fig. 266) being supposed to make a revt- 
olution about the line CD, drawn at pleasure without the triangle 
through the vertex C, to find the measure of thR solid thus generated. 
Solution. Produce the side AB until it meet the axis CD in 
D, and from the points wf , J?, let fall upon the axis the perpen- 
diculars AMy BJV. 
The solid generated by the triangle CAD has for its measure 

I * X AM X CD (540) j the solid generated by the triangle 

CBDhas for its measure i*J?JVx CD; therefore the differ- 
ence of these solids, or the solid generated by ABC^ will have 

— s — 9 
for its measure I* X {AM — BJV) x CD. 

This expression will admit of another form. From the point 

J, the middle of 45, draw /JT perpendicular to CD^ and through 

the point B draw BO parallel to CD, we shall have 

AM +BJSr=2lK {178), 

nndAM—BJ>r=AO; consequently {AM+BJf) X {AM—BN\ 

or AM—W^ (184), is equal to %JKx AO. Accordingly the 
measure of tjie solid under consideration will {^Iso be expressed 
by I f X J3r X 40 X Ci?, But, if the perpendicular CP be let 
jR^ll upon ABj the triangles .dBO, DCP will be similar, and will 
give the proportion AO : CP ; ; AB : CD ; whence 

AOx CD^CPx-dB; 
moreover CP X AB is double of the area of the triangle ABC; 
thus we, hav^ 40 X CD == 2ASC ; consequently the solid gen- 
eirated hy the triangle ABC has also for its ineaiiure 

^^x4BCxKI, 
or, since cire. JCTia equal to ^^ x ^% ^^^ sapie qieasure will be 
ABC x I circ. KI. Therefore, the sqlid generated by the revo- 
lution of the triangle ABC has far its measure the area of this 
triangle multiplied bff two thirds of the circun^erence described 
by the point I the middle of the base. 
Pg. 267. 543. CoroUary. If the side 4 C = CB {fig. 267), the line CI 
will be perpendicular to AB, the area ABC will be equal to 
ABx ^ Cly and the solidity ^lex ABC XIK will become 
i^XABxJKx CI. But the triangles ABOf CIK, are sin^ilar, 
and give the proportiw 4£ a BO or Mff it CI* IK; eonseq^eiitly 
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ABxIKzuMNx CI; 

therefore the solid generated by the isosceles triangle ABC will 

— a 
famine for iti^ itieiidufe f * X M]^ x CL 

544. iSdftoKtinl. "the genertil solution se^ms to soppose thai 
the lihfe JIB pfodtteed wotild meet the axis, but the results would 
not be the less true, if the line AB were parallel to the iuds. 

Indeed thfe Cylinder generated by AMNB {fig. 368) has for its Vm.ie% 

measure * X •A^tf X MJ^, the cone generated by A CM is equal to 

iieXAMx CM, 

ahd the C€W6 genfefated by BCJf == i ir x AM X CJV. Adding 
the two first solids together, and subtracting the third from the 
sum, we have for the solid generated by ABC 

* X AMx {MJV+ i CM—iCJf); 
and^siBceiC^tf— i CJV= — (i CJV— i CJtf) = — iJJCVjthe 

— a 
ab<yt« expreffsiOtt t^u6^ itcoelf to « X AM X | MJ^i or 

i^xCPxMJ^y 

which agrees with the results already found. 

THEOREM. 

&45. La AB, BC^ CD {fig. 362), be eeimral succeaeice aides ^a Vig.%». 
regular pdygon^ O its csnirt, 01 the r^idiua (tf the inscribed circk ; 
if we suppose the polygonal sector AOD, situaled on the same side 
iff the diameter FO, to make a revolution about ihis diameter, the 

«0M gsMrated lottt hanefcf its measure f f* X OI x MQ, MCI 
being tkspoftidn of the aoMi tetmincaed by the extreme perpein- 
diculars AM, DCi. 

Demonstration. Since the polygon is regular, all the triangles 
AOB, BOC, &c., are equal and isosceles. Now, by the corol- 
lary of the preceding proposition, the solid generated by the 

isosceles triangle AOB has for its measure | «* x 01 X MJST, the 
«;^id generated by the triangle BOC has for its measure 

— ^3 

f txOIx Af, aiid f h« sblM generate by the triangle COD htii 

for its measure | * X 0/ X J^Q; therefore the sum of these solids, 
or the entire solid generated by the polygonal sector A 01), has 

foritsmeasure | * X 0/(JMJV+AP-tPQ),or f * X Of X MQ. 
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TH£OREM« 

546. Every spherical sector has for its measure the zone which 
serves as a base multiplied by a third of the radius^ and the e^ 
« tire sphere has for its measure its sufface multiptied by a third 
(f the radius. 
Fisr.s69. Demonstration. Let ABC {fig. 269) be the circular sector, 
which, by its revolution about ACj generates the spherical sec- 
tor; the zone described by AB being AD X circ. AC, or 

2^XACxAD{52S), 
we say that the spherical sector will have for its measure this 

zone multiplied hj I AC, or ^le X AC x AD. 

1. Let us suppose, if it be possible, that this quantity 

i*xACxAD 

is the measure of a greater spherical sector, of the spherical sec- 
tor, for example, generated by the circular sector JSCF^ similar 
to A CB. 

Inscribe in the arc EF a portion of a regular polygon EMXF 
the sides of which shall not meet the arc AB, then suppose the 
polygonal sector EJVFC to turn about EC at the same time with 
the circular sector ECF. Let CI be the radius of a circle in- 
scribed in the polygon, and let FG be drawn perpendicular to 
EC. The solid generated by the polygonal sector will have* for 

its measure | * X CIx EG (545) ; now CI is greater than ACj 
by construction, and EG is greater than AD; for, if we join 
ABj EF, the triangles EFG, ABD, which are similar, give 
the proportion EG:AD::FG : BD :: CF: CB ; therefore 
EG^AD. 

For this double reason | «* X CIx EG greater than 

\^XCAXAD; 

the first expression is the measure of the solid generated by the 
polygonal sector, the second is, by hypothesis, that of the spheri- 
cal sector generated by the circular sector ECF; consequently 
the solid generated by the polygonal sector would be greater 
than the spherical sector generated by the circular sector. But, 
on the contrary, the solid in question is less than the spherical 
sector, since it is contained in it ; accordingly the hypothesis 
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with which we set out oannot be maintained ; therefore the zone 
or base of a spherical sector multiplied by a third of the radius 
cannot be the measure of a greater spherical sector. 

2. We say that this same product cannot be the measure of a 
less spherical sector. For, let CEF be the circular sector which 
by its revolution generates the given spherical sector, and let us 

suppose, if it be possible, that | * X CEx -EG is the measure 
of a less spherical sector, of that, for example, generated by the 
circular sector ACB. 

The preceding construction remaining the same, the solid 
generated by the polygonal sector will always have for its meas- 
ure f «* x CIx EO. But CI is less than CE; consequently the 

solid is less than | < X CE x EGj which, by hypothesis, is the 
measure of the spherical sector generated by the circular sector 
ACB. Therefore the solid generated by the polygonal sector 
would be less than the solid generated by the spherical sector ; 
but, on the contrary, it is greater, since it contains it Therefore 
it is impossible that the zone of a spherical sector multiplied by 
a third of the radius should be the measure of a less spherical 
sector. 

We conclude, then, that every spherical sector has for its 
measure the zone which answers as a base multiplied by a third 
of the radius. 

A circular sector ACB may be increased till it becomes eqfual 
to a semicircle ; then the spherical sector generated by its revo- 
lution is an entire sphere. Therefore the eoUdity of a sphere is 
eqiMd to its surface multiplied by a third of the radius. 

547. CoroUary. The surfaces of spheres being as the squares 
of their radii, these surfaces multiplied by the radii are as the 
cubes of the radii. Therefore the solidities of two ^heres are as 
the cubes of their radiij or as the cubes of their diameters. 

548. Scholium. Let R be the radius of a sphere, its surface 
will be 4* IP, and its solidity 4* iP X i fl, or | ir/P. If we 
call D the diameter, we shall have 12 = ^ D, and iP = | JD^ ; 
therefore the solidity will also be expressed by | «* x | -D^, or 
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THEOREM. 



549. The surface ^ a sphere is to the whole surface of the dr- 
cumscribed cylinder, the bases being comprehended, as 2 is to 2', 
and the solidities i^ these two bodies are in the same ratio. 

r«. 27a Demonstration. Let MPN^ {fig. 270) be a great circle of 
the sphere, w2£ CD the circumscribed square; if the semicircle 
PJlfQ, and the semisquare P.4jDQ, be made to turn at the same 
time about the diameter PQ, the semicircle will generate the 
sphere, and the semisquare will generate the Cylinder circum- 
scribed about the sphere. 

The altitude AD of the cylinder is equal to the diameter Jf Q, 
the base of the cylinder is equal to a great circle^ since it has 
for a diameter AB equal to JIIAT; consequently the convex sur- 
face of the cylinder is equal to the circumference of a great cir- 
cle multiplied by its diameter (523). This measure is the same 
as that of the surface of the sphere (535) ; whence it follows that 
the surface of the sphere is equal to the convex surface qfthe cir- 
cumscribed cylinder. 

But the surface of the sphere is equal to four great circles } 
consequently the convex surface of the circumscribed cylinder is 
ako e^ual to fottr great eircles» If we add the two bases, which 
dre equal to two great circles, the whole surface of the circum- 
scribed cylinder will be equal to six great circles ; therefore the 
9ttrCace of the spheteis to the whole surface of the circumscribed 
cyUnder as 4 i» to 6, or as 2 is to 3. This is the first part of the 
ptopoAitiOB which it wa£r proposed to demonstrate. 

In the second place, since the base of the circumscribed cylin- 
der is equal to a great circle, and its altitude equal to the diam- 
et^, the solidity of the cylinder will be equal to a great circle 
multiplied by the diameter (516). But the solidity of the sphere 
is equal to four great circles multiplied by a third of the radius 
(54^)^ which amounts to a great circle multiplied by | of the 
radius, or | of the diameter ; therefore the sphere is to the cir- 
cumscribed cylinder as 2 is to 3, and consequently the solidities 
•of these two bodies are to each other as their surfaces. 

550. SchoUum. If a polyedron be supposed, all whose faces 
touch the sphere, this polyedron might be considered as com- 
posed of pyramids having the centre of the sphere for their 
common vertex, the bases being the several faces of the polye- 
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dron. Now it is evident that all these pyramids will have for 
their common altitude the radius of the sphere, so that each pyr- 
amid will be equal to a face of the polyedron, which serves as a 
base, multiplied by a third of the radius ; therefore the entire 
polyedron will be equal to its surface multiplied by a third of the 
radius of the inscribed sphere. 

It will be perceivf d by this that the solidities of polyedrons 
circumsoribed about a sphere are to each other as the surfaces 
of these same polyedrons. Thus the property which we have 
demonstrated for the circumscribed cylinder is common to an 
infinite aumber of other bodies. 

We might have remarked* alflo, that the surfaces of polygons 
circumscribed about a circle are to each other as their perimeters. 



PROBLEM. 

&51. 'J%B dr^^slar $egment BMD {fig. 971) beb%g s^pptrnd #0 Fig.2?»L 
revolve about a diameter eoc^erior to this segment^ to find the vaJm 
of the solid generated. 

Solution. Let fall upon the axis the perpendiculars JKE, DF, 
and upon the chord SD the perpendicula? CI, and draw the 
radii CJ5, CD. 

The solid g^iqrated by the sector J?Cw2 = f * x CBx wiJB 

(546) ; the solid generated by the sector DC^ == | * x CB X dF$ 
consequently the difference of these two solids, or the solid gen- 
erated by the sector DCB^ will be equal to 

fff X CBx {AF—AE) = I* X C^X EF. 

But the solid generated by the isosceles triangles DCB ha^r for 

— fi 
its measure | * X CIx EF (543) ; consequently the solid gen- 
erated by the segment BMD = | * X EF x ( CB — Cf) . Now 

in the right-angled triangle CBIwe have CB-^ CI= J3J= 1 BD; 
therefore the solid generated by the segment BMD has for its 

measure f* x EFx i BD, or \ncBDx EF. 

552. Scholium. The solid generated by the segment BMD is 



■Q 



to the sphere whose diameter is BD, as | at x BD X EF is to 
i^X$DyQr::EF;BD. 
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THEOREM. 

553. Every segment of a sphere^ comprehended between two 
parallel planes^ has for Ue measure the half ewn of its bases mul- 
tiplied by its altitude^ plus the solidity of the sphere of which this 
same altitude is the diameter, 

Fig.m Demonstration. Let BE, DF {fig. 271), be the radii of the 
bases of the segment, £J^.its altitude, so that the segment may 
be formed by the revolution of the circular space BMDFE 
about the axis FE. The solid generated by the segment BMD 

will be equal to j « X BB X EF (552), the frustum of a cone 
generated by the trapezoid BDFE will be equal to 

^^xEFx {BE + DF+BE X DF)(527); 
consequently the segment of the sphere which is the sum of these two 

solids = ^* X EFx (2BE+2DF+2BExDF+BD). But, 
by drawing BO parallel to EF, we shall have DO = DF—BE, 

DO = DF— 2DF X BE + BE (182), and consequently 

BD = B0'{'D0 = EF^DF—2DFxBE+BE. Putting 

this value in the place of JBDin the expression for the segment, 
and reducing it, we shall have for the solidity of the segment 

I IT X E-F X (sjRE + 35F + £f) , 
an expression which may be decomposed into two parts ; the 

one I * X J5F X (sBE + 3^), or EF x ^ ^X^^+^X^^ ), 
is the half sum of the bases multiplied by the altitude; the othei 

I «* X .^F represents the sphere of which EF is the diameter 
(548) ; therefore the segment of the sphere, <&c. 

554. CoroUary. If one of the bases is nothing, the segment 
ih question becomes a spherical segment having only one base ; 
therefore every spherical segment having only one base is equiva- 
lent to half of the cylinder of the samebase and same aUitude,plus 
the sphere of which this altitude is the diameter. 

General Scholium. 

555 Let il be the radius of the base of a cylinder, Jffits alti- 
tude ; the solidity of the cylinder will be « /P X HfOr^fB^H. 



\ 
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Let R be the radius of the base of a cone, H its altitude j thiQ 
solidity of the cone will be * IP X i H, or ^^rlPH. 

Let A^ B, be the radii of the bases of the frustum of a cone, 
£f its altitude, the solidity of the frustum will be 

l*H{^ + B^+AB). 

Let 22 be the radius of a sphere ; its solidity will be | «* B?, 

Let R be the radius of a spherical sector, H the altitude of the 
zone, whicrh answers as a base ; the solidity of the sector will be 

f ^iPJEz: 

Let P, Q, be the two bases of a spherical segment, H its alti- 
tude, the solidity of this segment will be (—t-^) X H-f- 1 ^IP. 
If the spherical segment have only one base P, its solidity will 



APPENDIX 

TO THE THIRD SECTION OF THE SECOND PART. 

Of Spherical hoperimetrical Polygons. 

THEOREM. 

556. Let S be the nurnber of solid angles in a pdlyedron^ H the 
number of its faces, A the number of its edges; then in aU cases 
we shaU have S + H =; A + 2. 

Demonstration. Within the polyedron, take a point, from which 
let straight lines be drawn to the vertices of all its angles ; con- 
ceive next, that from the same point, as a centre, a spherical sur- 
face is described, meeting all these straight lines in as many 
points ; join these points by arcs of great circles, so as to form 
on the surface of the sphere polygons corresponding in position 
and number with the faces of the polyedron. Let ABODE he 
one of these polygons {fig. 240), and n the number of its sides; Fig.sc 
its surface will he s — 2n + 4, « being the sum of the angles 
A, J5, C, 1>, E (506). If the surface of each polygon be esti- 
mated in a similar maimer, and afterwards the whole added 
together, we shall find their sum, or the sur&ce ofthe sphere, 
represented by 8, to be equalto the sum of all the angles of the 

Geoh. 26 



sot ElemetUs of Gemndry. 

polygons, tnitius twice the number of their sides, plus 4, taken as 
many times as there are faces. Now, since all the angles which 
meet at any one point A are equal to four right angles, the sum 
of all the angles of the polygons must be equal to 4, taken as 
many times as there are solid angles ; it is therefore equal to 4<S>. 
Also, twice the number of sides AB^ BC^ GD^ &c., is equal to 
four times the number of edges, ot to 4A; since the same 
edge is in every case a side to two faces* Hence we have 
8 = 45— 4w4 + 4H; or,dividing the whole by 4,2= S—^ + H; 
therefore S 4- Hrr wf + 2, 

557. CaroUary. From this it follows, that the 9um (fall the 
plane angUsj which form the solid angles of a polyedron^ is equal 
to as many times four right angles as there are units inS — 2, 
S being the number of solid angles of the polyedron. 

For, if we consider a face, the number of whose sides is n, 
we shall find that the sum of the angles of this face is equal to 
2n — 4 right angles (64). Bat the sum of all these 2n's, or twice 
the number of sides in all the faces, will be 4A; and 4, taken as 
many times as there are faces, will be AH; hence Ihe sum 
of the angles in all the faces is 4A — 4H. Now, by the theorem 
just demonstnted, we have k/£-^£fc=iS-^ 2, and consequently 
4A — 4£r = 4(S — 2). Therefore the sum (f dU the plane an- 
gles, fyc. 

THEOREM. 

558. Of all the spherical triangles formed with two given sides 
Fig, 27& CA, CB {fig. 2?6), and a third assumed at pkasjure, the greatest y 

ABC, is that in which the angle C, contained by the given sides^ 
is equd to the sum of the two other angkSy A and B. 

Demonstration. Produce tlie two sides AC, A3, till they meet 
in D; we shall have a spherical triangle BCD, in wliich the 
angle DBC is also equal to the sum of the two other angles 
BBC, BCD. For, BCD +BCA, being equal to two right an- 
gles, and likewise CBA -{- CBD, we have 

BCD + BCA=zCBA+CBD; 
s[nd adding BDC :^ BAC, we shall have 

BCD + BCA + BDC::^CBA+CBD + BAC. 
Now, by hypothesis, BCA =: CBA + BAC; hence 

CBD:^BCD+BDC. 
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Draw BI making tlie angle CBIz=, BCDj and consequently 
IBD:=^BDC; the two triangles IBD, IB C^ will be isosceles, 
and we shall have IC =:J[B =^ ID. Hence the point /, the mid- 
dle point of DC^ is at equal distances from the three points 
By C, D. For a similar reason, the point 0, the middle of 
Bdi is equally distant from the poiilts A^ B^ C. 

Now, suppose, Cd = CA and the angle BCA'^BCA; if 
A'Bhe joined, and the 9x09 A/Cy AfBi produced till they meet 
in J?^, the arc lyCA' will be ti semicircumference, as well as 
DC A; therefore, since we have CA''=- CA^ we shall also have 
CI> zzz CD. But in the triangle CUT, we have C/-f ID' > Cjy ; 
hence Ja>> CD^ CI, or ZZ>>XD, 

In the isosceles triangle CiB, bisect the angle J by the arc 
jEIF, which will also bisect BC at jri^t angles. If a point L is 
assumed between J and J5, the distance BL, equal to LC^ will 
be less than BI; for it might be shown as in art. 41, that 
BL + LC<CBI+IC; and, taking the half of each, that 
BL < Bl But in the triangle D'L C, we have I>L ^I>C-^CL, 
and still more I>L > DC— CI or D'L^DI, or D^L > BI; 
consequently Dh ]> BL. Hence, if in the arc EIF, we seek for 
a point equally distant from the three points J?, C, ly, it can be 
found only in the prolongation of EI towards JP, Let I be the 
point required J we shall have D'l ^ BI = CI ; the triangles 
ICBi ICI>9 IBD^f being isosceles, we shall have the equal an- 
gles IBC=z I CB, IBIt^ II>B, I CD = I]> C. But the 
angles I^BC + CBA' are equal to two right angles, and 

I>CB + BCA' 
are likewise equcd to two right angles ; therefore 

D'BI + IBC+ CBA' = 2, 
BCI — ICD'+BCA:=2. 
Add together the two equations, observing that IBC = JBCJP, and 
D'BI—ICI>:^BD'I—ID'C= CI>B= CA'B; and we shall 
have 21BC + CAB + CBA' + BCA' = 4. 

Hence CA'B + CBA' + BCA' — 2 (which measures the area of 
the triangle A'BC (501) = 2—2IBC; so that we have 

area A'BC = 2 — 2 angU IBC; 
liKCwise, in the triangle ABC, we should have 

area ABC = 2—2 angle IBC. 
Now the angle IBC has already been proved to be greater than 
IBC; hence the wceo^A'BC is less than ABC. 
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The same demonstration would lead to the same conclu^on 
Fig.277. if, taking always the arc CA' = CA, the angle BCA' {fig. 277) 
were made less than BCA ; hence ABC is the greatest of all 
those triangles, which hav€ two sides given, and the third to be 
assumed at pleasure. 
Fifi^ 278. 559. Scholium i. The triangle ABC {fig. 278), the greatest 
of all those which have two given sides CA^ CJS, may be inscribed 
in a semicircle, the diameter of which is the chord of the third 
side AB ; for O being the middle point of AB, the distances 
OCy OB J as we have seen, are equal ; hence the circumference 
of a small circle, described from the point O as a pole, with the 
distance OB^ will pass through the three points A^ J3, C. More- 
over, the straight line AB is a diameter to this small circle ; for 
the centre, which must be at<once in the plane of the small cir- 
cle, and (456) in the plane of the arc of the great circle BOA, 
must of necessity be found in the intersection of those two planes, 
which is the straight line BA ; hence BA will be a diameter. 

560. Scholium ii. In the triangle ABC, the angle C being 
equal to the sum of the other two A and B, the sum of all the 

, three angles must be double of the angle C. But (489) that sum 
is always greater than two right angles ; hence ' C is always 
greater than one. 

561. Scholium iii. If the sides CJ?, CA, are produced till 
they meet in £, the triangle BAE will be equal to the fourth 
part of the surface of the sphere. For the aiigle 

E=:C = ABC+CAB; 
hence the three angles of the triangle BAE are equivalent to the 
four ABC, ABE, CAB, BAE, whose sum is equal to four right 
angles ; therefore (505) the surface of the triangle 

BAE =:: 4 — 2 — 2, 

which is the fourth part of the surface of the sphere. 

562. Scholium iv. There could be no maximum, if the sum 
of the two given sides CA, CB, were equal to, or greater than, 
the semicircumference of a great circle. For, since the triangle 
ABC must be capable of being inscribed in a semicircle of the 
sphere, tlie sum of the two sides CA, C5,will be less (460) than 
the semicircumference BCA, and consequently less than half the 
circumference of a great circle. 

, The reason why there can be no maximum, when the sum of 
the two given sides is greater than the semicircumference of a 
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great circle, is that in this case the triangle continues to augment, 
as the angle contained by its two given sides augments ; and at 
last, when this angle becomes equal to two right angles, the three 
sides are all in the same plane, and form a whole circumference ; 
the spherical triangle has then increased to a hemisphere, but it 
has at the same time ceased to be a triangle.. 



THEOREM. 

563. Of all the spherical triangles j formed with a given side 
and a given perimeter^ the greatest is that in which the two unde- 
temdned sides are equal. 

Demonstration. Let AB {fig. 279) the given side be common Rg. 279 
to the two triangles A CB, ABB, and let AC + CB=z AD + DB ; 
we are to show that the isosceles triangle ACBj i^ which 
AC =: CB, is greater than ADB, which is riot isosceles. 

Since these triangles have the common part A OB, it will be 
sufficient to prove that the triangle BOD is less than AOC. Now, 
the angle CBA, equal to CAB, is greater than OAB; therefore 
(497) the side AO is greater than OB. Take 01=: OB, make 
OK=z OD, and join KI; the triangle OKI (497) will be equal to 
DOB. Now, if the triangle DOB, or its equal KOI, is not ad- 
mitted to be less than OAC, it must be either equal or greater; 
in both which cases, since the pioint / is betv/een A and O, the 
, point K must be found in the prolongation of OC, otherwise the 
triangle OKI would be contained in the triangle CAO, and 
therefore less than CAO. This granted, since the shortest way 
from C to -a is CA, we have CK+KI+M > CA. But 

CK=i OD— CO, AI=: AO—OB, KI=BD; 
hence OD -^ CO + w40— OJB + JBD > CA, or, by reduction, 
AD— CB + BD>CA, or AD + BD^CA+CB. But this 
inequality is at variance with the supposition of 

AD + BD= CA+CB; 
hence the point JST cannot fall in the prolongation of OC; conse- 
quently it falls between O and C, and the triangle KOI or its 
equal ODJS is less than w2 CO ; therefore the isosceles triangle 
ACB is greater than ADB having the same base and perimeter, . 
which is not isosceles. 

564. Scholium. The two last theorems are analogous to those 
of art. 63 and 69, of the appendix to section fourth; and from 
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them may be deduced, with regard to spherical polygons, the 
same consequences as we have obtained respecting plane poly- 
gons. The chief are as follows : 

565. Among spherical polygons (tf the same perimeter and the 
same number qf sides J thatisthe greatest which has its sides equal. 

The demonstration is the same as that of art. 301. 

566. Among spherical polygons formed of knoum sides and one 
side taken at pleasure^ the greatest is thai ibhich can be inscribed 
in a semicircle the diameter of io&ic& is equal to the chord of the 
undetermined side. 

The demonstration is deduced from art. 559, in the manner 
exhibited in art. 303. It is requisite for the existence of a max-- 
imum^ that the sum of the given sides be less than the semicir- 
cumference of a great circle. 

567. fimong spherical polygons formed of given sides, the 
greatest is that which can be inscribed in a circle of the sphere. 

The demonstration is the same as that of art. 303. 

568. Among spherical polygons which haoe the same perime- 
ter and the same nurnber of sides, the greatest is that which has 
its angles equal, and its sides equal. 

This results from the first and the third of the above proposi- 
tions. * 

Note, All the propositions relating to the maxima of spherical poly- 
gons, are also applicable to solid angles, of which these polygons are 
he measures. 



APPENDIX 

TO SECTIONS SECOND AND THIBD. * 

Of the Regular Polyedrons. 

THEOREM. 

569. There can be only five regular polyedrons. 

Demonstration. For regular polyedrons were defined as hav- 
ing equal regular polygons for their faces, and all their solid an- 
gles equal. These conditions cannot be fulfilled except in a 
amall number of cases. 
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1. If the faces are equilateral triangles, polyedrons may be 
formed of them, having solid angles contained by three of those 
triangles, by four, or by five : hence arise three regular bodies, 
the tetraedronj the octaedron^ the icosaedran. No other can be 
formed with equilateral triangles ; for six angles of such a trian- 
gle are equal to four right angles, lEuid (356) cannot form a solid 
angle. 

2. If the faces are squares, their angles may be arranged by 
threes : hence results the hexaedron or cube. Four angles of a 
square are equal to four right angles, and cannot form a solid 
angle. 

3. In fine, if the faces are regular pentagons, their angles may 
likewise be arranged by threes ; the regular dodecaedranwiti. thus 
be formed. 

We can proceed no farther ; three angles of a regular hexagon 
ar^ equal to four right angles ; three of a heptagon are greater. 

Hence there can be only five regular polyedrons ; three form- 
ed with equilateral triangles, one with squares, and one with 
pentagons. 

570. Scholium. In the following problem, we shall show 
that these five polyedrons actually exist ; and that all their 
dimensions may be determined, when one of their faces is known. 

PROBLEM. 

671. One of the faces of a regular polyedronj or only a side 
qfU, being gii>en, to construct the polyedron, 

SdliMon, This problem admits of five cases, which we pro- 
ceed to solve in succession. 

Construction of the Tetraedron. 

572. Let ABC {fig. 280) be the equilateral triangle which is Fig. 28a 
to form one of the faces of the tetraedron. At the point O, the 
centre of this triangle, erect OS perpendicular to the plane ABC ; 
let this perpendicular terminate in S>, so that AS =. AB ; join 
SjB, SC ; the pyramid S-ABC will be the tetraedron required. 

For, on account of the equal distances OA, OB, OC, the ob- 
lique lines SA, SB, SC, are equally removed fi^om the perpen- 
dicular SO, and consequently equal to each other. One of them 
SA ==: AB; hence the four faces of the pyramid S^ABC are tri- 
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angles, equal to the given triangle ABC. And the solid angles ol 
this pyramid are all equal, because each of them is formed by three 
equal plane angles : this pyramid therefore is a regular tetraedron. 



Construction of the Hexaedron. 

>g.28i. 573. Let ABCD {fig. 281) be a given square. On the base 
ABCD, construct aright prism whose altitude AE shall be equal 
to the side AB. The faces of this prism will evidently be equal 
squares, and its solid angles all equal to each other, each being 
formed by three right angles ; this prism, therefore, is a regular 
hexaedron or cube. 

Construction of the Octaedron. 

Pig. £82. 674. Let AMB {fig. 282) be a given equilateral triangle. On 
the side ABj describe a square ABCD; through the point O, 
the centre of this square, let the perpendicular TS be drawn, 
terminating on the one hand and on the other in T and 5, so that 
OT=L OS=zOA; then join SA, SB, TA, &c. ; we shall have 
a solid SABCDT, composed of two quadrangular pyramids 
S-ABCD, T-ABCDj united together by their common base 
ABCD; this solid will be the required octaedron. 

For, the triangle AOS is right-angled at O, and likewise the 
triangle AOD ; the sides AO, OS, OD, are equal to each other; 
hence those triangles are equal, and AS = AD. In the same 
manner we could show, that all the other right-angled triangles 
AOT, BOS, COT, &c., are equal each to the triangle AOD; 
hence all the sides AB, AS, AT, &c., are equal to each other, 
and therefore the solid SABCDT is contained by eight triangles, 
each equal to the given equilateral triangle ABMi We have 
yet to show that the solid angles of this polyedron are equal to 
each other ; that the angle S, for example, is equal to the 
angle B, 

Now, the triangle SAC is evidently equal to the triangle DAC, 
and therefore the angle ASC is a right angle ; hence the figure 
SATC is a square equal to the square ABCD. But if we com- 
pare the pyramid B-ASCT with the pyramid S-ABCDiWe shall 
see that the base ASCT of the first may be placed on the base 
ABCD of the second; then, the point O being their common 
centre, the altitude OB of the first will coincide with the altitude 
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OS of the second ; and the two pyramids will exactly coincide 
with each other in all points ; hence the solid angle S is equal 
to the solid angle B ; and therefore the solid SABCDT is a 
regular octaedron. 

675. Scholium. If three equal straight lines AC^ BD, ST, 
are perpendicular to each other, and bisect each other, the ex- 
tremities of these straight lines will be the vertices of a regular 
octaedron. 

Construction of the Dodecaedron. 

676. Let ABODE {fig. 283) be a given regular pentagon j let Fig 283. 
ABP, CBP^ be two plane angles each equal to the angle ABC. 
With these plane angles form the solid angle B; and by art. 361 
determine the mutual inclination of two of these planes ; which 
inclination we shall oall K. In like manner, at the points C, 

2>, J?, A, form solid angles, equal to the solid angle B, and which 
shall be similarly situated ; the plane CBP will be the same as 
the plane BC6, since both of them are inclined at an equal an- 
gle Kto the plane AB CD; hence in the plane PBCG^ we may 
describe the pentagon BCGFP, equal to the pentagon ABCDE. 
If the same thing is done in each of the other planes CDI,DELj 
&c., we shall have a convex surface PEOH, &c., composed of 
six regular pentagons, all equal to each other, and each inclined 
to its a;djacent plane by the same quantity K. Let pfg A, &c. 
be a second surface equal to PFGH, &c. ; we say that these two 
surfaces may be joined so as to form only a single continuous 
convex surface. For the angle opf, for example, may be joined 
to the two angles OPB, BPF, so as to make a solid angle P, 
equal to the angle B; and by this joining together no change 
will take place in the inclination of the planes BPF, BPOy that 
inclination being already such as is required to form the solid 
angle. But whilst the solid angle P is forming, the side pf will 
apply itself to its equal PJP, and at the point F will be- found 
three plane angles PFG, pfe, efg, united so as to form a solid 
angle equal to each of the solid angles already formed ; and this 
junction, like the former, will take place without producing any 
change either in the state of the angle P or in that of the surface 
efg h, &c. ; for the planes PFG, efp, already joined at P, have 
the requisite inclination JST, as well as the planes efg, efp. 
Continuing the comparison, in this way, by successive steps, it 
. Geom. 27 
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will appear that the two surfaces adjust themsehes perfectly to 
each other, and form a single continuous convex sur&ce ; which 
will be that of the regular dodecaedron, since it is composed of 
twelve equal regular pentagons, and has all its solid angles equal 
to each other. 

Construction of the Icosaedron. 

ng.fM, 677. Let ABC {fig. 284) be one of its faces. We must first 
form a solid angle with five planes each equal to ABC^ and each 
« equally inclined to its adjacent one. To effect this, on the side 
B'C'^ equal to J?C, construct the regular pentagon B*OH!Il> ; 
at the centre of this pentagon, draw a line at right angles to its 
plane, and terminating in A' 9 so that B'A' = B* O ; join A' C'j 
A'H, A' I, A'I> ; the solid angle A' formed by the five planes 
B'A!C', OA*H', <&c., will be the solid angle required. For the 
oblique lines A'Bf^ A'O^ &c. are equal; one of them A'B' is 
equal to the side B'C ; hence all the triangles B'A'C, C'A'H\ 
&c. are equal to each other and to the given triangle ABC. 

It is farther manifest, that the plftnes B'A' C, OA'H, &c^ are 
all equally inclined to their adjacent planes ; for the solid angles 
JB', C\ &C.J are all equal to each other, being each formed by 
two angles of equilateral triangles, and one of a regular penta- 
gon. Let fbe the inclination of two planes, forming the equal 
angles, which inclination may be determined by art. 361 ; the 
angle fwill at the same time be the inclination of each of the 
planes ^ompo6ing the solid angle A* to their adjacent planes. 

This being granted, if at each of the points A^ B, C, a solid 
angle be formed equal to the angle A', we shall have a convex 
surface DEFGj &c., composed of ten equilateral triangles, every 
one of which will be inclined to its adjacent triangle by the 
quantity K; and the angles D, £, P, &c., of its contour will 
alternately combine three angles and two angles of equilateral 
triangles. Conceive a second surface equal to the surface 
DEFG^ &c. ; these two surfaces will adapt themselves to each 
other, if each triple angle of the one is joined to each double 
angle of the other; and, since the planes of these angles have 
alrcsady the common inclination JT, requisite to form a quintuple 
solid angle equal to the angle A, this junction will require no 
change in the state of either surface, and the two together will 
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fbnn a single continubus surface, composed of twenty equilateral 
triangles. This surface will be thdt of the regular icosaedron, 
since all its solid angles are equal to each other.^ 

PBOBLEM. 

57B. To find the incHnatian of two adjacent faces of a regular 
polyedron. 

Solution. This inclination is deduced immediately from the 
construction we have just given of the five regular polyedrons^ 
taken in connexion with art* 361, by means of which the three 
plane angles that form a solid angle being given, the angle which 
two of these plane angles form with each other may be deter- 
mined. 

In the tetraedron. Each solid angle is formed of three angles 
of equilateral triangles ; therefore seek, by the problem referred 
to, the angle which two of these planes contain between them, 
and it will be the inclination of two adjacemt faces of the tetrae- 
dron. 

In the hexaedron. The angle contained by two adjacent faces 
is a right angle. 

In the octaedron. Form a solid angle with two angles of equi-. 
lateral triangles and a. right angle; the inclination of the two 
planes, in which the triangular angles are situated, will be that 
of two adjacent faces of the octaedron. 

In the dodecaedron. Every solid angle is formed by three an- 
gles of regular pentagons ; the inclination of the planes of two 
of these angles will be that of two adjacent faces of the dodecae- 
dron. 

In the icosaedron. Form a solid angle with two angles of 
equilateral triangles, and one of a regular pentagon ; the inclina- 
tion of the two planes, in which the triangular angles are situated, 
will be that of two adjacent faces of the icosaedron. 

* If Ac figures 287, 288, 289, 290, 291, be accurately drawn on 
pasteboard, and the fine lines be eut through, and the full Hnes cut 
only half through, the edges ai the several polygons in each figure 
iMiy be brought together and glued, the shaded one remaining fixed. 
Models of the several regiilar polyedioag may thus be easily ob* 
taoBied. 
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PROBLEM. 

579. The side of a regular polyedron being given, to find the 
radius of the inscribed and that of the circumscribed sphere. 

Solution. It must first be shown, that every regular polyedron 
is capable of being inscribed in a sphere, and of being circum- 
scribed about it. 
Fig 292. Let AB {fig. 292) be the side common to two adjacent faces ; 
C and E the centres of those faces ; CD, ED, the perpendicu- 
lars let fall from these centres upon the common side AB, and 
therefore terminating in D, the middle point of that side. The 
two perpendiculars CD, DE, make with each other an angle 
which is known, being the inclination of two adjacent faces, and 
determinable by the last problem. Now, if in the plane CDE, 
at right angles to AB, two indefinite lines CO and OE be drawn 
perpendicular to CD and ED, and meeting each other in O, 
this point O will be the centre of the inscribed and of the cir- 
cumscribed sphere, the radius of the first being OC, that of the 
second OA. 

For, since the perpendiculars CD, DE, are equal, and the 
hypothenuse DO is common, the right-angled triangle CDO 
must (56) be equal to the right-angled triangle ODE, and the 
perpendicular OC to OE. But, ./IB being perpendicular to the 
plane CDE, the plane ABC (349) is perpendicular to CDE, or 
CDE to ABC; likewise CO, in the plane CDE is perpendicu- 
lar to CD, the common intersection of the planes CDE, ABC ; 
hence (351) CO is perpendicular to the plane ABC. For the 
same reason, EO is perpendicular to the plane ABE; hence the 
two straight lines CO, EO, drawn perpendicular to the planes of 
two adjacent faces, through the centres of those faces, will meet 
in the same point O, and be equal to each other. Now, suppose 
that ABC and ABE represent any other two adjacent faces ; the 
perpendicular CD will still continue of the same magnitude ; and 
also the angle CUO, the half of CDE ; consequently the right- 
angled triangle CDO, and its side CO will be equal in all the faces 
of the polyedron ; hence, if from the point O as a centre, with the 
radius 00, a sphere be described, it will touch all the faces of 
the polyedron at their centres, the planes ABC, ABE^ &c., being 
each perpendicular to a radius at its extremity ; therefore the 
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sphere will be inscribed in the polyedron, or the polyedron cir- ' 
cumscribed about the sphere. 

Again, join O.^, OB ; since CA = CJ5, the two oblique lines 
OA^ OB^ being equally remote from the perpendicular, will l^e 
equal ; so also will any other two lines drawn from the centre 
O to the extremities of any one side \ hence all those lines will 
be equal to each other ; and, if from the point O as a centre, with 
the radius OAy a spherical surface be described, it will pass 
through the vertices of all the solid angles of the polyedron ; 
hence the sphere will be circumscribed about the polyedron, or 
the polyedron inscribed in the sphere. 

This being settled, the solution of the problem presents no 
farther difficulty, and may be effected thus : 

One face of the polyedron being given, describe that face; 
and let CD {fig. 293) be a perpendicular from its centre upon Fig. 293.' 
one of its sides. Find, by the last problem, the inclination of 
two adjacent faces of the polyedron, and make the angle CDE 
equal to this inclination; take DE=i CD; draw CO and J&O ^ 
perpendicular to CD and ED, respectively ; these two perpen- 
diculars will meet in a point O; and CO will be the radius of 
the sphere inscribed in the polyedron. 

On the prolongation of DC, take CA equal to a radius of the 
circle, which circumscribes a face of the polyedron ; .40 will be 
the radius of the sphere circumscribed about this same polyedron. 

For, the right-angled triangles CDO, CAO, in the present 
diagram, are equal to the triangles of the same name in the pre- 
ceding diagram ; and thus^ while CD and CA are the radii of 
the inscribed and the circumscribed circles belonging to any one 
face of the polyedron, OC and OA are the radii of the inscribed 
and the circumscribed spheres which belong to the polyedron 
itself. 

580. Scholium. From the foregoing propositions, several 
consequences may be deduced. 

I. Any regular polyedron may be divided into as many regu- 
lar pyramids as the polyedron has faces ; the common vertex of 
these pyramids will be the centre of the polyedron ; and at the 
same time, that of the inscribed arid of the circumscribed sphere. 

II. The solidity of a regular polyedron is equal to its surface 
multipltod by a third part of the radius of the inscribed sphere. 
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III. Two regular poljedrons of the same name are two similar 
solids, and their homologous dimensions are proportional ; hence 
the radii of the inscribed or of the circumscribed spheres are to 
each other as the sides of the polyedrons. 

IV. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, along the different edges, will divide the 
surface of the sphere into as many spherical polygcms, aa the 
polyedron has faces all equal and similar among themaelves. 



Improved DemonHration of the Theorem for the 
* Solidity of the Triangular Pyramid. 



BY M. qjUERET OF ST. MMO. 



THSOBEM. 



568. Two triangular pyramids, hamng equivalent basee and 
equal aUitudee, are equivalent, or equal in solidity. 

Let S-ABCj B^a h e (fig. 294) be two triangular pyramids of Fig.SM. 
which the two bases ABC, a be, supposed to be situated in the 
same plane, are equivalent, the altitade TA being the same in 
both. If they are not equivalent, let e-ah c, be the smaller ; and 
suppose .^ a to be the altitude of a prism, which having ABC for 
its base, is equal to their difference. 

Divide the altitude AT into equal parts Ax,xy,yz, &c., 
each less than A a, and let k be one of these parts ; through the 
points of division* suppose planes parallel to the plane of the 
bases ; the corresponding sections formed by these planes in the 
two pyramids will be respectively equivalent by art. 409, namely, 
DEF to def, GHIioghi, &c. 

This being granted, upon the triangles ABC, DEF, OBI, &c., 
taken as bases, construct exterior prisms having for edges the 
parts AD, DG, GK, &c., of the side SA; in like manner, on the 
bases def, ghi, klm, &c., in the second pjrramid, construct in- 
terior prisms having for edges the corresponding parts of « a. It 
is plain that the sum of all the exterior prisms of the pjrramid 
S^ ABC will be greater than this pyramid; and also that the 
sum of all the interior prisms of the little pyramid a-a be will be 
less than this. Hence the difference between the sum of all the 
exterior prisms and the sum of all the interior ones, must be 
greater than the difference between the two pyramids them- 
selves. 
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Now, beginning with the bases ABC^ abe^ the second exte- 
rior prism DEFG is equivalent to the first interior prism d ef a, 
because they have the same altitude ft, and their bases DEFy 
d efj are equivalent ; for like reasons, the third exterior prism 
GHIK and the second interior prism ghid are equivalent ; the 
fourth exterior and the third interior ; and so on, to the last in 
each series. Hence all the exterior prisms of the pyramids 
S'ABCy excepting the first prism DABCy have equivalent cor- 
responding ones in the interior prisms of the pyramid a-a he; 
hence the prism DABC is the difierence between the sum of all 
the exterior prisms of the pyramid S-ABC ; and the sum of all the 
interior prisms of the pyramid a-a b c. But the difference be- 
tween these two sets of prisms has already been proved to be 
greater than that of the two pyramids ; which latter difference 
we supposed to be equal to the prism a ADC; hence the prism 
DABC must be greater than the prism. a ABC. But in reality 
it is less; for they have the same base ABC^snd the altitude 
Ax of the first is less than A a the altitude of the second. Conse- 
quently the supposed inequality between the two pyramids can- 
not exist; therefore the two pyramids S-ABCyS-abc, having 
equal. altitudes and equivalent bases, are themselves equivalent. 

THEOREM. 

569. Every triangular pyramid is a third part of the triangu- 
lar prism having the same base and same altitude. 
Fig »6. Demonstration. Let F-ABC {fig. 216) be a triangular pyra- 
mid, ABCDEF a triangular prism of the same base and the same 
altitude ; the pyramid will be equal to a third of the prism. 

Cut off the pyramid F-ABC from the prism, by a section made 
along the plane FAC ; there will remain the solid FACDE, 
which may be considered as a quadrangular pyramid, whose 
vertex is jF, and whose base is the parallelogram ACDE. Draw 
the diagonal CE; and extend the plane FCE^ which will cut 
the quadrangular pyramid into two triangular ones F-ACE, 
F-CDE. These two triangular pyramids have for their com- 
mon altitude the perpendicular let fall from F on the plane 
ACDE; they have equal bases, the triangles ACEj CJDJE, being 
halves of the same parallelogram ; hence (568) the two pyra- 
mids F-A CE, F- CDE, are equivalent. But the pyramid F- CDS 
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and the pyramid F-ABC have equal bases ABC, t)EF; tbey 
have also the same altitude, namely, the distance of the parallel 
planes ABC, DEF; hence the fwo pyramids are equivalent. 
Now the pyramid F-CDE has already been proved equivalent 
to F-ACE; consequently the three pyramids F-APC, F-CDE, 
F-ACE, which compose the prism ABD, are all equivalent. 
Therefore the pyramid F-ABC is the third part of 'the prism 
ABD, which has the same base and the same altitude. 

570. Corollary. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude 
Geom. 28 



NOTES. 



I. 

Upon eertam Names and Definitions. 

SoMB nQW express}09S and definitions have been introduced into 
this work which tend to give to the language of geometry inore ex- 
actness and precision. We proceed to give an account of these 
changes, and to propose certain others, which might fulfil more com- 
pletely the same pm^oses. 

In the iHdifiary deifinitiiw of a rectangtdcar jparaUelogram and of a 
sqtutre^ it is said that the angles of these figures are right angles ; it 
would' he more exact to ^ay, that their angles are equal. For, to 
suppose that the four angles of a quadrilateral may be right angles, 
and also that these right angles are equal to each other, is to suppose 
propositions which reqiiire to be demonstrated. This inconvenience, 
and several others of the same kind, might be avoided, if, instead of 
putting the definitions, as is usual, at the head of a section, we dis- 
tri^Mited them throi^h th^ section, each in the pl^ce where the propo- 
sition implied is demonstrated. 

The word parallelogram, according to its etymology, signifies par- 
alkl Une$i it answers not better to a figure of four sides than to one 
of six, eight, fii»c., the opposite sides of which are parallel. Likewise 
the word paraHelopiped signifies paraUel planes ; it does not designate 
a solid of six faces any more than one of eight, ten, &c., of which the 
opposite ones are parallel. It seems, then, that the denominations of 
parallelogram and parallelepiped, which have, besides, the inconvenience^ 
of being very long, ought to be banished firom geometry. We might 
substitute in their place those of rhomb and rhomboid^ which are much 
' more convenient, and preserve the name of lozenge to denote a quadri- 
lateral, the sides of which are equal. 

The word inclination ought to be understood in the same sense as 
that of angle ; each indicates the manner of being of two lines, or of 
two planes, which meet, or which produced would meet. The incli- 
nation of two }ifkefi ifl Aothiog, whi^P the ai^le is nothing, that is, when 
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the lines are parallel or coincident. The inclination is greatest, when 
the angle is greatest, or when the two lines mak^ with each other a 
very obtase angle. The quality of leaning is taken in a different 
sense ; a line kans so mach the mare with respect to another, as it 
departs more from a perpendicular to this last. 

The denomination of equal angles is given by Euclid and others to 
those triangles which are only equal in surface ; and that of equal sol- 
ids to those which are only equal in solidity. It appears to us more 
proper to call the triangles, as well as the solids, in this case, equivalent, 
and to restrict the denomination of equal triangles and equal solids to 
those which would coincide upon being applied. 

It is, moreover, necessary to distinguish among solids and curved 
surfeces two different kinds of equality. Indeed, two solids, two solid 
angles, two spherical triaiigles, or two spherical polygons, may be equal 
in all their constituent parts without coinciding when applied. It does 
not appear that this observation has been made in elementary books ; 
and, for want of having regard to it, certain demonstrations, founded 
upon the coincidence of figures, are not exact. Such are the demon- 
strations by which several authors pretend to prove the equality of 
spherical triangles in the same cases and in the same manner as they 
do that of plane triangles. We are furnished with a striking example 
of this by Robert Simson, who, in attacking the demonstration of the 
28th proposition of the eleventh book of Euclid, fell himself into the 
error of founding his demonstration upon a coincidence which does not 
exist. We have thought it proper, therefore, to give a particular name 
to this kind of equality, which do^s not admit of coincidence ; we have 
called it equality hy symmetry ; and the figures which are thus related 
we call symmetrical figures. 

Thus the denominations of equal figures, symmetrical figures, equiv^ 
alent figures, refer to different things, and ought not to be con- 
founded. 

In the propositions, which relate to polygons, solid angles, and 
polyedrons, we have expressly excluded those which have re-entering 
angles. For, in addition to the advantage of considering in the ele- 
ments only the most simple figures, if we had not thus restricted our- 
selves, certain propositions would either not have been true, or would 
have required to be modified. We have, therefore, confined ourselves 
to the consideration of lines and surfaces, which we call convex, and 
which are such that they cannot be cut by a straight line in more than 
two points. 

We have oflen used the expression product of two or of a greater 
numbe of lines, by which we mean the product of the numbers 



which represent thede lines, they being estimated according to a linear 
unit taken at pleasure. The sense of this word being thus fixed, 
there is no difficulty in making use of it. The same is to be under* 
stood of the product of a surface by a line, of a surface by a solid, &c. 
It is sufficient to have established once for all that these products are 
or Ought to be considered as the products of numbers, each of a kind 
that is adapted to it. Thus the product of a surface by a solid is 
nothing else than the product of a number of superficial units by a 
number of solid units. 

We often use the word anghj in common discourse, to designate the 
point situated at its vertex; this expression is faulty « It would be 
more clear and more exact to denote by a particular name, as that of 
vertices, the points situated at the vertices of the angles of a polygon, 
or of a polyedron. In this sense is to be understood the expression 
vertices of a polyedron, which we have used. 

We have followed the common definition of similar rectilineal Jig" 
ures ; but we would observe, that it contains three superfluous con- 
ditions. For, in order to construct a polygon of which the number 
of sides is n, it is necessary in the first place to know a side, and then 
to have the position of the vertices of the angles situated without this 
side. Now the number of these angles is n — 2, and the position of 
each vertex requires two data ; whence it follows that the whole num- 
ber of data necessary to construct a polygon of n sides is 1 -|- 2 n — 4, 
or 2 It — 3. But in the similar polygon there is one side to be taken 
at pleasure; thus the number of conditions, by which one polygon 
becomes similar to a given polygon, is 2n — 4. But ^he common 
definition requires, 1. that the angles should be equal, each to each, 
which makes n conditions; 2. that the homologous sides should be 
proportional, which makes n — 1 conditions. There are then in all 
2 71 — 1 conditions, or three too many. In order to obviate this in- 
convenience, we can resolve the definition into two others, in this 
manner. 

1. Two triangles are similar, when they have two angles equal, each to 
each. 

2. Two polygons are similar, when there can be formed in the one and 
the other the same number of triangles similar, each to each, and similarly 
disposed. 

But, in order that this last definition should not itself contain super- 
fluous conditions, it is necessary that the number of triangles should 
be equal to the number of sides of the polygon minus two, which may 
take place in two ways. We can draw from two homologous angles 
diagonals t*) the opposite angles; then all the triangles formed in 
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each polygon will bare a common Tertex^ and their sum win be equal 
to the polygon ; or rather we can suppose that all the triangles formed 
in a polygon have for a common base a side of the polygon, and for 
vertices those of the different angles opposite to this base. In each 
case the number of triangles formed being n — 2, the conditions of 
their similitude will be equal to the number 2» — 4; and the defi- 
nition will contain nothing superfluous. This new definition being 
adopted, the ancient one will become a theorem, which may be de- 
monstrated immediately. 

If the definition of similar rectilineal figures is imperfect in books 
of elements, that of similar solid polyedrons is still more so. In Euclid 
this definition depends upon a theorem not demonstrated i in other 
authcNTs it has the inconvenience of being very redundant ; we have, 
therefore, rejected these definitions of similar solids.* 

The definition of a perpendicular to a plane may be regarded as a 
theorem ; that of the incUnation of two planes also requires to be sup- 
ported by reasoning ; the same may be said of several others. It is on 
this account that, while we have placed the definitions according to 
ancient usage, we have taken care to refer to propositions where they 
are demonstrated ; sometimes we have merely added a brief explana- 
tion, which appeared sufficient. 

The angle formed by the meeting of itoo planes, and the solid angle 
formed by the meeting of several planes in the same point, axe dis- 
tinct kinds of magnitudes, to which it would be well, perhaps, to give 
particular names. Without this it is difficult to avoid obscurity and 
circumlocutions in speaking of the arrangement of planes which 
compose the surface of a polyedron ; and, as the theory of solids has 
been little cultivated hitherto, there is less inconvenience in intro- 
ducing new expressions, where they are requi.ed by the nature of the 
subject. 

I should propose to give the name of wec^e to the angle formed 
by two planes ; the edge or height of the wedge would be the com- 
mon intersection of the two planes. The wedge would be designated 
by four letters, of which the two middle ones would answer to the 
edge. A right wedge, then, would be the angle formed by two planes 
perpendicular to each other. Four right wedges would fill all the 
solid angular space about a given line. This new denomination 
would not prevent the wedge always having for its measure the angle 
formed by two lines drawn firom the same point, the one in one of 



* The author here re^rs to a diatmct note on the equality and fimilitude of 
Iplya^r^UM, not given in tbt9 translation. 
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the planes and the other in the other, perpendicularly to the edge or 
common intersection. 

II. 

By the Translator. 

TitE improvements referred to in the preceding note, so far as they 
have been adopted by the author, have been carefully preserved in the 
translation. Indeed, it has been found necessary, in a few instances, 
to use English words in a sense somewhat different from their -ordinary 
acceptation. The word polygon is generally restricted to figures of 
more than four sides. It is used in this work with the latitude of the 
original word polygons to stand for rectilineal figures generally ; aiid 
polyedron is adopted in a similar manner for solids. QuadrikcteraJ is 
employed as a general name for four-sided figures. The word hsenge 
is rendered by rhombus^ and trapez^ by trapezoid^ the English words, 
as thej are commonly used, corresponding to the French. The per- 
pendicular let fall fi'om the centre of a regular polygon upon one of 
its sides is called in the original apotheme. It occurs but a few times, 
and as there is no English word answering to it, it is rendered by a 
periphrasis, or simply by the word perpendicular. The portion of 
the surface of a sphere comprehended between the semicircumferences 
of two great circles is denoted in the original by fuseau ; Dr. Hut- 
ton uses the word hine in the same sense ; others have employed 
hinary surface; as lune properly stands for the surface comprehended 
between two unequal circular curves, the latter denomination was 
thought the least exceptionable, and is adopted in the translation. 
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aUESTIONS IN GEOMETRY, 



INTENDED AS AN EXERCISE FOR THE LEARNER 



Q. I. From two gken points A and B, on the same side of a. line DE, Fig. S9S. 
given in position, to draw two lines AP, PBj which shall meet in DE, and 
make equal angles with it. (34. 36.) 

Q. 11. From two griven points A and By to draw two equal straight lines Fig. 294. 
AEI be, which shall meet in the same point of a line CD, (36 or S.) 

Q. III. Through a given point P, to draw a line JF!E, which shall make Fig. 295. 
equal angles with two given straight lines BE, CF. (38.) 

Q. TV, If, from two point$ A and B, on the same side of a given line DE, Fig. 296 
two straight lines AP, PB, be drawn, making equal angles with DE, AP and 
P5,will be together less than the sum of any other two lines ^G, GB, drawn 
from A and B to any other point O in the line DE, (38. 40.) 

Q. V. If the three sides of a triangle be bisected, the perpendiculars Fig. 297. 
drawn to the sides at the three points of bisection, will meet in the same 
point. 

Let the sides of the triangle ABC be bisected in the points D, E, F. 
Draw the perpendiculars EG, FG, meeting in G, The perpendicular at D 
also passes through Gr. (36. 48.) 

Q. VI. To divide a right angle into three equal parts.— Let ACB be Fig. 298. 
a right angle. Take CA of any magnitude, and erect upon it an equilateral 
triangle. (62.) 

Q. VII. Let ABC be an equilateral triangle. If the angles CBA and Fig. 299. 
CAB be bisected by the lines w^ and BD, meeting in a point D, and DE, 
DF, be drawn parallel to the sides CA and CB respectively, the line AB 
wiU be divided into three equal parts at the points E and JFl (76, 48.) 

Q. VUL Any side of a triangie is greater than the difference of the Fig. 300. 
other two. 
Let AC be greater than AB, and cut oSAD equal to ABi (45. 63.) 

Q. IX. If; from B, the vertiw: of the triangle ABC, BE be drawn peroen- ¥ig, 301 
dicular to the base, and BD bisecting the angle ABC, the difference of the 
angles BAC and BCA is double the angle EBD. (57.) 

Q. X. If, from B one of the equal angles of an isosceles triangle, any Fig. 302 
hne BD be drawn to the opposite side, and from the same point B a line BE 
be drawn to the opposite side produced, so that DE shall be equal to DB, the 
vngle ABD will be double the angle CBE, (63. 45.) 
Geom. 29 
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Fig. 903 j^. XI. If, from the extremity C of the hase BC of an isosceles trianele, 
a line CD equal to AC he drawn to meet the opposite side AB^ produced if 
necessary, the angle DCE, formed hy this line and the base produced, will be 
equal to three times the angle ABC, (45. 63.) 

Fig. 304. Q. XII, The sum of the sides of an isosceles triangle is less than the 
sum of the sides of any other triangle on the same base and between the same 
parallels. 

Let ACB be an isosceles triangle, and ADB any other triangle on the 
same base AB and between the same parallels AB and £Z>, AC and CB to 
gether will be less than AB and BB. ^^. Q. IV.) 

Fig. 905. Q. XIII. If the three angles of the triangle ABC be bisected by the 
lines AB^ BD, CD, and BD be produced to U, and if from Z>, DF be drawn 
perpendicular to AC, the angle ADE will be equal to CDF. (57.) 

Fig. 306. Q. XIV. To bisect a parallelogram by a line drawn from a point in one 
of its sides. 

Let ABCD be a parallelogram, and P a given point in the side AB, Draw 
the diagonal BD, which bisects the parSlelogram. Bisect BD m F, and 
through P and F draw PFE, PE bisects the parallelogram. 

Fig: 307. Q. XV. If, in the sides of a square ABCD, four points E, F, G, H, be 
taken, one in each side, at equal distances from the four angles, the figure 
EFGH, contained by the straight lines which join these points, will be a 
square. 

Vig X8, Q. XVI. If the sides of the square described upon the hypothenuse of a 
right angled triangle be produced to meet the sides (produced if necessary) of 
the squares described upon the sides of the triangle, they will cut off triangles 
equiangular, an J equal to the given triangle. 

Let DB, EC, the sides of the square described on BC, the hypothenuse of 
a right angled triangle ABC, be produced to meet the sides of the squares de- 
scribed upon BA, AC, in K and L ; the triangles BFK, CIL, cut off by them, 
are equiangular, and equal to ABC. 

Fig. 309. Q. XVn. To inscribe a square in a given right angled isosceles 
triangle. 

Divide the base AC of the right angled isosceles triangle into three equal 
parts. 

Fig. 310. Q. XVIII. If the sides of an equilateral and equiangular pentagon be 
produced to meet, the angles formed by these lines are together equal to two 
right angles. 

Let the sides of the equilateral and equiangular pentagon ABCDE be pro- 
duced to meet in the points F, G, H, I, K; Sie angles at these points are to- 
gether equal to two right angles. (6^) 

Fig. 311 . Q. XIX. If the sides of an equilateral and equiangular hexvkgon^ABCDEF, 
be produced to meet in the points G, H, /, K, L, M, the angles at these points 

are together equal to four right angles. 

* 

Fig. 3i2. Q. XX. The perimeter of an isosceles triangle is greater than the perim- 
eter of a rectangular parallelogram which is of the same altitude, and equal 
to the given triangle. 

Let ABC be an isosceles triangle whose base is BC, Draw AE perpen- 
dicular to BC, and therefore bisecting it, and draw AD, CD, parallel respec- 
tively to BC, AE ', then DE is a rectangular parallelogram of the same alti- 
tude with, and equal to, the triangle ABC, The perimeter of «^C is greater 
than that of DE, 
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Q. XXL To determine a point in a line given in position, to which lines ^- ^^ 
drawn from two given points may have the greatest difference possible. 

Let A and B be the given points, CD the line given in position. Let fall 
the perpendicular BC, and produce it so that CE may be equal to CB ; join 
AE, and produce it to meet CD in D, Join BD. ^ is the point required. 

(55. Q. vni.) 

Q. XXII. Given one angle BCA, a side BC adjacent to it, and CD, the Fig. 300. 
difference of the other two sides, to construct the triangle. 

Q. XXIIL If, from a point P, without the circle ABC, two straight lines Yig. 314. 
PB, PD, be drawn to the concave part of the circumference, making equal 
angles with PO, the line jojjung P and the centre, the parts of the lines, AB, 
CD, which are intercepted witlun the circle, are equal. (38. 109.) 

Q. XXIV. Of all the straight lines which can be drawn from two given Fig. 315. 
points to meet on the convex circumference of a given circle, the sum of those 
two wiU be the least which make equal angles with the tangent at the point 
of meeting. 

Let A and B be two given points, CE a tangent to the circle at C, where 
the lines AC, BC, make equal angles with it, and AD, BD, be drawn from A 
and B to any other point D on the convex circumference ; AC and CB are to- 
gether less than AD and DB together. (Q. IV.) 

Q. XXV. If a straight line AB touch the interior of two circles, whose Fig. 316- 
common centre is 0, in the point C, and terminate in the circumference of the 
exterior, it will be bisected at the point C. (110.) 

Q. XXVI. From two ^ven points A and B, on the same side of a line Fig. 317. 
CD, to draw two straight lines AP, BP, which shall contain a given angle, 
and be terminated in that line. 

Q. XXVII. If any point which is not the centre be taken in the diameter Fig. 318. 
of a circle, of all the chords which can be drawn through that point, that is 
the least which is at right angles with the diameter. 

In AB, the diameter of the circle ADB, let any point C be taken which is 
not the centre, and let DE, FG, be any chords drawn through it, of which 
DE is perpendicular to AB ; DE is less than FG, (109.) 

O. XXVni. 15 from any point E, without a circle .405, lines EA, EC, Fig. 319. 
be drawn touching it in the pomts A and C, and if EC meet the diameter drawn 
from A in the pomt D, then the angle AEC, contained by the tangents, will 
be double the angle CAB, contained by the line AC, which joins the points 
of contact) and AB the diameter drawn through one of them. 

Draw the diameter CF. (110.) 

Q. XXIX. If, from the extremities of the diameter of a circle, tangents Fig. SSO. 
be drawn and produced to intersect a tangent to any point of the circumference, 
the straight lines joining the points of intersection and the centre of the circle 
form a right angle. 

Let A and B be the extremities of the diameter AB, let tg^ngents AD, BE, 
be drawn meeting a tangent to any other point C of the circumference, in D 
and E; and let O be the centre, join DO, EO; the angle DOE is a right 
angle. Join CO. (110.) 

Q. XXX. In the diameter of a circle produced to determine a point from Fig. asi. 
which a tangent drawn to the circumference shall be equal to the diame- 
ter. 

From A, the extremity of the diameter AB, draw AD at right angles, and 
equal to AB, Find the centre O, join OD, cutting the circle in C, and through 
C draw CF at right angles tc OD meeting BA produced in JS. 
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Fig. 322. Q* XXXI. If a circle ADB be described upon the radiua wiB of an- 
other circle, any straight line ADC^ drawn from the point Ay where they meet, 
to the circumference of the outer circle, is bisected by the circumference of 
the inner circle. (105.) 

Fig. 323. Q. XXXII. If two chords of a given circle intersect each other, the angle 
of their inclination is equal to half the angle at the centre, which stands on an 
arc equal to the sum or difference of the arcs intercepted between them, ac- 
cording as they meet within or without the circle. 

1. Let ABy CDj cut one another in the point E : and first within the circle 
ABC ; the angle CEA of inclination is equal to half the angle COF^ at the 
centre, standing on an arc equal to the sum of CA and DB, (126.) 

2. Let ABy CDf intersect in £, without the circle. (126.) 

Fig. 324. Q. XXXIII. If two circles ADC, BCE, touch each other in the point 
C, any straight line ACB^ drawn through C, the point of contact, will cut off 
fiumilar segments. 

Draw the diameters CD, CE ; and join AD, BE. (128.) 

Fig. 325. O. XXXIV. If, through O, the centre of the ckcle ABCj a circle AOB 
be described, cutting ABC in A and B, and from A, one of the points of in* 
tersection, a straight line AED be drawn, and BE be joined, the part DE, 
intercepted between the two circumferences, will be equal to the chord BE^ 
drawn from the other point of intersection to the point of meeting of the line 
with the inner circumference. 

Draw the diameter AOC; join BC, BD. (127.) 

Fig. 326. Q. XXXV. I^ from any two points in the circumference of a circle, 
there be drawn two straight lines to a point in a tangent to that circle, they 
• wiU make the greatest angle when drawn to the point of contact 

Let A and B be the two points, and CD the tangent at C; join AC^ CB ; 
the angle ACB is neater than any other angle ADB formed by lines drawn 
to any other point 2>. 

Fig. 327. Q. XXXVI. I^ from any point JS in the arc ABC, a line BD be drawn 
perpendicular to the chord AC, and BF be made equal to BC,' and DE to 
DC, and AF be joined* AF will be equal to AE. 
Join FE, EB, FB, BC. (36.130.) 

Fig. 328. Q. XXXVII. To inscribe a square in a ffiven quadrant of a circle. Let 
AOB be the mven quadrant, whose centre is O: bisect the angle AOB by 
the' line OC. Draw CE, CD, parallel to OA, OR DE is a square. 

 

Fig. 329. Q. XXXVIII. To describe a circle the circumference of which shall 
pass through a given point, and touch a given straight line in a given 
point 

Let AB be the given straight line, C the given point in which the circle is 
to touch it, and D the point &ough which it must pass. 

?ig. 319. Q. XXXIX. To describe a circle the centre of which may be in the per- 
pendicular of a given rig^t angled triangle, and the circumference pass through 
the right angle, and touch the hypothenuse. 

Let EAD be the given right angled triangle, having the angle at «^ a right 
angle. . Make EC=EA. Join CA, and draw CO at nght angles to ED. The 
circle described with O as a centre, and radius OA, will be the circle requir- 
ed. (45.4a) 

Fig. 330. Q* XL. To describe three circles of equal diameters which shall touch 
etben oilier. 

Take arv straight line AB, bisect it at D, and erect upon it an equilateral 
triangle 
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Q. XLI. If the semicircle M)E be inscribed in the right angled triangle Fig. 33J 
ABb, so as to touch the hypothenuse BC,mD, and the perpendicular .^jB, in 
w3, and from E^ the extremity of the diameter, a line ED be drawn through 
the point of contact to meet the perpendicular produced in F; BF, the part 
I»roduced, will be equal to AB, (152.) 

Q. XI^II. 15 from a point D, takea without a circle ACB, two tangents Fig. 332 
DA, DB, be drawn, and a tangent ECF be drawn to another point C in the 
circumference between them, uie sum of the sides of the triangle DEF thus 
formed, is equal to the sum of the two tangents DA and DB, (152.) 

Q. XLIII. If an equilateral triangle be inscribed in a circle, and through Fig. 333. 
the angular points another be circumscribed, to determine the ratio which they 
bear to each other. 

Let ABC be an equilateral triangle inscribed in the circle about which 
another DEF is circumscribed, touching the circle in the points A, B^. C 
(131. 76.) 

Q. XLIV. A straight line BD drawn from the vertex .B of an equilat- Fig. 334. 
eral triangle ABC inscribed in a circle, to any point D in the opposite cir- 
cumference, is equal to the two lines AD, DC, together, which are drawn 
from the extremities of the base AC to the same point D. 

Make DE equal to DA, and join AE. (127. 38.) 

Q. XLV. To determine a point within a given triangle, from which lines Fig. 335. 
drawn to the several angles T#ill divide the triangle into mree equal parts. 

Let ABC be the given triangle : bisect AB, BC, in E and D ', join AD, 
CE, BF; Fiaihe point required. (170.) 

Q. XLVI. If two sides of a trapezoid be parallel, the triangle contain- Fig. 336 
ed hy either of the other sides and the two straight lines drawn from its ex- 
tremities to the bisection of the opposite side, is half the trapezoid. 

Let ABCD be a trapezoid having the side AB parallel to DC, Let AD be 
bisected in E ; join BE, CE ; the triangle BEC is .half of the trapezoid. (168.) 

Through E draw FEG parallel to SC, meeting CD in G, and BA produc- 
ed in f . ^ 

Q. XL VII. If, from any point E in the diagonal .^C of the parallelogram Fig. 337. 
ABCD, straight lines EB, ED, he drawn to the opposite angles, they will cut 
oflF equal triangles, viz. the triangles ABE^^^AED, and BEC^CED. (170.) 

Q. XLVin. The two triangles formed by drawing straight lines from any Fig. S38. 
point within a parallelogram to the extremities of two opposite sides, are to- 
gether half of the parallelogram. ^ 

Let P be any point withm the parallelogram ABCD, from which let lines 
PA, PB, PC, PD,'he drawn to the extremities of the opposite sides ; the 
triangles PAD, PBC, are equal to half the parallelogram, as also the triangles 
APB, DPC. ^Through E draw EPF parallel to AD. (170.) 

Q. XLIX. To describe a parallelogram the area and perimeter of which jpig. 339. 
shall be respectively equal to the area and perimeter of a given trianMe. 

Letw^jBCbe the given triangle. Produce AB to Z), making 52>=jBC; 
bisect AD in E ; draw BF paraflel to AC, and, with the centre A and radius 
AE, describe a circle cutting BF in G. Join AG, and bisect AC in H. 
Draw HF parallel to AG. AGFH is the parallelogram required. (168.) 

Q. L. 15 from A one of the acute angles of the right angled triangle ACD, ^*ff» l^^* 
a line AB be drawn to the opposite side, the squares of AB and DC are to- 
gether equal to the squares of AC and BD. (186.) 
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Fig. 94. Q. LL In any triangle ABC if a line JJ) be drawn fix)m the vertex A 
perpendicular to the base, the difference of the squares of the sides AB and 
AC is equal to the difference of the squares of tlie segments of the base, BD 
and DC. (186.) 

Fig. 340. Q. LII. If an equilateral triangle ABC, be inscribed in a circle, the 
square described upon a side thereof is equal to three times the sqltare de- 
scribed upon the radius. 

From A draw the diameter AD, and take O the centre, join BD, BO, 
(126. 186.) 

Fig. 341. Q. LIII. If two straight lines AC, BD, in a circle, cut each other at right 
angles, the sums of the squares of the two Ihies which join their extremities 
wiU be equal, viz. the squares of AB and CD will together equal* the squares 
ofADRudBC. (186.) 

Fig. 342. Q. LIV. I^ from any point C in the diameter of a semicircle AEB, there 
be drawn two straight lines CD, CE, to the circumference, one to its point of 
bisection E, the other perpendicular to the diameter, the squares of these two 
lines are together double the s^quare of the semi-diameter. 

Fig. 343. Q* LV. If, from the vertex O of an isosceles triangle AOB, a circle be 
described with a radius less than one of the equal sides, but greater than the 
perpendicular from O on AB ; the parts of the base cut off by it will be equal, 
viz. AC^BD. 
Join EF, OC, OD. (199.) 

Fig. 344. Q. LVI. If three circles touch each other, two of which are equal, the 
vertical angle of the triangle, formed by joining the points of contact, is equal 
' to either of the angles at the base of the triangle, which is formed by joining 

their centres. 

Let the three circles, whose centres are A, B, C, touch each other in the 
points D, E, F; and let the two circles whose centres are A andB be equaL 
Join ABi BC, CA, ED, DF, FE-, the angle EDF is equal to either of the 
angles at A or B, (199.) 

Fig. 344. Q. LVlI. If three equal circles touch each other, to compare the area of 
the triangle formed by joining their centres with the area of the triangle form- 
ed by joining the points of contact. 

Let three equal circles, whose centres are A, B, C, touch each other in 
D, E, R Join AB, BC, CA, ED, DF, FE. (199.) 

Fig. 345. Q< LVni. If a line AB, touching two circles, cut another line CD joining 
their centres, the segments of the latter will be to each other as the diameters 
of the circles. (110.202.) 

Fig. 346. Q« LIX. If, from a point A without two circles which do not meet each 
other, two lines AB,AE, be drawn to their centres, which have the same ratio 
that their railii have, the angle contained by tangents AC, AD, and AF, AG, 
drawn from the point ^/^ towards the same parts of flie two circumferences, will 
be equal to the angle contained by the lines drawn to the centre, viz. CAD 
and FAG will each be equal to BAli. (208.) 

Fig 347. Q. LX. If two circles touch each other externally, and parallel diameters 
be drawn, the straight line joining the extremities of .these diameters will 
pass through the point of contact 

Let ABG, DGE, be two circles touching each other externally in the point 
G ; and let AB, DE, be parallel diameters ; join AE ; AE wiH pass through 
G. Join O, C, tlie centres of the circles ; OC will pass through G (117) ; let 
it meet AE in R (202. IV.) 
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Q. LXI. If two circles touch each other, and also touch a straight line, Fig, 348 
the part of the line hetween the points of contact is a mean proportional he- 
tween the diameters of the circles. 

Let AEBf CED, he two circles touching each other in E and a straight 
line AC in A and C; draw the diameters AB, CD; ACia a mean propor- 
tional between AB and CD. Join ADj BC\ these lines ( Q. LX)'pass through 
the point of contact (202.) 

Q. LXII. If three straight lines, drawn from the same point and in the Fig. 349. 
same direction, be in continued proportion, and &om that point also a line 
equal to the mean proportional be inclined at any angle, the lines joining the 
extremity of this line and the lines in proportion, will contain equal angles. 

Let AB : AC: : ACx AD, and from A let.^jE be drawn equal to AC inclin- 
ed at any angle to AB ; join EB, EC, ED : the angle BEC is equal to the 
angle CED. (208.) 

Q. LXIII. I^ from the extremities and the point of bisection C of Fig. 360. 
the arc AB, lines AD, BD, CD, be drawn to any point D of the opposite 
circumference, and AB, AC, be joined, these lines will give the proportion 
AD+DB '.DC: lAB: AC. J>raw AE parallel to CD, and let it meet BD 
produced in U. (76.202.48.) 

Q. LXIV. In any right angled triangle ABC, the straight line CD, joining Fig. 361 
the right angle and the point of bisection of the hypothenuse AB, is equal to 
half the hypothenuse. (196.) 

 

Q. LXV. If the points of bisection D, E, F, of the sides of the triangle Fig. 362. 
ABC be joined, the triangle DEF so formed is one fourth of the triangle 
ABC. 

Q. LXVI. I^ from B one of the equal angles of the isosceles triangle, a Fig. 363. 
perpendicular BD be drawn to the opposite side, the part BF intercepted by 
a perpendicular AE drawn from the vertex to the base will have to one of the 
equal sides the same ratio that the segment BE of the base has to the perpen- 
dicular AE', that 'is,BF :AC: : BE : AE. 

Q. LXVII. If, from any point D in the base of an isosceles triangle ABC, Fig. 354. 
lines DE, DF, be drawn to the opposite sides, maMng equal angles with the 
base, the triangles AED, CDF, formed by these lines, the segments of the base 
and the lines AE, CF, joinii^g the intersection of the sides and the angles op- 
posite, will be equal (202. §17.) 

Q. LXVlll. If, in two triangles, the vertical angle of the one be equal to Fig. 366. 
that of the other, and one other angle of the former be equal to the exterior 
angle at the base of the latter, the sides about the third angle of the former 
shall be proportional to those about the interior angle at the base of the latter. 

Let wiBC, DEF, be two triangles having the angle 5./fC equal to EDF, and 
ABC equal to the exterior angle DFG, made by producing the side EF) then 
ACiCBi :DE: FE. At the point D in the line FD, make the angle FDG 
equal to the angle EDF or BAC, and meeting J5F produced in G. (201.) 

Q. LXIX. I^ from the three angles of a triangle, linos be drawn to the Fig. 366. 
points of bisection of the opposite sides, these lines intersect each other in 
the same point 

Let the sides o; -ne triangle ABC be bisected in D, E, F. Join AE, CD, 
meeting each otaer m G. Join«BG, GF; BGFia a straight line. Join EF 
meeting CD m fl". (202.208.) 

Q. LXX. The three straight lines which bisect the three angles of a Fig. 366. 
triangle meet in iJie same poin 
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In the triangle ABC let the angles tit A and C be bisected by the lines 
AE, CD, and trough G their point of intersection draw BGF; it bisects the 
angle at B. (201.) 

Fig. 3S7. q. LXXI. If, from any point D in the side AB of the triangle ABC, two 
lines DC, DE, be drawn, the one to the opposite angle and the other parallel 
to the base, and if DC intersect in G, a line BF, £awn from the vertex to 
the middle of the base, A, G, and jE7, are in the same straight line. 

Fiff. 358. Q. LXXn. If, in a parallelogram ABCD, a line .IP be drawn from the 
angle A to Hie middle of the opposite side DC, the segment DH of the dia- 
gonal made by this line will be one third of the whole magonal. 

Fig. S59. Q. LXXIII. If, from any angle .^ of a rectangular parallelogram ABCD, 
a line AE be drawn to the opposite side, and from the adjacent angle B of the 
trapezoid thus formed, a line BF be drawn perpendicular to the former, the 
rectangle contained by the two lines AE, BF, is equal to the given parallel 
ogram. 

Fig. 360. Q. LXXrV. If, through any point D within the triangle ABC, HG, EF, 
IK^ be drawn parallel to the sides, then IDXDGXDF=EDXDKXDH. 

Fig. 361. Q. LXXV. 15 from any point C in the diameter BA produced, a tan- 
gent CD be drawn to the circle, a perpendicular DE from the point of con- 
tact to the diameter will divide it into segments which give the proportion 
AEiEB: lACiCB. 
Take O the centre of the circle, and join DO, (215.) 

Fig. 362. Q. LXXVt. I^ from the extremity JJ of the diameter j3B, a Ime JBC be 
drawn in the semicircle equal to the radius OB, and frx)m the centre a per- 
pendicular OD be let fall upon it and produced to the circumference, it will 
be a mean proportional between DB and DA, lines drawn from the intersec- 
tion D to the extremities of the diameter. 
JoinJ>C. (126.) 

Fig. 363. Q. LXXVn. A straight line AB being divided in two given points C and 
D, to determine a third point F, such that.its distances from the extremities 
A and B may be proportional to its distances from the given points. (215.) 

Fig. 364. Q. LXXVni. To divide a straight line AB into two parts such that the 
rectangle contained by them may be equal to the square of their difference. 

Upon AB describe a semicircle ADB. From B draw BC at right angles, 
and equal to AB. Take O, the centre, and join OC, and from D draw DE 
perpendicular to AB : AB is divided in the point E, as was required. (215.) 

Fig. 365. Q. LXXIX. To determine two lines such that the sum o£ their squares 
may be equal to a given square, and their rectangle equal to a given rectangle. 
Let AB be equed to a side of the given square. Upon it describe a semi- 
circle ADB ; and from B draw BC perpendicular to AB and equal to a fourth 
proportional to AB, and the sides of th^ given rectangle. From C draw CD 
parallel to BA* Join AD, DB ; they are the lines required. 

Fig. 366. Q. LXXX. Through a given point to draw aline terminating in two lines 
given in position, so that the rectangle contained by the two parts may be 
equal to a given rectangle. 

Let AB, CD, be the lines given in position, E the given point ; from E 
draw EF perpendicular to •/&, and produce FE to G, so that the rectangle 
FE, EG, may be equd to the given rectangle. On EG describe a circle cut- 
ting CD in H. loin HE and prodnce it to .^ ; AH is the line required. Join 
GK 
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Q. LXXXI. To bisect & triangle by * liike df»wii {MunOel to otte of its Fi^ . 567. 
sides. 

Let ABC be the given triangle to be bisected by a line parallel to its side 
AB. On BC describe a semicircle ; bisect BC in 0, and draw the perpencUc- 
ular OD; join CD; and, with C as a centre and ramos CD, describe a circle 
catting CB'ukE'i draw EF parallel to AB ; EF bisects the triangle. (218.) 

Q. LXXXIL If the sides jIB, CB, of the triangle ABC inscribed in the Fig. 36a. 
segment ABC, be produced to meet CE, AD, lines drawn from the extremities 
of the base, forming ^th it angles equal to the angle of the segment, the rec- 
tangle contained by these lines will be equal to &e square described on the 
base. (203.) 

S, LXXXin. Ifa rectangular parallelogramDBUf' is inscribed in a right Fig. 369. 
^ od triangle ABC, and they haye the right amrle conunon, the rectangle 
contained by the segments of the hypothenuse AF;FC, is equal to the sum 
of the rectangles contained by the segments of the sides about the right 
angle AD, DB, and BE, EC. 

Q. LXXXrV. If an isosceles triangle ABC be inscribed in a circle, and Fig. 370. 
firom the vertical angle A, a line AD be drawn meeting the circumference and 
the base, either equal side AB, AC, is a mean proportional between DA and AE^ 

Q. LXXXV. If any triangle ABC he inscribed in a circle, and from the Fig. 371. 
vertex B a line be drawn parallel to a tangent at either extremity of Uie base, 
tlys line BD will be a fourth proportional to the base and two sides ; that is, 
ACiAB: :BCiBD. 

Q. LXXXVI. I^ from the centre of a circle, a line be drawn to any Fig. 37*. 
point C of the chord AB, the square of the line OC, together with the rec- 
tangle AC, CB, contained by the segments of the choro, will be equal to the 
square described on the radius. , 

Through C draw BE perpendicular to OC. 

Q. LXXXVTI. If, from any point D in the base or base produced of the Pig. 373, 
segment of a circle ABC, a line DE be drawn, makingwith AC an angle equal 
to the angle in the segment, and meeting any Hne .w drawn from the extre- 
mity A, and cutting the circumference, the rectangle EA, AB, contained by 
this line and the part within the segment, is always of the same magm- 
tude. 

The rectangle AC, AD, is invariable. 

Q. LXXXVIII. If, from any point /> in the diameter AC of a semicircle Fig. 374^ 
ABC, a perpendicular DFhe drawn, and, from the extremities of the diameter 
lines AB, CB, be drawn meeting the perpendicular in the points J^ and F, the 
rectangle contained by the parts DE,DF, which they cut off from the perpen- 
dicular, will be equal to the rectangle contained by the segments of the di- 
ameter AD, DC. 

Q. LXXXIX. If the diameter of a semicircle 1)e divided into any oum- Fig. 37A. 
ber of parts, and on them semicircles be described^ their circumferences will 
together be equal to the circuinference of the given semicircle. 

LietAB, the diameter of the semicircle ACB,he divided into any number of 
parts in the points D, E, and on AD, DE, EB, let semicircles be described: 
their circumferences are together equal to ACB. (287.) 

Q. XO. The difference of level fi)r one mile being found by observalioa 
to be 8 inches nearly, what is the diameter of the earth? 

The tangent bein^ the apparent level, the arc the tme level, the part of tii« 
secant without the cvcumfbrence will be the difference of level (225. 187.) 

Ans. 7920 miles very nearly. 
Gtom. 30 
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Q. XCI. The radius of the earth at the equator heing found to be 3963^/ 
mfles, what is the circumference of the equator? (294.) 

w^. 24901,578 miles. 

Q. XCII. The radius of the earth at the poles being found to be 3950,4 
miles, what is the circumference of a meridian, on the supposition that it is a 
circle ? (294.) .Sns. 24821,153 miles. 

Q. XCin.. The mean diameter of the earth, considered as a sphere, being 
7912 miles, what is the circumference of a great circle ? Ans. 24856 nules. 

Q: XCiV. The earth being a sphere whose diameter is 7912 miles, what 
is the distance round it on the parallel of latitude 42° 23^ 28^' N., the radius of 
the small circle being 2922 miles ? Arts. 18359,5 miles. 

Q. XCY. What is the length, of a degree on this parallel ? 

Aru. 51 miles veiy nearly. 

Q. XCVI. What is the area of the circle of which the equator is the 
circumference ? Ans, 49344812,4 square miles. 

Q. XCVII. What is the area of a sector whosie arc is 90°, the diameter 
being 20 feet? Ans. 78,54 square feet 

^. XCYIII. What is the area of a sector whose arc is 120°, and whose 
radius is 100 feet? Ans, 10472 square feet 

Q. XCIX. What is the ratio and what the difference of the areas of two 
circles, the radius of one being 64 feet, and that of the other 256 feet? 

Afu, Ratio 1 : 16. di£ of areas, 193019,9040 square feet 

I 

Q. C. What is the area of the ring enclosed between the circumferences 
of two concentric circles whose diameters are 10 feet and 6 feet? 

Ans. 50,2656 square feet 

Q. CI. What is the area of a segment whose radius is 10 feet, and its arc 
90°? Ans. 28,54 square feet 

Q. Cn. What is the area of a similar segment whose radius is 50 feet? 

Ans. 713,5 square feet 

3. CUT. Required the area of a segment AGB (fig. 51 )< whose chord AB 
I feet, its height DG 2 feet, and its arc 45^°? (217, to find the diame- 
ter.) Ans. 2^881 square feet 

Q; CIV. Required the area of a similar segment whose radius is 52 feet 

Ans. 107,524 square feet 

Q. CV. How many solid feet in a square pnsm whose altitude is 5^ feet^ 
and each side of its base li feet ? (406.) Ans. 9| sdid feet 

Q. CVI. What is the solidity of a quadrangular pyramid each side of 
whose ba^e is 30 feet^ the altitude of each face bemg 25 feet? (416.) 

Ans. 6000 solid feet 

Q. CVn. What is the solidity of ihe frustum of a quadrangular pyramid^ 
the side of the inferior base being 15 inches, ^at of the superior 6 inches, and 
the altitude 24 feet? (4220 j!2i». 1S^5 solid feet 

Q. CVm. The dimensions of the great pyramid Geezain Egypt, as derived 
fifom the accurate measurement *of M. Coutelley are a^ follows : — Side of the 
base, 763,62 feet ; entire altitude, 476,01 ; altitude ef .the frustum, 456,43 fbet. 
Required the area of the base, the whole surfiice and the solid contents of the 
fruirtum. Ans.. Area, of the base,, 583115,5 square feet 

Whole suriace, 1517757 05 square feet 
SoUdil7^925165C2 solid feet 
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(^. CIX. What is the solidity of a cylinder whose altitude and the circnm- 
Terence of whose base are each 20 feet ? (516.) Ans. 636,62 solid feet 

Q. ex. What is tlie convex surface of a right triangular prism whose 
altitude is 20 feet, and each side of the base 18 inches.^ (^0.) 

« 4n^* ^ square feet - 

Q. CXI. What is the surface of a ctibe whose side is 20 feet ? 

•^tns. 2400 square feet 

Q. CXII. What is the convex surface of a cylinder whose altitude is 20 
^eet, and the diameter of its base 2 feet ? (523.) 

Ans. 125,664 square feet 

Q. CXIII. What is the whole surface of a cylinder whose altitude is 10 
feet, and the cbrcumference of its base 3 feet? Ans. 31,4324 square feet 

Q. CXI V. What is the convex surface of a quadrangular pyramid whose 
altitude is 20 feet, and each side of the base 30 feet? 

Jbis. 1500 square feet 

Q. CXV.' What is the convex susface of a cone whose side is 20 feet, 
and the circumference of its base 9 feet? (528.) Ans» 90^ square feet 

Q. CXVI. How many square feet in the surface of the frustum of a quad- 
rangular pyramid, the altitude of each face beinff 10 feet, each side of the 
inferior base 3 feet 4 inches, and of the superior § feet 2 inches ? 

Ana* 110 square feet 

Q. CXVIL The earth being supposed a perfect sphere, whose diameter 
is 7912 miles, what is its surface ? (535.) Ans. 196660672 square miles. 

Q. CXVnL What is the convex surface of the frigid zone of the earth, 
the altitude of this zone being 327 miles? (538.) 

Jlna^ 8127912 square miles. 

Q. CXIX. What is the convex surface of the torrid zone, the altitude be- 
ing 3150,6 miles? Ana. 78311313,6 square miles. 

Q. CXX. What is the convex surface of either temperate zone, the alti- 
tude being 2053,7 miles ? Ans. 51046767,2 square miles. 

Q. CXXI. What jfi the solidity of the earth ? (546.) 

Jins. 259328406532 solid miles nearly. 

Q. CXXII. What is the solidity of the spherical segments of which the 
frigid zones are the convex surfaces, lite altitude of each segment being 327 
miles, and the radius of the base 1575,28 miles ? 

Jiru. 1282921583 solid miles nearly. 

Q. CXXIII. What is the solidity of the spherical segments of which the 
temperate zones are the convex surfaces, the radius of the superior base beinff 
1575,28 miles, that of the inferior 3628,86 miles, and the altitude 2053,7 milis? 

Ms. 55021192817 solid miles nearly. 

Q. CXXIV. What is the solidity of the spkerical legment of which the 
torrid zone is the convex sur&ce, the twSin of the basQS being 3628,86 miles^ and 
its altitude 3150,6 ? Aru. 146715018499 solid miles nearly 
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